SELECT, PARTS 


OF 


LON DEL SR 
ELEMENTS 


A L GE B R A. 


FOR THE USE OF 


STUDENTS AT THE UNIVERSITIES. 


THE FIFTH EDITION; 
"REVISED AND CORRECTED 


By the Rev. JOHN HE LLINS, 
of Trinity College, Cambridge ; 
and Vicar of Potter's Pury, Northamptonſhire, 


L O N De . O N 2 


Printed for C. DILLY, 8. BLADON, W. RICHARDSON, 
J. NICHOLS, F. and C. RIVINGTON, 
OGILVY and SPE ARE, J. SEWELL, 

and W. LOWNDEsS. 


MDec XCII. 


[ 1 ] 


ADVERTISEMENT. 


HE Excellence of Profeſſor Saux- 
DERSON's Elements of Algebra is 
univerſally acknowledged : But as that 
WoRK contains many CURIOUS and 
ELEGANT PIECES, Which are rather 
of Advantage and Amuſement to Profi- 
cients in the general Science of the Ma- 
thematics, than of neceſſary Uſe to Stu- 
dents in Algebra; ſome of the principal 
Tutors in the Univerſity of Cambridge 
were deſirous of having ſuch Parts ſelected 
from the Whole, as would give their 
Pupils a clear and comprehenſive Know- 
ledge of Algebra, without putting them 
promiſcuouſly to the Expence of pur- 
_ chaſing the original Work, which was 

publiſhed in Two Volumes, Quarto. The 
Public is indebted to a Gentleman in 
a 2 that 


[ iv ] 
that Univerſity, of diſtinguiſhed Judg- 
ment and Skill in the Mathematics, for 
ſelecting the ſeveral Parts which make 
up the following Work : Nor have any 
Endeavours of the Editor been wanting, 
to have it printed as correctly as poſſible. 
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EFORE I enter upon my province, it 


POSTULATA. 
may not be amiſs to acquaint my young 


| B diſciple what preparations he is to make, 
and what qualifications I expect of him beforehand, 


that we may neither of us find ourſelves diſap- 
rome afterwards, I expect then that he knows 
ow to add, to ſubtract, to multiply, to divide, to 
find a fourth proportional, and to extract roots, 
eſpecially the ſquare root : nay, I expect further, 
that he ſhall not only be able to perform all theſe 
operations exactly and readily, but alſo that he ſhall 
be able to apply them upon all common occaſions ; 
in a word, I expect that he be tolerably well 
ſkilled in common Arithmetick, at leaſt ſo far as 
relates to whole numbers: for this reaſon it is that I 
have prefixed a few arithmetical queſtions, wherein 
he may firſt try his ſtrength and ſkill before he ven- 
tures any further; they are for the moſt part very 
eaſy. I cannot fay indeed they are the beſt choſen, 
but they were ſuch as lay in my way when ] firſt 
began this work and was haſtening to matters of 
ter moment; and I do not fee but they may, if 
ſtudied with care and attention, anſwer well enough 
the end they were intended for, If he finds no diffi- 
culty in theſe, he will have little reaſon to doubr of 
his ſucceſs afterwards; but if he does, he ought then 
at laſt to become ſenſible of his own defects, and to 
endeavour to ſupply whatever is wanting, and to cor- 
re& whatever is amiſs, before he enters himſelf under 
my conduct; in the mean time he has my leave to 
| A hope 
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| hope that I ſhall be leſs upon the reſerve with him 
when he falls more immediately under my care, 
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| N. B. The praxis of the rule of proportion, and +3 

of the rule for extracting the ſquare root, not being 5 
} (properly ſpeaking) of the nature of ſimple One Bb 1 
but rather deducible from the four firſt; 1 frat not 
fail to demonſtrate theſe rules ſo ſoon as [ ſhall find 3 
Pope opportunities for that purpoſe, -N 


Multiplication is taking any one number called the 
| | multiplicand as often as is expreſſed by any other 4 
| number called the multiplicator, and the number | 
produced by this operation is called the product: 4 
| whence it follows, that the product contains the mul- 5 
tiplicand as often as there are units in the multiplica- 
| tor, and that if a number of a greater denomination 
| is to be reduced to an equivalent number of a leſs, 
i it muſt be done by multiplication; As for example; 
| In a povnd ſterling there are 20 ſhillings ; therefore, 
| in every ſum of money conſiſting of even pounds, 
| there are twenty times as many ſhillings as there are 
pounds; therefore, if any number of pounds be mul- 
tiplied by 20, the product will be an equivalent 
number of ſhillings; and the ſame malt be obſerved 
in all other caſes. 


| 

| 
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” Queſtions for ac in Maltphicatio a 
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QUEST. 1. 


tt is 3 to reduce 4 56 pounds 13 Shilling: and 
e into  foblings, pence, and Jartbingi. 


Anfwer. ' Shillings 9133 


Pence 109600 
Farthings 438400. 


QUEST. 


MULTIPLICATION, 2 
QUEST. 2. 


A certain iſland romtains 36 counties, every county 37 
pariſhes, every pariſh 38 families, and every family 
39 perſon; : I demand the number of pariſhes, fa- 
milies, and perſons in the whole iſland? | 


Anſwer. Pariſhes 1332 
Families 50616 
Perſons 1974024. 


"oY QuEsT. z. 
In 1130 years, '4.2 ' «weeks, and 3 days, how many 


minutes? 


N. B. A year conſiſts of 36 5 dan, 6 hours; and an 
- © hour of 60 minutes. 


Hours in one year 8766 
In 1730 years 15165180 
In 42 weeks, 3 days 7128 
In the whole 15172308. 


Minutes in the whole 915338480 


QuzsT. 4. 
There is a certain field 102004. feet long, and 102003 
feet broad: I demand the number of ſquare feet therein 


contained? 
hy 


Anſwer. 10404714012. 
QUEST, 5. 


There is a certain floor 24 feet 4 inches broad, and 96 
| feet 6 inches long: I demand how many ſquare inches 
are therein contained” 


Anſwer. 338136 ſquare inches, 
A 2 Q Esr. 
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4 QUESTIONS 1n 


QuEs r. 6. 


A certain piece of wood 1 foot 2 inches thick, 3 feet 
4 inches broad, and 5 feet 6 inches long, is to be 
cut into ſmall cubes like dies, each of which is to be 
a quarter of an inch every way : 1 demand into how 
many dies the whole may be reſolved? 


Anſwer, The whole may be reſolved into 23 65440 dies. 


QUEST. 7. 
I demand the number of changes that may be rung 
on 12 bells? 
Changes upon 2 bells 2 

on 3 bells 6 

on 4 bells 24 

on 5 bells 120 

on 6 bells 720 

on 7 bells 5040 

on 8 bells 40320 
on 9 bells 362880 
on 10 bells 3628800 
on 11 bells 39916800 
on 12 bells 479001600 


If the learner finds himſelf unprepared to anſwer the three fol- 


lowing queſtions, he may emit them, and paſs on to exerciſe 
himſelf in diviſion, 


Qvrsr. 8. 


How many different ways can four common dies come ug 
at one throw ? 


Anſwer. 1296 ways. 


QukEsr. 9. 


Suppoſe one undertake 10 throw an ace at one throw 
with four common dies ; what probability is there of 
his effefling it? 

Anſwer. By the laſt queſtion four dies can come 


up 1296 dilferent ways with and without the ace ; 
an 
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MULTIPLICATION. ; 


and by a like computation, they can come up 625 
ways without the ace; therefore there are 671 ways 
wherein one or more of them may turn up an ace; 
therefore the undertaker has the better of the lay in 


the proportion of 671 to 625. 


QUEST. 10. 


There are two incloſures of the ſame circumference, that 
is, both incloſed ꝛvith the ſame number of pales ; but 
one is a ſquare whoſe fide is 125 feet, and the other 
an oblong or long ſquare, 124 feet in breadth, and 
126 in length: quære Thich is the greater cloſe ; 
that is, which, ceteris paribus, will bear moſt 


graſs ? 


Anſwer. The ſquare: for that contains 15625 
ſquare feet; whereas the other contains but 15624. 


Queſtions for exerciſe in Diviſion. 


The deſign of diviſion is, to ſhew how often one 
number called the diviſor is contained in another cal- 
led the dividend, and the number that ſhews this is 
called the quotient ; whence, and from the definition 
of multiplication already given, I obſerve, 1, That 
the diviſor multiplied by the quotient, and conſe- 
quently the quotient multiplied by the diviſor, will 
always be equal to the dividend, provided there be 
no remainder after the diviſion is over; but if there 
be, then this remainder added to, or taken into, the 
product, will give the dividend, which is the beſt 
proof of divifion. 24ly, That as the diviſor is ſuch 
a part of the dividend as is expreſſed by the quo- 
tient; ſo alſo is the quotient ſuch a part as is ex- 
preſſed by the diviſor. Thus 12 divided by 3 quotes 
43 therefore 3 is a fourth part, and 4 a third part, of 
12. 3dly, Hence may a number be found that ſhall be 
diviſible by any two given numbers whatever without 
remainders, to wit, by multiplying the two given num- 

A 3 bers 


6 QUESTIONS IN 

bers together. Thus if I would have a number that 
can be divided by both 6 and 9g without any re- 
mainders,. I multiply 9 by 6, and the product 54 
will anſwer both conditions; though 13 be the leaſt 
number of that kind. 4thly, Multiplication and di- 


_ viſion_by the ſame number are the reverſe of each 


other, and ſo mult neceflarily have contrary effects: 
for whereas multiplication increaſes a number by 
taking it as often as is expreſſed by the multiplica- 
tor, diviſion (on the contrary) leſſens it, by taking 
only ſuch a part of it as is expreſſed by the diviſor, 
5 hi, Hence, if a number of a lefſer denomination 
be to be changed into an equivalent number of a 


greater, as farthiags into pence, pence into ſhillings, 


Sc. it muſt be done by diviſion, as the reverſe is 
done by multiplication. 6zbly, Whenever it is pro- 
poſed to know how often one quantity of any kind 
is contained in another of the ſame kind, the num- 
bers repreſcnting theſe quantities muſt be Teduced to 
the ſame denomination before any diviſion can take 
place. Thus if I would know how many thirteen- 
pence-halfpennies there are in twenty ſhillings, I muſt 
not only reduce the thirteen-pence-halſpznny to 27 
halfpence, but alſo the 20 ſhillings into 480 half- 
pence; and then mult enquire by diviſion bow often 
27 halfpence are contained in 480 halfpence, that 
is, how often 27 is contained in 480 ; the quotient is 
17, and the remainder 21, that is 21 halfpence ; 
for in all diviſion, the remainder muſt be - the 
ſame denomination, with the dividend "whereof it is 
a part; therefore in 20 ſhillings there are 17 thir- 
teen-pence-halſpennies, and 10 pence halfpenny over, 


QUEST, 11. 


1 is required to reduce 987654321 farthings into 
pounds, ſhillings, and pence ? 


Anſwer. 987654321 farthings are equivalent to 


246913580 pence and 1 farthing; or to 20576131 
millings, 8d. 19.3 or to 1028806 pounds, 115. 8d. 14. 


QUEST. 
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DIVISION. 7 


Qs r. 12. 


One lends me 1296 guincas when they were valued at 
1/. 1s. and fixpence a piece: how many muſt I pay 
him when they are valued at 11. 15s. a piece? 


An ſcber. 1326 guineas 18 ſhillings, 


QUEST. 13. 


A certain floor 24 feet 4 inches bread, 96 feet 6 
inches long, is to be laid at the rate of 12 pence 
the fquare foot : 1 demand what the whole charge 
will amount to? 


Anſwer. The floor contains 338136 ſquare inches, 
or 2348 ſquare feet and 24 ſquare inches; therefore 
the whole charge amounts to 117 pounds 8 ſhillings 
and two pence. 


QUuEs r. 14. | 
There is a certein cooler 36 inches deep, 42 inches wide, 
and 72 inches long: I demand its ſolid content in 
Engliſh gallons ? 
Note. An ale gallon is 282 cubic inches. 


Anfwer. The veſſel contains 108864 cubic inches, 
that is, 386 gallons, and 12 cubic inches over. 


QUuEsST. 15. 


A cubic foot of water weighs 76 pounds Troy or 
Roman weight; and the air is $860 times lighter than 
water : I demand the weight of a cubic foot of air, 


N. B. A pound Troy contains 12 ounces, one 
ounce 20 pennyweights, and one pennyweight 24 


grains. 
9H - A 4 Anſwer. 
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Anfever. A cubic foot of air weighs Troy weight 
I 0Z, I pi. 5 gr. | 


-— 
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0 The mean time of a lunation, that is, from new moon 

| to new moon, is 29 days, 12 hours, 44 minutes, 
and 3 ſeconds; and a Julian year conſiſts of 365 days 
| 6 hours : I demand then how many lunations are con» 
| | #ained in 19 Julian years. 


— - 


bt Hours in a Lunation e 

wt | Minutes 2 

fl 42524 

wh | Seconds 2551442 

1 Hours in 19 Julian years 166554 

th Minutes 9993240 
Seconds 599594400 


Lunations 235 ; and 1 hour 28“ 15” over. 


QvesrT. 17. 


In what time may all the changes on 12 bells be rung, 
allowing 3 ſeconds to every round? Sce Queſtion 
the 7th, | | 

The number of changes on 12 bells 479001609 
The time 1437004800 ſeconds, 
or 23950080 minutes, 
"+ or 399168 hours, 
or 45 years, 27 weeks, 6 days, 18 hours. 


Qs r. 18. 


A General of an army diſtributes 15 pounds 19 bil- 
lings and 2 pence halfpenny among -4 captains, 5 
lieutenants, and 60 common ſoldiers, in the manner 
Following: Every captain is to have 3 times as much 
as a lieutenant, and every licutenant twice as much as 
a commen ſoldier: I demand their ſeveral ſhares ? 

1 2 The 


DIVISION. I 


The ſhare of a common ſoldier 35. 44.3 
of a lieutenant 65. 94.5 
of a captain 11. Os. 4d. 


Queſtions for exerciſe in the Rule of Three, 
And fot in the Rule of Three Direct. 


The rule of proportion, or rule of three, or by 
ſome the golden rule, is that which teacheth, hay- 
ing three numbers given, to find a fourth propor- 
tional, that is, to find a fourth number that ſball 
have the ſame proportion to ſome one of the num- 
bers given, as is expreſſed by the other two; and 
theretore, whenever a queſtion is propoſed wherein. 
ſuch a fourth proportional is required, that queſtion 
is ſaid to belong to the rule of proportion. Now in 
queſtions of this nature, eſpecially where the num- 
bers given are not merely abſtract numbers, but are 
applied to particular quantities, three things are 
uſually required, to wit, preparation, diſpoſition, 
and operation. 

Firſt, as to the preparation, it muſt be obſerved, that 
of the three numbers given in the queſtion, two will 
always be of the ſame kind, and muſt be reduced to 
the ſame denomination, if they be not ſo already; 
and if the remaining number be of a mixt denomi- 
nation, that alſo muſt be reduced to ſome ſimple 
one. 

Secondly, in diſpoſing the numbers thus prepared, 
thoſe two that are of the ſame denomination muſt be 
made the firſt and third numbers in the rule of pro- 
portion, and conſequently the remaining number 
muſt be the ſecond. But here particular care muſt 
be taken, that of the two numbers that are of the 
ſame denomination, that be made the third in the 
rule of proportion, upon which the main ſtreſs of 
the queſtion lies, or to which the queſtion more im- 
medlately relates, or which contains the demand: and 

3 the 
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10 QUESTIONS 1x 


the place of this number being once known, the 
other two mult take their places as above directed. 
This ordering of the numbers for the operation is 
commonly called ſtating of the queſtion. 

Laſtly, having thus ſtated the queſtion, multiply 
the ſecond and third numbers together ; divide the 
product by the firſt, and the quotient thence ariſing 
will be the fourth number- fought ; which fourth 
number, as well as the remainder, if there be any, 
mult always be underſtood to be of the ſame deno- 
mination with the ſecond. As for example. 


QUEST. 19. 


A piece of plate weighing 3 pounds 4 ounces and 5 
 pennyweights, Troy weight, is valued at 5 ſhillings 
and 6 pence an ounce ; what is the value of the 
whole ? 0 


Here we have three quantities concerned in the 
queſtion, viz. 3 pounds 4 ounces and 5 pennyweig hts; 
one ounce; and 5 ſhillings and 6 pence ; whereof 
the two firſt, which are of the ſame kind, muſt be 
reduced to the ſame denomination, and the laſt to 
a imple one; thus: for one ounce I write 20 penny- 
weignts; for 3 pounds, 4 ounces, and 5 penny weights, 
805 pennyweights; and for 5 ſhillings and 6 pence, 
66 pence ; and ſo the numbers are ſufficiently pre- 
pared, In the next place | enquire which of the two 
numbers 20 and 805, which are of the ſame denomi- 
nation, is that upon which the main ſtreſs of the 
queſtion lies, and I find it to be 805; for the main 
buſineſs of this queſtion is, to enquire into the value 
of 805 pennyweights of plate; the reſt being no more 
than data in order to diſcover this: So I make 805 
my third number; 20, which is a number of the ſame 
denomination, my firſt; and 66 my ſecond; and ſtate 
the queſtion thus: F 20 pennyweights of plate be 
Worth 66 pence, what will 805 pennyweights of plate 


1 be 


rus RULE OF THREE. 11 


| be worth? Now to anſwer this queſtion, I multiply 
805 by 66, and the product is 53130; this I divide 
by my firſt number 20, and the quotient is 2656, 
and there remains 10, that is, 10 pence ; there- 
fore, to render my quotient more compleat, I bring 
the remaining 10 pence into 40 farthings, and ſo 
divide again by 20, and find the quotient to be 2, 
that is, 2 farthings, without any remainder z ſo the 
value ſought is 2656 pence 2 farthings; that is, 11 
pounds 1 ſhilling and 4 pence halfpenny. 


A demonſtration of this Praxis. 


Caſe 1ſt. Now to demonſtrate this manner of 
operation, I ſhall reſume the foregoing queſtion, but 
at firſt under a different ſuppoſition, as thus: If one 
pennyweight of plate coſt 66 pence, what will 805 
pennyweights coſt? Here nobody doubts but that 
upon this ſuppoſition, 805 penryweights will coſt 
805 times 66 pence, or 66 times 805, that is, 53130 
pence ; therefore in all inſtances of this Kind, that 
is, where the firſt number in the rule of proportion 
is unity, the fourth number muſt be found by multi- 
plying the ſecond and third numbers together. 

Caſe 24. Let us now put the queſtion as it was at 
firſt ſtated, to wit, F 20 pennyzwerghts of plate be 
worth 66 pence, what will 805 penuyweights be 
worth? Now upon this ſuppoſition it is eaſy to ſee, 
that neither 1 pennyweight, nor conſequently 825 
penny weights, will be worth above a 20th part of 
what they were in the former caſe ; and therefore we 
mult not now ſay that 805 pennyweights are worth 
53130 pence, but a 2oth part of that ſum, viz. 
2656 pence 2 farthings: and as this way of reaſoning 
will be the ſame in all other inſtances, it follows 
now, that In the rule of proportion, let the numbers 
given be what they will, the fourth number muſt be had 
by multiplying the ſecond and third numbers together, 
and dividing the product by the firfl. Q E. D. 

4 QUEST. 
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QUEST. 20. 


How far will one be able to travel in 7 days 8 bours, 
at the rate of 13 miles every four hours, allowing 
12 hours to à travelling day? 


* 


Anſwer, 299 miles. 
QUEST. 21. 


Mhat aul 1296 yards of walling amount to, at the rate 
of 4 ſhillings and 5 pence a rod, a rod being 5 yards 
and a half? | | 


Anſwer. 52 pounds 8 pence 3 farthings. 


QUuEST. 22. 


In the mint of England à pound of gold, that is, 11 2 
ounces fine and 1 alloy, is at this time coined inte % 
44 guineas and an half: I demand how much ſterling 

a pound of pure gold is worth, obſerving that the 
alloy is valued at nothing ? 
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Anſwer, 50 pounds 19 ſhillings and 5 pence 4 penny. 


Quxsr. 23. 


Mal is the annual intereſt of 987 pounds 6 ſhillings 
and 5 pence, at the rate of 6 per cent.? 


Anſwer. 59 pounds 4 ſhillings and 9 pence 4 penny. 


QuEesT. 24. 


The circumference of the Earth, according to the French 
menſuration, is 123249600 French feet ; I demand 
the ſame in Engliſh miles ? 1 
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THE RULE OF THREE, 13 


VN. B. A thouſand French feet are equivalent to 
1068 Engliſh feet; 3 feet make a yard, and 1760 
yards make a mile. 


Anſwer. 151630 57 3 Engliſh feet, 


or 43876857. yards and 2 feet, 
or 24930 miles, 57 yards and 2 feet, 


QUEST. 25. 


Suppoſing all things as in the foregoing queſtion, I demand 


how long a ſound twill be in Paſſing from pole to pole, 
upon a ſuppoſution that a ſound paſſes over 1142 feet 
in a ſecond of time ? 


Anſwer. 16 hours and 32 ſeconds, 


Qv E $ To 26. 


Monſieur Huygens found that at Paris, the length of a 
pendulum that ſæuung ſeconds, was three feet 8 lines 
and Z: I demand its length in Engliſh meaſure ? 


Note. A line is gr part of an inch, and 1000 
French half lines are equivalent to 1068 Engliſh 
half lines, as in the 24th queſtion, 


Anſwer. The length in Engliſh meaſure of a 
28 that ſwings ſeconds, is 941 Engliſh half 
i 


lines; or 39 inches 2 lines and 3. 


Qv EST. 27. 


I demand in how long a time a pipe, that diſcharges 15 
pints in 2 minutes 34 ſeconds, will fill a ciſtern that 
is 36 inches deep, 42 inches wwide, and 72 inches 
long ? (See queſtion. the 1.4.) 


Anſwer. In 31707 ſeconds z or 8 hours 48 * | 
or 


14 QUESTIONS ix 

For as eight pints make 1 gallon, ſo alſo eight 
cubic half inches, that is, eight ſmall cubes of half 
an inch every way, make one cubic inch; therefore 
a pint contains 282 cubic half inches, and fifteen N 
pints 4230; but the whole veſſel contains 108864 
cubic inches by queſt. 14; which are equivalent to ko 
870912 cubic half inches; therefore this queſtion "i 
ovght to be ſtated thus; 


If 4230 cubic half * be diſcharged in 154 ſeconds 
of time, in what time will 8 70912 cubic balf in- 
ches be diſcharged? And the anſwer 1s, 

In 8 hours 48” 277 as above. 


” _"Y 8 To 28. 


If a wall 6 feet thick, ꝙ fert bieb, and 432 feet long, 
cCeoſt 720 pounds in building, what will be the price of 
a wall of the ſume materials, that is 12 feet thick, 
18 feet high, and 576 your long ? 


v AH 1 K 5 = 6. 1 
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In the former wall are contained 23328 cubic face; 
in the latter 124416; therefore the anſwer to this 
queſtion is 3840 pounds, 


x 
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3 29. 


A certain Neeple proj rected upon level ground a ſhadow 
to the diſtance of 57 yards, when a four-foot ſtaff per- 
pendicularly erected caft a ſhadow of 5, feet 6 inches: 
what was the height of the fleeple ? 


Anſioer. 41 yards 1 foot 4 inches. 


Quxsr. 


Tus RULE OF THREE. 15 
| Qs r. 30. | 

Two perſons A and B make a joint ſtock ; A puts in 372 
pounds, and B 496 pounds, for the ſame lime; and 
they gain 114 pounds 2 | ſhillings: I demand each 


* # # — 


man. ſhare of 'the gain?s 


Both their ſtocks make 868 pounds; ſay then, if 
868 pounds ſtock bring in 114 pounds 2 ſhillings 
gain, what will 372 pounds, 47s part of the ſtock, 

bring in? Anſwer. 48 pounds 18 ſhillings for 4's 
ſhare of the gain; and this ſubtracted from the whole 
gain, leaves 65 pounds 4. ſhillings for B's ſhare of 
the gain. UNO das Han 790 

Note, If there be ever ſo many partners, their 
ſhares of the gain muſt all be found by the rule 
of proportion, except the laſt, which may be had 
by ſubtraction 3 but it would be better to find them 
all by the rule of proportion, becauſe then, if all 
the ſhares, when added together, make up the whole 
gain, it will be an argument that the work is rightly 


performed. 


Qs r. 31. 
Two perſons A and B make a joint flock; A puts in 
496 pounds for 2 months, and B G pounds for 3 


months; and they gain 4.56 pounds: What will be 
each man's ſhare of the gain? 72 


_— | : 
In order to give an anſwer to this queſtion, it 
mult be conſidered, that it is the ſame in the caſe 
of trade, as it is in that of money let out to intereſt, 
where time is as good as money, that is, whoever 
lets out 496 pounds for 2 months, is intitled to the 
ſame ſhare of the whole gain, as if he had let out 
twice as much, that is 992 pounds, for one month : 
in like manner, he that lets out 620 pounds for 3 
months, has a right to the ſame ſhare of the gain, 
as 


— — 
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as if he had let out three times as much, that is, 
1860 pounds, for one month: ſubſtitute therefore 
- theſe ſuppoſitions inſtead of thoſe in the queſtion, 
which may ſafely be done without affecting the con- 
clufion, and then this queſtion will be reduced to the 
form of the laſt, without any conſideration of the 
particular quantity of time, thus; Two merchants A 
and B make a joint flock; A puts in 992 pounds, and 
B 1860 pounds for the ſame time ; and they gain 456 
| 2 Mbat will be their reſpective ſhares of the 
yon: . | 2 | 


Anſwer. A's ſhare will be 158 pounds 12 ſhillings 
and 2 pence ; and B's, 297 pounds 7 ſhillings and 
- TO PENCE, | g 


Qs r. 32. 


If two men in three days will earn 4 ſhillings, how 
much will 5 men earn in ſix days ? 


This and the following queſtion belong to that 
which they call the double rule of three, wherein 5 
numbers are concerned: theſe numbers muſt always 
be placed as they are in this example, that is, the 
two laſt numbers muſt always be of the ſame deno- 
mination with the two firſt reſpectively, and the 
-number ſought of the ſame denomination with the 
middle one; then may the queſtion be reduced to 
the ſingle rule of three two ways, either by ex- 
punging the firſt and fourth numbers, or the ſe- 
cond and fifth. If you would have the firſt and 
fourth numbers expunged, you muſt argue thus; 
two men will earn as much in three days, as one 
man in two times 3, or-6 days; alſo 5 men will eara 
as much in 6 days, as one man in thirty days; ſubſti- 
tute therefore this ſuppoſition and this demand, in- 
ſtead of thoſe in the queſtion; and it will ſtand thus; 
If one man in 6 days will earn four ſhillings, _y 

muc 


Tat RULE OF THREE. 7 


much will one man earn in 30 days? Which is as 
much as to ſay, If in 6 days @ man wil earn 4. ſoillings, 
how much will he earn in 30 days? 


Anſwer. 20 ſhillings. 


If you would have the ſecond and fifth numbers 
expunged, you muſt argue thus: Two men will earn 
as much in three days, as 3 times two or 6 men in 
one day; alſo 5 men will earn as much in 6 days, 
as 30 men in one day; put then the queſtion this 
way, and it will ſtand thus: If 6 men in one day 
will earn 4 ſhillings, how much will go men earn in 
one day? That is, F in any quantity of time 6 men 
will earn 4 ſhillings, bow much will 30 men earn in 
the ſame time ? 


Anſwer. 20 ſhillings, as before. 


Whoſoever attends to both theſe methods of ex- 
termination, will eafily fall into a third, which in- 
cludes both the other, and in practice is much 
better than either of them ; for at the conclufion of 
both operations, the number ſought was found by 
multiplying 30 by 4, and dividing the product by 6: 
Now if he looks back, and traces out theſe numbers, 
he will find that the number 3o came from the mul- 
tiplication of the two laſt numbers 5 and 6 together, 
that 4 was the middle number in the queſtion, and 
that the diviſor 6 was the product of the two firſt 
numbers 2 and 3 multiplied together; therefore, 
In all queſtions of this nature, if the three laſt numbers 
be multiplied together, and the product be divided by the 
product of the two firſt, the quotient will give the num- 
ber ſought, without any further trouble. 
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QuEsT. 33. 


I for the carriage of three hundred weight 40 miles, I 


muſt pay 7 ſhillings and 6 pence, what muſt I pay for 
the carriage of five hundred weight 60 miles ? 


Anſwer. 22.5 pence, or 18 ſhillings and 9 Pence. | 
Queſtions in the Rule of Three Inverſe. 


Hitherto we have inſtanced in the rule of three 
direct: but there is alſo another rule of proportion, 
called the rule of three inverſe z which, as to the pre- 
paration and diſpoſition of its numbers, differs no- 
thing from the rule of three direct, but only in the 
operation; for whereas there, the fourth number 
was found, by multiplying the ſecond and third 
numbers together, and dividing by the firſt; here 
jt is found by multiplying the firſt and ſecond num- 
bers together, and dividing by the third. All that 
remains then, is to be able to diſtinguiſh, when a 
queſtion belongs to one rule, and when to the other ; 
in. order to which, obſerve the following directions: 
Tf more requires more, or leſs requires leſs, work by the 
rule of three direct; but if more requires leſs, or leſs re- 
quires more, work by the rule of three inverſe, The 
meaning whereof is, that if, when the third number 
is greater than the firſt, the fourth muſt be propor- 
tionably greater than the ſecond; or if, when the 
third number is leſs than the firſt, the fourth muſt 
be proportionably leis than the ſecond, the queſtion 
then belongs to the rule of three direct: But if, 
when the third number is greater than the firſt, the 
fourth .muſt be leſs than the ſecond; or when the 
third number is leſs than the firſt, the fourth muſt be 
greater than the ſecond ; in either of theſe caſes, the 
queſtion belongs to the rule of three inverſe, and 
mult be reſolved as above directed. , 

As 
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As for example, 


QuEsT. 34. 


If 12 men eat up a quantity of proviſion in 15 days, 
how long will 20 men be in eating the ſame ? 


This queſtion is of ſuch a nature, that more re- 
quires leſs; for 20 men will conſume the ſame pro- 
viſion in leſs time than 12; therefore the queſtion 
belongs to the rule of three inverſe; ſo I multiply 
the firſt and ſecond numbers together, and divide by 
the third, and the quotient 9, that is, 9 days, is an 
anſwer to the queſtion, 


A demonſtration of the Rule of Three Inverſe. 


If I was to anſwer this queſtion by pure dint of 
thought, without any rule to dire& me, I ſhould 
reaſon thus: whatever quantity of proviſion laſts 12 
men 15 days, the ſame will laſt 1 man 12 times as 
long, that is, 12 times 15, or 180 days; but if it 
will laſt 1 man 180 days, it will laſt 20 men but the 
20th part of that time, that is, 9 days: here then 
the fourth number was found by multiplying the 
firſt and ſecond numbers together; and dividing the 
product by the third; and the reaſon is the ſame in 


all other caſes, where-ever the rule of three inverſe is 
concerned. Q. E. D. 


QUEST. 35. 
One lends me 372 pounds for 7 years and 8 months, or 


92 months: how long muſt I lend him 496 pounds 
for an equivalent ? $. r YEN 


Anſwer. g years, 9 months. 
B 2 | Qyxsr. 
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Qu E S To 36. 
If a ſquare pipe, 4 inches and 5 lines wide, will dif- 


charge a certain quantity of water in one hour time; 
in what time will another ſquare pipe, 1 inch and 2 
lines wide, diſcharge the ſame quantity from the ſame 
current? . . 


The orifice of a ſquare pipe 4 inches 5 lines, or 
53 lines wide, contains 2809 ſquare lines; and the 
. 'orifice of a pipe 1 inch 2 lines, or 14 lines wide, 
contains 196 ſquare lines. Say then, If an orifice of 
2809. ſcuare lines will diſcharge a certain quantity of 
water in one hour; in what time ill an orifice of 196 

ſquare lines diſcharge the ſame ? 


| Anſwer. In 14 hours 19' 54“. 


| Quesr. 37. 


1 3 nen, or 4 women, will do a piece of work in 56 
days, how long "will 1 man and 1 woman be in 
d doing the fame? 


— — —— — — 2 


HBecauſe of the 3 men, or 4 women, ſome number 
- muſt: be found that is diviſible both by 3 and by 4 
without remainder ; ſuch an one is the number 12, 
which is the product of 3 and 4 multiphed together; 
(ſee obſervation the third upon the definition of di- 
viſion:) make then 3 men or 4 women equivalent to 
| 12 boys, and you will have 1 man equivalent to 4 
boys, 1 woman to 3 boys, and 1 man and 1 woman - 
to 7 boys, and the queſtion will ſtand thus: F 12 
- boys roull do a piece of work in 56 days, hot Jong will 
7 boys be in doing the ſame ? | 


' Anſwer. 96 days. 


QuEST. 


* 
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Qs r. 38. 


I 5 oxen, or 7 colts, will eat up a cloſe in 87 days, 
in what time will 2 oxen and 3 colts eat up the ſame ? 


Anſwer. In 105 days. 
Qu E. S T. 39. 


JZ acres of land will maintain 3 horſes 4 days; how 
long will 5 acres maintain 6 horſes ? 


This queſtion may perhaps, at firſt ſight, be taken 
to be ſomewhat of the ſame nature with the 22d 
and 33d queſtions, which belonged to the double rule 
of three direct; but when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature ; fon we cannot ſay here as we did 
there, that 2 acres will laſt 3 horſes as Jong as 1 
acre will laſt 6 horſes ; this would be a very unjuſt 
way of thinking, and where-ever it is ſo, the queſtion 
ought to be referred to another rule, which they 
call the double rule of three inverſe; the propriety 
or impropriety of this thought being an infallible 
criterion whereby to diſtinguiſh when a queſtion 
belongs to one rule, and when to the other. All 
queſtions belonging to this rule, as well as thoſe 
belonging to the other, may be reduced to the ſin- 
gle rule of three two ways; either by expunging 
the firſt and fourth numbers, or the ſecond and 
fifth; but then the methods of extermination are 
different. In queſtions of this nature, if the firſt 
and fourth numbers are to be expunged, the 2 firſt 
numbers are to be multiplied by the fourth, and the 
2 laſt by the firſt; but if the ſecond and fitth num- 
bers are to be expunged, then the two firſt numbers 
are to be multiplied by the fifth, and the two laſt 


by the ſecond ; thus in the queſtion before us, if we 
5 „ would 
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would exterminate the firſt and fourth numbers, we 
muſt multiply the two firſt numbers, that is, 2 and 
3, by the fourth, that is, by 5, and ſay, that 2 
acres will laſt three horſes jult as long as 10 acres will 
laſt 15 horſes; we muſt alſo multiply the 2 laſt 
numbers, to wit, 5 and 6, by the firſt, that is, by 2, 
and ſay, that 5 acres will laſt 6 horſes as long as 10 
acres Will laſt 12 horſes. Uſe now theſe numbers 
inſtead of thoſe in the queſtion, and it will be 
changed into this equivalent one; If 10 acres of land 
will maintain 15 horſes 4 days, how long will 19 
acres maintain 12 horſes ? Strike out of the queſtion 
the firſt and fourth numbers, which, being equal, 
will be of no uſe in the conclufion, and then the 
queſtion will ſtand thus: If 15 horſes will eat up a 
certain piece of ground in 4 days, how long will 12 horſes 
be in eating up the ſame ? 


o/ewer. 5 days; for this queſtion belongs to the 
rule of three inverſe, 


If we would exterminate the ſecond and fifth 
numbers out of the queſtion, we muſt multiply the 
two firſt numbers by the fifth, and ſay, that 2 acres 
will laſt 3 horſes juſt as long as 12 acres will laſt 18 
horſes; we mult alſo multiply the two laſt numbers b 
the ſecond, and fay, that 5 acres will laſt 6 horſes as 
long as 15 acres will laſt 18 horſes: uſe theſe num- 
bers inſtead of thoſe in the queſtion, and it will be 


changed into this equivalent one : If 12 acres will 


maintain 18 horſes 4 days, how long will 15 acres 
maintain 18 horſes? That is (ſtriking out the ſecond 
and fifth numbers), {f 12 acres of land will maintain a 
certain number of horſes 4 days, how long will 15 acres 


laſt the ſame number? 


Anſwer. 5 days as before; for this queſtion be- 
longs to the rule of three direct. 


In 
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In both theſe operations the number ſought was 
at laſt found by multiplying 15 by 4, and then di- 
viding the product by 12: now whoſoever looks 
back upon the foregoing reſolution, and obſerves 
how theſe numbers were formed, he will eaſily per- 
ceive, that the number 4 was the middle term in the 
queſtion ; that the number 15 in both operations was 
the product of the numbers 3 and 5, which lay 
next the middle term on each fide; and that the 
; diviſor 12 was in both caſes the product of the ex- 
treme numders 2 and 6: therefore, In all queſtions be- 
longing to the double rule of three inverſe, where the 
numbers are ſuppoſed to be ordered as in the double rule 
of three direct, if the three middle numbers be multiplied 
together, and the product be divided by ihe product of the 
two extremes, the quotient of this diviſion will be the 
number ſought, And thus may all the trouble of 
expunging be avoided, though I thought it proper 
to explain that method in the firſt place, in order to 
let the learner into the reaſon of this laſt theorem, 
which is founded upon it. 


Queſtions wherein the Extraction f .. . Square Root is 
concerned, | 


QVvEST. 40. 


There is a certain field, whoſe breadth is 576 yards, and 
 _ whoſe length is 1296 yards: I demand the fide of a 
ſguare field equal to it? 


Anſwer, This field will be equal to a ſquare whoſe 
fide is 864 yards, 


| QUEST. 41. 

There is a certain incloſure 3 times as long as it is broad, 
whoſe area is 46128 ſquare yards: I demand its 
breadth and length ? 


The breadth multiplied into the length, that is, 
the breadth multiplied into 3 times itſelf, is 46128 z 
B 4 therefore 


therefore the breadth mult plied into itſelf is 15396; 
therefore the breadth is 124, and the length 372. 


QUEST. 42. 


A certain ſociety colleft among themſelves a ſum amount- 
ing to 15 pounds 5 ſhillings and a farthing, every one 
contributing as many farthings as there were members 


in the whole ſociety : I demand -the number of mem- 
bers ? | \ 


An ſcwer. 121 members. 
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Concerning Fulgar and Decimal Fractiont. 


N. B. In the following pages certain words are printed in Italics, 
which, being collected from their different lines and read toge- 
ther, will be found to convey the main ſenſe of the author; and 
conſequently theſe are the words moſt to be noted. The prin- 
cipal rules a4 propoſitions are alſo printed in Italics, with a view 
to aſſiſting ſuch G N as ths work was deſigned for. 
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DEFINITIONS. 


| 4 


FRACTION, ſimply and abſtractedly 
conſidered, is that wherein ſome part 
or parts of an unit are expreſſed : as, if an unit be 
ſuppoſed to be divided into 4 equal parts, and three 
of theſe parts are to be expreſſed, it muſt be done by 
the fraction three fourths, to be written thus, 2 : 
here the number 4, which ſhews into how many equal 
parts the unit is ſuppoſed to be divided, and fo de- 
terminet the true value, magnitude, or denomination 
of thoſe parts, is called the denominator of the fraction; 
and the number 3, which ſhews how many of theſe 
parts are conſidered in the fraction, is called the nu- 
merator : thus in the fraction 4 or one half, 1 is the 
numerator, and 2 the denominator: in ? or two 
halves, 2 is both numerator and denominator, Sc. 
When a fraction is applied to any particular 
quantity, that quantity is called the integer to the 
Fractien; thus in à of a penny, a penny is the in- 
| teger ; 


Art. 1. 
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teger; in three fourths of ſix, the number 6 is the 
integer; thus in three fourths of five ſixths, the 
fraction five fixths is the integer; for though in an 
abſolute ſenſe it be a fraction, yet here, with reſpect 
to the fraction three fourths, it is an integer: and 
thus may one and the ſame quantity, under different 
ways of conception, be both an integer and a 
fraction; as a foot is an integer, and a third part of 
a yard is a fraction, though they both ſignify the 
ſame thing. When the integer to a fraftion 1s not 
expreſſed, unity is always to be underſtood. Thus 
2 is 2 of an unit; thus when we ſay *, £ and 4 
make 12, the meaning is, that if + part of an unit, 
and + part of an unit be added together, the ſum 
will amount to the ſame as if that unit had been 
divided into 12 equal parts, and 7 of thoſe parts 
had been taken. Thus again, when Tay that + of 
Z are equivalent to 2, we mean, 77 if an unit be 
divided into 5 equal parts, and 4 of them be taken, 
and then this fraction + be again divided into 3 equal 
parts, and two of them be taken, the reſult will be 
the ſame as if the unit had at firſt been divided into 
15 equal parts, and 8 of them had been taken; and 
whatever is true in the caſe of unity, will be equally 
true in the caſe of any other integer whatever, 
Thus if it be true that + and 1 of an unit are equal to 
+2 of an unit, that is, if it be true in general that 2. 

and 4 added together are equal to +4, it will be as true 
of any particular integer, ſuppoſe of a pound ſterling, 
that Z of a pound, and 4 of a pound when added to. 
gether, are equal to +7 of a pound; again, if it be 
true in general that ; of ; are equal to , it is as true 
in particular that 5 of ; of a pound are equivalent to 
of a pound, c. | 


This will be more fully underſtood by the ſtudent, when he 
ſhall haveh ereafter learned the manner of adding fractions to · 


gether. | 
Of 
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Of Proper and Improper Fractions ; and of the Reduc- 
tion of an Improper Fradtion to à whole or mixt 
Number. | 


2. Fractions are of two ſorts, proper and improper z 
a proper fraction is that, whoſe numerator is leſs than 
the denominator, as 4; therefore an improper one is 
| that, whoſe numerator is equal to, or greater than the 
denominator, as 2, 2, Cc. 


OBJECTION. 


But is there no abſurdity in the ſuppoſition of an 
improper fraction, as in three halves for inſtance, 
conſidering that an unit cannot be divided into more 
than two halves? An/wer : No more than there is 
in ſuppoſing three haltpence to be the price of any 
thing, conſidering that a penny cannot be divided into 
above two halfpence, Theſe fractions therefore are 
called improper, not from any abſurdity either in the 
ſuppoſition or in the expreſſion, but becauſe they 
may be more properly and more intelligibly expreſſed, 
either by a whole number, or at leaſt by a mixt number 
conſiſting of a whole number and a fraction; as for ex- 
ample, if the numerator of a frattion be equal to the 
denominator, as 4, that fraction will always be equi- 
valent to unity, as 4 of an hour, that is, four quarters 
of an hour, are equivalent to one hour, 4 of a penny, 
that is, 4 farthings, are equal to one penny, Sc. 
and the reaſon is plain; for if an unit be divided into 
four equal parts, and four of theſe parts be expreſſed 
in a fraction, the whole unit is expreſſed in that 
fraction, that is, ſuch a fraction muſt always be 
looked upon as equal to an unit : therefore if the 
numerator be double of the denominator, as , the 
fraction muſt be equal to the number 2, becauſe 4 
contain + or 1 twice; in like manner are equal to, 
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and may be more properly expreſſed by, the number 

; by the number 4, Sc. and univerſally, as - 
often as the numerator of a fraction contains the de- 
nominator, ſo many units 1s that fraction equivalent 
to: But to find how often the numerator contains the 
denominator, is to divide the numerator by the deno- 
minator; therefore if the numerator of an improper 
fraction be divided by the denominator, the quotient, 
if nothing remains, will be the whole number by which . 
the fraction may be expreſſed : but if any thing remains 
of this diviſion, then the quotient, together with a 

raction whoſe numerator is that remainder, and deno- 
minator the diviſor, will be a mixt number, expreſſing 
the fraction propoſed. Thus are equivalent to the 
whole number 8, but =; are equivalent to the mixt 
number 8 3, to the mixt number 8 3, juſt as 24 
feet are equal to 8 yards, 25 feet to 8 yards and 1 
foot, 26 feet to 8 yards and 2 feet, &c. and this is 
what we call the reduction of an improper fraction 
into a whole or mixt number, 


The Reduction F a whole or mixt Number into an 
| Improper Fraction. 


3. As unity may be expreſſed by any fraction of 
any form or denomination whatever, provided the 
numerator be equal to the denominator, as 4, 2, 2, 
Sc. ſo the number 2 is reducible to any fraction 
whoſe numerator is double the denominator, as 2, 
2, 4, Oc. and ſo is every number reducible to any 
fraction, whoſe numerator contains the denominator as 
often as there are units in the number propoſed : 
therefore whenever a whole number is to be reduced 
to a fraction whoſe denominator is given, it muſs be 
multiplied by that given denominator, and the pro- 
duct with that denominator under it, will be the 
equivalent fraction. Thus, if the number 5 is to be 

| | reduced 
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reduced into halves, that is, into a fraction whoſe 
denominator is 2, it muſt be, multiplied by 2, and 
ſa. you will have 5 equal to , juſt as 5 pence are 
equivalent to 10 halfpence; it the number 8 is to 
be reduced into thirds, it muſt be multiplied by 3, 
and ſo you will have 8 equal to , juſt as 8 yards 
are equal to 24 feet; laſtly, if the number 2 is to be 
reduced into-fourths, it will be equal to'+, juſt as 2 
pence are equal to 8 farthings. F the number fo 
be reduced be a mixt number, conſiſting of a whole 
number and a fraction, the whole number muſt alzways 
be reduced to the ſame denomination with the fraftion 
annexed, and the rule will be this: Multzply the 
whole number by the denominator of the fraction an- 
nexed; add the numerator io the product, and the 
ſum with the denominator under it will be the 
equivalent fraction. Thus the mixt number 5 4 is 
equivalent to , juſt as 5 pence halfpenny in money 
is equivalent to 11 halfpence: This operation carries 
its own evidence along with it; for the number 5 it- 
ſelf is equal to as above; therefore 5 4 mult be 
equiralent to : again, the number 8 + is equal to 
2, juſt as 8 yards and 2 feet over are equivalent to 
26 feet; laſtly, 2 4 is reducible to , juſt as two 
pence and 3 farthings are reducible to 11 farthings. 


A LEMMA 


4. If any integer be aſſumed, as a pound fterling, and 
alſo any fraction, as 3, I ſay then, that 3 parts 
of one pound amount to the ſame as + part of 3 
pounds. 

To demonſtrate this Lemma, (which ſcarcely wants 

a demonſtration) I argue thus: If any quantity, 

greater or leſs, be always divided into the ſame 

number of parts, the greater or leſs the quantity ſo 
divided is, the greater or leſs will the parts be. Thus 

T of a yard is 3 times as much as 4 of a foot; be- 

cauſe a yard is 3 times as much as a foot; and for the 

2 ſame 
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ſame reaſon 1 of 3 pounds is 3 times as much as 4 
of 1 pound; but + of one pound are alſo 3 times as 
much as 4 of one pound; therefore 4 of 1 pound are 
equal to 4 of 3 pounds, becauſe both are juſt 3 times 
as much as 4 of 1 pound. Q. E. D. | 


How to eſtimate any fractional Parts of an Integer in 
Parts of a leſſer Denomination, and vice yersa. 


5. This may be done various ways; but the ſhort- 
eſt and ſafeſt, as I take it, is that which follows: Sup- 
Poſe I had a mind to know the value of Z of a pound; 
I ſhould argue as in the foregoing lemma, that 4 of 
one pound are the ſame as + of 5 pounds, but the 
latter is more eaſily taken than the former; therefore 
I apply myſelf wholly to the latter, to wit, to find 
the ſixth part of five pounds, thus: 5 pounds, or 100 
ſhillings, divided by 6, quote 16 ſhillings, and 
there remains 4 ſhillings; again, 4 ſhillings, or 48 
pence, divided by 6, quote 8 pence, and there re- 
mains nothing; therefore the value of 1 fixth of 5 
pounds, or + of 1 pound, is 16 ſhillings and 8 pence, 
Again, ſuppoſe I would know the value of 5 of a 
pound, I find the value of + of 6 pounds thus: 6 
pounds, or 120 - ſhillings, divided by 7, give 17 
' thillings, and there remains 1 ſhilling ; again, 1 
ſhilling, or 12 pence, divided by 7, gives 1 penny, 
and there remain 5 pence; again, 5 pence, or 20 
farthings, divided by 7, give 2 farthings, and there 
remain 6 farthings ; laſtly, a ſeventh part of 6 far- 
things is juſt as much as +5 of 1 farthing, by the 
lemma: hence I conclude, that 4 of a pound are 
17 ſhillings 1 penuny 2 farthings and +5 of a far- 
thing: But the value of + of a tarthing is fo near to 
one farthing, that it I would rather admit of a ſmall 
inaccuracy in my account, than a fraction, I ſhould 
make the value of 5 of a pound to be 17 ſhillings 


4 I penny 


1 penny and 3 farthings. Laſtly, ſuppoſe I would 
know the amount of + parts of 17 ſhillings and 6 
pence, I ſhould argue thus: 3 parts of 17 ſhillings 
and 6 pence are equivalent to + part of twice ag 
much, that is, to + part of 35 {killings : but + part 
of 35 ſhillings is 11 ſhillings and 8 pence; there- 
fore = parts of 17 ſhillings and 6 pence make 1x 
ſhillings and 8 pence. 

Of the reverſe of this reduction, one fingle in- 
ſtance. will ſuffice : Let it then be required to reduce 
x ſhilling 2 pence 3 farthings to fractional parts 
of a pound: here 1 conſider, that in 1 pound are 
960 farthings; and in 1 ſhilling 2 pence 3 tarthings, 
are 59 farthings, therefore 1 tarthing is s of a 
pound; and 1 ſhilling 2 pence 3 farthings are 83 
of a pound, 


Preparations for further Reductions and Operations of 
Fradtions. 


6. All the operations and reductions of fractions 
are mediately or immediately deducible from the 
following principle; which is, that F the numerator 
of a fraction be encreaſed, whilſt the denominator con- 
tinues the ſame, the value of the fraction will be en- 
creaſed proportionably : and vice versa, On the other 
hand, if the denominator be encreaſed in any proportion, 
whilft the numerator continues the ſame, the value of 
the fraction will be diminiſhed in a contrary proportion 
and vice versa, Thus + are twice as much as 3, and 
+ 1s but half as much as +. | 

From this principle it follows, that if the nume- 
rator and denominator of a fraction be both multi- 
plied, or both divided, by the ſame number, the vas 
lue of the frattion will not be affetted thereby; 
becauſe, as much as the fraction is encreaſed by 
multiplying the numerator, juſt ſo much again it 
will be diminiſhed by multiplying the denominator: 
and as much as the fraction is diminiſhed by divid- 


ing 
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ing the numerator, juſt ſo much again it will be 
encreaſed by dividing the denominator. Thus the 
terms oſ the fraction 4 being doubled, produce £, a 
fraction of the ſame value; and, on the contrary, 


the terms of the fraction 4 being halved, give 2. 


Hence it appears, that every fraction is capable 
of infinite variety of expreſſion, ſince there is infi- 
nite choice of multiplicators, whereby the numera- 
tor and denominator of a fraction may be multiplied, 
and ſo the expreſſion may be changed, without 
changing the value of the fraction. Thus the frac- 
tion Z, if both the numerator and denominator be 


- multiplied by 2, becomes 5 ; if by 3,43; if by 4, 43 


if by 5, +5; and fo on ad infinitum; all which are 
nothing elſe but different expreſſions of the ſame 
fraction: therefore, in the midſt of fo much variety, 
we muſt not expect that every fraction we meet 


with ſhould always be in its leaft or loweſt terms; 


but how to reduce them to this ſtate whenever they 
happen to be otherwiſe, ſhall be the buſineſs of the 


next article. 


The reduction of Fractions from higher to lower Terms. 


7. Whenever a fraction is ſuſpected not to be in 
its leaft terms, find out, if poſſible, ſome number 
that will divide both the numerator and denomina- 


tor of the fraction wrthout any remainder ; for if 


- ſuch a number can be found, and the divifion be 


made, the two quotients thence ariſing will exhibit 


reſpectively the numerator and denominator of a 
fraction, equal to the fraction firſt propoſed, but ex- 
preſſed in more ſimple terms: this is evident from 
the laſt article. As for example: let the fraction 


2? be propoſed to be reduced: here, to find ſome 
number that will divide both the numbers 10 and 15 


without any remainder, I begin with the number 2, 
as being the firſt whole number that can have any 


effect 
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effect in diviſion; but I find 2 will not divide 1 5: 

is the next number to be tried ; but neither will 
that ſucceed, for it will not divide 10; as for the 
number 4, I paſs that by, becauſe if 2 would not 
divide 15, much leſs will 4 do it; the next num- 
ber I try is 5, and that ſucceeds; for if 10 and 15 
be divided by 5, the quotients will be 2 and 3 re- 
1212 each without remainder; therefore the 
ration 42, after being reduced to its leaſt terms, 
is found to be the ſame as 4; that is, if an unit 
be divided into 15 equal parts, and ten of them be 
taken, the amount will be the ſame as if it had 
been divided into 3 equal parts, and 2 of them had 
been taken. Secondly, if the fraction propoſed to 


be reduced be 7 — divide its terms by 2, and 
you will have the fraction Ry divide again by 


2, and you will have = divide again by 2, and 


you will have 7 ; therefore all further diviſion by . 
2 is excluded ; divide then theſe laſt terms by 3, 
and you will have 1 divide again by 3, and 


you wil have — divide by 5, and you will have 


r; and laſtly divide by 7, and you will have 4; 
ſo that the fraction _ after a common diviſion 
by 2, 2, 2, 3, 3, 5, 7, is found at laſt equal to 3. 
Thirdly, the fraction 4, after a continual divifion 
by 2, 2, 3, becomes 34. Fourthly, 32, after a con- 
tinual diviſion by 2, 2, 7, becomes 4. Fifthly, 


=, after a continual diviſion by 2, 2, 3, 3, be- 


comes +. Sixthly, — after a, continual diviſion 


by 2, 3, and 77 becomes Seventhly, — after a 
* conti- 
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continual diviſion by 3, 5, 7, becomes 2. Eighthly, 
45 after a continual diviſion by 5 and 7, be- 
comes 2. Ninthly, = after a continual diviſion 


by 5, 7, 7, becomes 4, or 3. . 
Some perhaps may think themſelves helped in the 
ractice of this rule by the following obſervations : 
Firſt, that 2 wwill divide any number that ends with 
an even number, or with a cypher, as 36, 30, &c. 


and no other, 
| Secondly, that 5 wi! divide any number that ends 


with a 5, or with a cyphcr, as 75, 70, Cc. and no 


other. 

_ - Thirdly, that 3 will divide any number, when it 
will divide the ſum of its digits added together : 
thus 3 will divide 471, becauſe it will divide the 
number 12, which is the ſum of the numbers 4, 7, 


and 1. 
Fourthly, if both the numerator and denominator 


have cyphers annexed to them, throw away as many 
as are common to both: thus * is the ſame as 


50000 
oer 
569? e 


After all, there is a certain and infallible rule for 
finding the greateſt common diviſor of any two num- 
bers whatever, that have one, whereby a fraction may 
be reduced to its leaſt terms by one ſingle operation 
only. I ſhall be forced indeed to poſtpone the de- 
monſtration of this rule to a more convenient place, 
not ſo much for want of principles to proceed upon, 
as for want of a proper notation; but the rule itſelf 
is as follows: Let 2 and þ be two given numbers, 
whoſe greateſt common diviſor is required; to wit, 4 
the greater, and b the leſs: then, dividing @ by 6 
without any regard to the quotient, call the remain- 
der c; divide again & by c, and call the remainder d; 

| then 
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then divide c by d, and call the remainder e: then 
divide 4 by e, and call the remainder 7; and ſo pro- 
ceed on, till at laſt you come to ſome diviſor, as f, 
which will divide the preceding number e without a 
remainder: I ſay then, that this laſt diviſor will be 
the greateſt common diviſor of the two given num- 
bers à and 5. As for example; let @ be 1344 and 
b 582: then, to find the greateſt common diviſor of 
theſe numbers, I divide a (1344) by 6 (582) and 
there remains 180, which I call c; then I divide 6 
(582) by c (180) and there remains 52, which I call 
d; then I divide c (180) by d (42) and there re- 
mains 12, which I call e; then I divide 4 (42) by e 
(12) and there remains 6, which I call 7; laſtly I 
divide e (12) by F (6) and there remains nothing: 
whence I conclude that 6 is the greateſt common di- 
viſor of the two numbers 1344 and 582: and as the 
quotients by 6 are 224 and 97, it follows, that the 


fraction =, when reduced to its leaſt terms, will 


be — If no common diviſor can be found but 
unity, it is an argument that the fraction is in its 


leaſt terms already. 

From this and the laſt article it follows, that all 
fractions that are reducible to the ſame leaſt terms are 
equal; as 4, $, 47, &c. which are all reducible to 3; 
though it does not follow e converſo, that all equal 
fractions are reducible to the ſame leaſt terms; this 
will be demonſtrated in another place. (See Elements 
of Algebra, Art, 193. page 299, 4to.) 

Far the better underſtanding of the following ar- 
ticle, it muſt be obſerved, that this mark * is a ſign 
of multiplication, and is uſually read into: thus 2 x 3 
ſignifies 6, 2 x 3 x 4 ſignifies 24, 2x 3 x 4X5 
ſignifies 120, Sc.; and in ſome caſes it will be better 
to put down theſe components or factors, than the 
character of the number ariſing from their continual 


multiplication, as in the following article. It ought 
C 2 alſo 
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alſo to be obſerved, that it matters not in what order 


theſe components are placed; for 2 x 3* 4x 5 ſig- 
nifies juſt the ſame as 4 x 5 * 2 * 3, &c. 


The Reduction of Frattions of different Denominations 
to others of the ſame Denomination. 


8. There is another reduction of fractions, no leſs 
uſeful than the former; and that is, the reduction of 
fractions of different denominations to others of the 
ſame denomination, or which have the ſame denomi- 
nator, without changing their values; which is done 
as follows: Having firſt put down the fractions to 
be reduced, in any order, one after another, and be- 
ginning with the numerator of the firſt fraction, mul- 


tiply it, by @ continual multiplication, into all the 


denominators but its ozyn, and put down the product 
under that fraction; then multiply, in like manner, 
the numerator of the next fraction into all the de- 
nominators but its own, and put down the product 


under that fraction; and ſo proceed on through all 


the fiumerators, always taking care to except the de- 
nominator of that fraction whoſe numerator is mul- 


_ tiplied. Then, multiplying all the denominators to- 


gether, put down the product under every one of 
the products laſt found, and you will have a new 
fet of fractions, all of the ſame denomination with 
one another, and all of the ſame values with their re- 
ſpective original ones. As for example; let it be 
propoſed to reduce the following fractions to the ſame 


_ denomination, 4, 3, 5, 7: 1/7, The numerator of 


the firſt fraction is 1, and the denominators of the 
reſt are, 4, 6, and 8, and 1 x 4x 6x8 gives 192; 
therefore I put down 192 under 4. 24h, The nu- 


merator of the ſecond fraction is 3, and the denomi- 


nators of the reſt are 6, 8, and 2, and 3 * 6 8 * 
gives 288; therefore I put down 288 under 3. 3dly, 


5x8 x 2 x 4 gives 320; . therefore I put down 


320 under 5, 4th, 7x2 x4 x6 gives 336; there- 
2 | fore 
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fore I put down 336 under 4. Laſtly, 2 4 4* 6s, 
or the product of all the denominators, is 384. This 
therefore I put down under every one of the nume- 
rators laſt found, and ſo have a new ſet of fractions, 
viz, 322, 287, 222, 33, all of the ſame denomina- 
384 384 384 394 ee 
tion, as appears from the operation itſelf; and all of 
the ſame value with their reſpective original ones, as 
will appear preſently ; but firſt ſee the work: 


r 
. . 320" "36H 
384 384 384 384 


A Demonſtration of the Rule. 


All that is to be demonſtrated in this rule is, to 
prove from the nature of the operation itſelf, that the 
original fractions ſuffer nothing in their values by this 
reduction: in order to which, it will be convenient 
to put down the components of the new numerators 
inſtead of their proper characters, as in the laſt ar- 
ticle ; as alſo thoſe of the common denominator, and 
the work will ſtand thus : | 


, 


1. 2. 2. 2 


1x48 3x6x8x2 5x8x2X4 7X2X4x6 
2X4x0x8* 4x0x8x2* bx8x2x4* 8x2X4 x0 


By this method of operation it appears, that the 
numerator and denominator of the firſt fraction 4, are 
both multiplied by the ſame number in the reduction, 
to wit, by 4x 6x 8; and therefore that fraction ſuf- 
fers nothing in its value, by art. 6. In like manner, 
the terms of the ſecond fraction + are both multiplied 
by the ſame number 6 x 8 * 2; therefore that fraction 
can ſuffer nothing in its value; and the ſame may be 


faid of all the reſt. Q. E. D. ö 
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Other Examples to this Rule. 


2. 3 1. Fo To Jo To Fo Fo 
360 240 180 144 120 120 go 72 60 
* * 

39 - 24 20 6 5 
120 120 120˙ 30 30* 


The uſe of this rule will ſoon appear in the addition 
and ſubtraction of fractions: in the mean time it may 
not be amiſs to obſerye, that it would be very diſſi- 


cult, if not impaſſible, to compare fractions of dif- | 


ferent denominations, without firſs reducing them to 
the ſame. As for inſtance; ſuppoſe it ſhould be 
aſked, which of theſe two fractious is the greater; 
3, or 5; in this view it would be difficult to deter- 
mine the queſtion ; but when I know that 4 are the 
ſame with 21, and that F are the ſame with 453, I 
know then that + are greater than + by a twenty- 
eighth part of the whole. We now proceed to the 
four operations of fractions, to wit, their addition, 
ſubtraction, multiplication, and divifion : and firſt, 


Of the Addition of Fraflions. 
9. Whenever two or more fraftions are to be added 


together, let them firſt be reduced to the ſame denomi- 
zation, if they be not fo already ; and then, adding 


the new numerators together, put down the ſum with 


the common denominator under it. In the caſe of 
mixt numbers, add firſt the fractions together, and 
then the whole numbers: but if the fractions, when 
added together, make an improper fraction, reduce it 
by the 2d art. o a whole or mixt number; and then 
putting down the fraftional part, if there be any, re- 
ſerve the whole number for the place of integers. 8 

| 0 


% "ER 


_ _ - DA — 8 2 l 1 = * ny > R 0 
- Ju a * * 3 8 4 - , WR} * 
VEE IT IRS, AA ²˙ TWIT Es 
2 1 1 


1 N 
- 
_ — —— 
I 
- a 
— £ & 4 


S <a" 
n 


— OE 


Ano. FRACTIONS 39 


To this rule might be referred (if it had not been 
taught already in the 3d art.) the reduction of a mixt 
number into an improper fraction, which is nothing 
elſe but adding a whole number and a fraction to- 
gether, and may be done by con/idering the whole 
number as a fraction whoſe denominator is unity. 


Examples of Addition of Fractions. 


1, 2 and ++ when added together make , for 
juſt the ſame reaſon as 3 ſhillings and 4 ſhillings when 
added together make 7 ſhillings. 

2dly, The fractions + and 4 when reduced to the 
ſame denomination by the laſt art. are , and ,4, and 
theſe added together make 24 therefore the fractions 
2. and 4 when added together make up the fraction +}. 

For a better confirmation of theſe abſtract con- 
cluſions, but chiefly to inure the learner to conceive 
and reaſon diſtinctly about fractions, it may be very 
convenient to apply thele examples in ſome particular 
caſe ; as for inſtance, in the caſe of a pound ſterling; 
and if we do ſo here, we are to try, whether + and 4 
of a pound, when added together, amount to A of 
a pound, or not: here then we ſhall find by diviſion, 


that the third part of a pound is 6 ſhillings and 8 


pence, and the fourth part 5 ſhillings; and theſe, 
added together, make 11 ſhillings and 8 pence; 
therefore à and 4 of a pound, when added together, 
make 11 ſhillings and 8 pence ; but by the 5th art. it 
will be found that +4 of a pound are alſo 11 ſhillings 
and 8 pence; therefore 3 and 4 of a pound, when 
added together, make +7} of a pound; and the ſame 
would have been true in any other inſtance whatever. 
3dly, + and 43, that is, 35 and 45, when added 
together, make 34, which will alſo be true in the 
caſe of a pound ſterling; for by the 5th art. 2 of a 
pound are 8 ſhillings, + of a pound are 7 ſhillings 
and 6 pence, and their ſum is 15 ſhillings and 6 
pence ; which will alſo be found to be the value of 
C 4 33 of 
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25 of a pound; therefore + and 2 of a pound, when 


added together, make 28 of a pound. 


4thly, + and +4, that is, +3 and , when added 
together, make 1, an impropcr fraction; which 
being reduced to a mixt number, by the 2d art. is 
1 and : let us now try, whether 5 of a pound, 
and + of a pound, when added together, will make 
one pound and ++ of a pound over, or not: now 2 
of a pound, or 13 ſhillings and 4 pence, added to + 
of a pound, or 16 ſhillings, amount to 1 pound 9 
ſhillings and 4 pence: and + of a pound are found 
to be 9 ſhillings and 4 pence; therefore +5 and + of a 
pound, when added together, make one pound and 
7+ of a pound over. 

5thly, A and 5, that is, 73 and 22, when added 


| together, make 22, or 1 +4}, which will alſo be true 


in the caſe of a pound ſterling. 


. 360 240 180 144 
6thly, 4, 1 2, 7. Ts that 18, 7255 720 720? 220? 


725 when added together, make 9 that is, 129 

try it in money. 

| | A bo 480 540 
7thy, 4, 3, + 4» and 4, that is, 22, 778, 58, 


9 and =: when added together, make 2550 that 
720 720 720 


is, 3 75+ 

8thly, The ſum of the mixt numbers 7 and 8 4 
is 15 x4; for the ſum of the fractions is 2 by the 
ſecond example, and the ſum of the whole numbers 
is 15. 

gthly, 5 4 added to 7 + gives 13 14 for the ſum 
of the fractions is 1 +2, by the fourth example; and 


the whole number 1, added to the whole numbers 5 


and 7, gives 13. 
1othly, 8 4, 93, 105, 11 4, 12 3, agded together, 
make 53 25 for the fractions themſelves make 3 28 


by the ſeventh example, and the whole number 3 


added to the reſt makes 53. 
11thly, 
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11thly, The whole number 2 added to the frac- 
tion 4. gives =; for the whole number 2 may be 
conſidered as a fraction, whoſe denominator is unity; 
now + and 3, when reduced to the ſame denomina- 
tion, are £ and 3, which added together make . 

Thus alſo may unity be added to any fraction whate- 
ver, when ſubtraction requires it; but better thus: 
unity may be made a fraction of any denomination what- 
ever, provided the numerator be equal to the denomi- 
nator, by art. 2d : ſuppoſe then I would add unity 
to ; I ſuppoſe unity equal to 5, and this added to 
2 makes + : again, unity added to 4 makes 3, be- 
cauſe + and 4 make g. 


Of the Subtraion of Fradtions. 


10. Whenever a leſs fraction is to be ſubtracted 
from a greater, they muſt be prepared as in addition; 
that is, they muſt be reduced to the ſame denomi- 
nation, if they be not ſo already; then, ſubtrafting 
the numerator of the leſs fraction from that of the 
greater, put down the remainder with the common de- 
nominator under it. In the caſe of mixt numbers, ſub- 
tract firſt the fraction of the leſſer number from that 
of the greater, and then the leſſer whole number 
from the greater; but if, as it often happens, the 
greater number has the leſſer fraction belonging to it, 
then an unit muſt be borrowed from the whole number 
and added to the fraction, as intimated in the cloſe of 
the laſt article. 


Examples of Subtraction in Fraftions. 


1/, +3 ſubtracted from 1 leaves 2, juſt in the 
ſame manner as 3 ſhillings ſubtracted trom 4 ſhillings 
leave I ſhilling. 


2dly, 3 ſubtracted from 5, that is 4% ſubtracted 
from 22, leaves 43, or 11. 80 4 of a pound, or 
| 15 ſhillings, 
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15 ſhillings ſubtracted from 5 of a pound, or 16 
{billings — 8 pence, leaves 22 of a pound, that is, 
x ſhilling and 8 pence. 
Za, 7 + ſubtracted from 8 4, that is, 7 2 ſub- 
trated from 8 2, leaves 1 5, 

4b, 7 4 ſubtracted from 8 4, that is, 7 4 ſub- 
tracted from + 7 +» leaves x, or 2; for here the greater 
number having the leſs fraction belonging to it, I 
borrow an unit from the whole number 8, and ſo 
reduce it to 7; and then this unit, under the name of 
3, I add to the fraction 4, and ſo make it . 

gh, 7 4 ſubtracted from 8 4, that is 7 4 ſub- 
tracted from 8-2, that is, 7 f ſubtracted from 7 2, 
leaves 5. 

6thly, 7 + ſubtracted from 8, that is, 75 ſubtracted 
from 7 3, leaves 2 4. 


Of the Multiplication of Fractiont. 


11. To multiply by a whole number is to take the 
multiplicand as often as that whole number expreſſes: 
therefore to multiply by a mixt number is, not only 
to take the multiplicand as often as the integral part 

expreſſes, but alſo to take ſuch à part or parts of it 
over and above, as is expreſſed by the fraction an- 
nexed, Thus 10 multiplied by 2 4 produces 25: 
for as 2 4 is a middle number between 2 and 3, fo 
the product ought to be a middle number between 
20 and 3o, that is, 25: In Ike manner 10 multi- 
plied by 1 4 produces 15, and being multiplied by 4 
produces 5: therefore, to multiply by a proper frac-- 
tion is nothing elſe but to take ſuch a part or parts of 
the multiplicand as is exprefled by that fraction. Cer- 
tainly to take 10 twice and half of it over, once and 
half of it over, no times and half of it over, 
(which laſt is raking the half of 10), are operations 
of the ſame kind, and differ only in degree one from 
another ; and therefore, it the two former operations 


paſs by the name of muliphication, this laſt ought to 
do 


| 
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do ſo too; and if there be any abſurdity in the caſe, 
it lies in the name, and not in the thing. _ _, 

_ Arithmetic was at firſt employed about whole 
numbers only, and thus far the name of multiplica- 
tion was adequate enough, except, in the caſe of 
unity. But it being afterwards conſidered, that no 
quantity whatever could be called an unit, that was 
not further diviſible; and conſequently, that there 
was not only an infinity of fractional numbers below 
unity, but alſo an infinity of mixt numbers between 
any two whole numbers whatever; it was judged, 
rightly enough, that the art of Arithmetic would 
not be perfect till its operations extended themſelves 
to this ſort of number alſo; and this being done 
without changing their names, it was then that the 
name of multiplication became too ſcanty for the thing 
ſignified ; this therefore ought to be attributed to the 
unavoidable . want of foreſight in the firſt impoſers, 
and not to any imperfection in the ſcience itſelt. 
This is no more than the caſe of many other arts and 
ſciences, that have ontgrown their names Thus 
Geometry, that originally and properly ſignified no 
more than the art of ſurveying, is now defined to be 
a ſcience treating of the nature and properties of all 
figures, or rather of the different modifications of 
extenſion and ſpace; ſo that now ſurveying is the 


leaſt and Joweſt part of that ſcience. Thus Hy- 


droſtatics, which originally fignified no more than 


the art of weighing bodies in water, or rather the 


art of finding out the ſpecific gravities of bodies 
by weighing them in water, is now made the name 
of a ſcience, which treats of the nature and proper- 
ties of fluids in general; and the ſeveral properties 
of air and mercury, fo far as they are fluids, fall un- 


der the couſideration of Hydroſtatics, as properly as 


thoſe of water. 
But perhaps it may be further urged, that to take 


the half of any quantity, is not to multiply, but to 


divide it, To which I anſwer; that it is impoſſible 
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to take the half of any quantity without dividing it 
by 2; and conſequently, that to multiply by 4 has 
the ſame effect as to divide by 2 ; but this does not 


prove that multiplication is the fame as diviſion, but 
only that theſe two operations, how contrary ſoever, | 
may be made to do each other's buſineſs, which is no ⁶ 


myſtery to any one who is the leaſt converſant in 
Arichmeticz and will be further explained in the nex 
article. "7, 7 

A frattion may be multiplied by a whole number 


fro ways; eitber by multiplying the numerator by ³ä 


that number, or eſe by dividing the denominator by 
the ſame, where ſuch a diviſion is poſſible: thus it 


the fraction 4 be to be multiplied by 2, the produt MM 
will either be 5? by doubling the numerator, or + 
by halving the denominator : this is evident fromthe i 


6th art. becauſe a fraction will be equally enereaſed, 


whether it be by encreafing the numerator, or by Wl 


diminiſhing the denominator. _ a 

If a fraction be to be multiplied by a fraction, 
multiply the numerator and denominator of the mul- 
tiplicand, by the numerator and denominator of the mul- 
tiplicator reſpectively, and the fraction thence ariſing 
will be the product ſought : thus if it was required 
to multiply + by 3, or (which amounts to the ſame 
thing) if it was required to determine how much is 
Z of 2, the anſwer would be ,+; and the reaſon is 
plain; for £ of ? is 12, by the fixth art. becauſe 
making the denominator three times greater makes 


the fraction three times leſs: but if of 4 de 4, | | 


then 3 of +4 ought to be twice as much, that is 2; 
therefore to determine the amount of 42 of 2, the 


- numerator and denominator of ; muſt be multiplied 


reſpectively by the numerator and denominator of 


3; and the ſame reaſon will hold good in all other 


inſtances. | 
If a whole number is io be multiplied by a fraction, 
either change the multiplicator and multiplicand one 
for another, and then proceed as above directed; — 
| | elle 


ſhillings and 8 pence, 
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elſe conſider the multiplicand as a fraftion whoſe de- 
nominator is unity, and ſo proceed according to the 
rule for multiplying one fraction by another; by 
which means both rules will be contracted into one. 
Thus 6, or 2, multiplied into 3, produces , or 4. 

If the multiplicator, or multiplicand, or both, be 
mixt numbers, they muſt finſt be reduced to impro- 
per fractions by the third art. and then be multiplied 
according to the general rule. | 


Examples of Multiplication in Fractions. 


1}, J of 2, multiplying numerators together, and 
denominators together, is 27, or ; and ſo we find 
it in any particular caſe; for } of a pound are 17 
ſhillings and 6 pence; and 4 of 17 ſhillings and 6 
Pence, that is (by the 5th art.) + of 3 5 ſhillings, is 
11 ſhillings and 8 pence ; therefore 3 of of a pound 
are 11 ſhillings and 8 pence, which will alſo be found 
to be the value of of a pound, 

Here we may obſerve once for all, that whenever 
two fractions are to be multiplied together, the pro- 
duct will be the ſame, whichſoever it is that multi- 
plies the other, juſt as it is in whole numbers, and 
for the ſame reaſon; for if be to be multiplied by 
3, then the numbers 7 and 8 muſt be reſpectively 
multiplied by 2 and 3; but if 5 is to be multiplied 
by z, then the numbers 2 and 3 muſt be reſpectively 
multiplied by 7 and 8, which amounts to the ſame 
thing; whence it follows, that 3 of + come to the 
ſame as + of : to confirm this, we have ſeen already 


that 3 of Z of a pound amount to 11 ſhillings. and 8 


pence ; let us in the next place enquire into the value 
of 1 of + of a pound: now + of a pound are 13 ſhil- 
lings and 4 pence ; and 7 of 13 ſhillings and 4 pence, 
that is, r of 93 ſhillings and 4 pence, is 11 ſhillings 
and 8 pence; therefore 4 of 7 of a pound are the 
lame as + of + of a pound, flace both amount to 11 


2dly, 
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2dly, + of +5 of +3 are —, or 3; for 2 x 5 x9 
make go, and 3x6 x 10 make 180: thus +2 of a 
pound ate 18 ſhillings; and g of 18 ſhillings are 15 
ſhillings; and 4 of 15, ſhillings are 10 Toillings) 
which are J of a pound. 

zaly, 4 of + of + are 5+: thus £ of a pound are 
15 ſhillings; and + of 15 ſhillings are 11 ſhillings 
and 3 pence; and à of 11 ſhillings and three pence 
are 8 ſhillings and 5 pence farthing ; which will alfo 
be found to be the value of 47 of a pound. 

4thly, The mixt number 6 4 multiplied by the 
whole number 7, or the whole number 7 multiplied 
by the mixt number 6 3, will produce in either caſe 
47 3: for the mixt number 6 4 being reduced (by 
the 3d art.) to an improper fraction becomes 7; 


which being multiplied by 7, or 4, makes =, or, 
when reduced to a mixt number, 47 J. 

This multiplication may alſo be made another 
way, thus: + multiplied by 7 makes , that is, 
(by the 2d art.) 5 4; put down the fraction +, and 
keep the 5 in reſerve; then 6 multiplied by 7 makes 
42, which, with the 5 in reſerve, makes 47 ; there- 
fore the whole product is 47 4 as before. 

5 h,, 3 3 multiplied by 2 5, that is, multi- 


plied by 3, makes =, that is, 10: thus 3 4 of a 
pound are 3 pounds 15 ſhillings; and twice 3 pounds 


15 ſhillings is 7 pounds 10 ſhillings ; moreover, 4 of | 


3 pounds 15 ſhillings, or 3 of 7 pounds 10 ſhillings, 
is 2 pounds 10 ſhillings; and theſe 2 pounds 10 fhil- 
lings, added to the former part of the product, to 
wit, 7 pounds ten ſhillings, give ten pounds for the 
whole product: therefore 3 + of a pound multiplied 
by 2 + make 10 pounds. | 
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6thly, 96 1 multiplied by 24 3, chat is, — , mul - 
tiplied by , gives ——, that is, (by the 2d art.) 


2348 Fe 
F̃bly, 36 4 multiplied into itſelf, that is, * mul- 


tiplied by = makes — that is, 1314 18 · 
Before I put an end to this article, I do not know 
whether it will be thought worth my while to take 
notice of a very abſurd queſtion ſometimes bandied 
about, wherein it is required to multiply + of a pound 
by Jof a pound: I call this a very abſurd queſtion, 
becauſe there is no manner of propriety in it ; for in 
the very idea and definition of multiplication, the 
multiplicator at leaſt is ſuppoſed to be an abſtract 
number, or fraction; otherwiſe, what can be the 
meaning of taking the multiplicand as often, or as 
much of it, as is expreſſed by the multiplicator? If 
by multiplying J of a pound by + of a pound, be 
meant no more than multiplying + of a pound by E, 
why is the word pound expreſſed in the multiplicator ? 
and if there be any other meaning in 1t, why does 
not the propoſer explain it, fince it is not expreſſed 
in the queſtion? Let him tell me what he means by 
multiplying 1 pound by 1 pound, and I will ſoon 
undertake to anſwer his queſtion. But if he neither 
can nor will do this, the queſtion neither deſerves 
nor is capable of an anſwer. I am not ignorant of 
another queſtion more frequently uſed than this, and 
of equal nonſenſe, if cuſtom had not explained it; 
and that is, to multiply 3 yards by 2 yards, and the 
like; whereby is meant, I ſuppoſe, to aſſign the num- 
ber of ſquare yards contained in a rectangled paral- 
lelogram, or long ſquare, 3 yards in length, and 2 
yards in breadth; but if this be the ſenſe put upon 
that queſtion by common conſent, that is all the title 
it 
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it has to it, there being no ſuch thing either expreſſed, 
or ſo much as implied, in the terms of the queſtion, 


A LEMMA. 


12. Let n be any whole number, mixt number, or frac- 
tion; I ſay then that the quotient of n divided by any 
fraction is equal to the product of n multiplied into 
the reverſe of that fraction: as for inſtance, 


Let n be divided by + ; I ſay that the quotient of 
n divided by 4 will be equal to the product of u 
multiplied by : for let q be the quotient of u di- 


vided by +; that is, let q be a number exprefling I 5 


how often the fraction 4 1s contained in 2; then will 
2 multiplied by q be equal to , from the nature of 
multiplication 3 but the product of 4 multiplied by q 
is the ſame with the product of q multiplied by 2 
that is, 4 of q, by the laſt article; therefore » lis 
equal to 4 of q; therefore 3 of u is equal to 4 of gz 
therefore + of n are equal to q; but 4 of u is the 
product of n multiplied by ; therefore the product 
of n multiplied by + is equal to ; but the quotient 
of n divided by 1 was , by the ſuppoſition; there- 
fore the quotient of n divided by 4, is equal to the 
product of n multiplied by 3. 2, E. D. 


COo ROL LAR x. 


Hence may the rule of diviſion be at any time 
changed into that of multiplication, only by inverting the 
terms of the diviſor, and then multiplying inſtead of 
dividing. The ſame will alſo obtain in whole 
numbers, if they be conſidered as fractions whoſe de- 
nominators are units: thus to divide x by 2, that is, 
3, will have the ſame effect as to multiply it by 4, as 
was hinted in the foregoing article. 


of 
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Of the Diviſion of Fractions. 


13. The diviſion of frattions, like all other diviſion, 
4s, to find how often one fraction, called the diviſor, 
is contained in another, called the dividend; and that 
which ſhews this, is called the quotient, whether ir 
be a whole number, a mixt number, or a proper 
fraction: for in fractional diviſion the quotient is 
always intended to be exact, without any remainder, 
and therefore muſt ſometimes be a whole number, 
ſometimes a mixt number, and ſometimes a proper 
fraction. Thus, if 18 is to be divided by 6, the quo- 
tient will be 3; becauſe 18 contains 6 3 times : but 
if 21 is to be divided by 6, the quotient will be 
3 +; becauſe 21 contains 6 three times, and half of 
it over and above: laſtly, if 3 is to be divided by 6, 
the quotient will be 4; becauſe here the diviſor, 
being greater than the dividend, cannot be fo much 
as once contained in it, and therefore the quotient in 
this caſe muſt be a proper fraction, that is, 4, fince 
3 is juſt the half of 6. 

fraction may be divided by a whole number two 
ways; either by dividing the numerator by that whole 
number when poſſible, or elſe by multiplying the de. 
nominator by the ſame : thus the half of + may be 
taken, that is, + may be. divided by 2, either by 
halving the numerator, and the quotient will be 2, 
or elſe by doubling the denominator, and then the 


W quotient will be £-, both which amount to the ſame 


thing, by the 6th and 7th articles. 

If the diviſor be a. fraction, the quotient may be 
had by multiplying the dividend into the inverted 
diviſor, according to the rules of multiplicaticn al- 
ready laid down : thus if 4 is to be divided by 2, 
the quotient will be the ſame as the product of ?; 
multiplied by 4, that is, 48, or 1; the demon- 
ſtration whereof is contained in the laſt article. 

D And 
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And here again, as well as in the eleventh article, 
we are to obſerve, that if either diviſor or dividend, 
or both, be mixt numbers, they muſt be reduced to im- 
proper fractions before the general rule can have 
place; and that, if either or both be whole numbers, 
they muſt be conſidered as fractions whoſe denominators 
are units. 

From the general rule of diviſion before laid down 
it follows, that every fraction may be conſidered as 
the quotient of the numerator divided by the denomi- 
nator, and that, whether the terms of the fraction un- 
der conſideration be whole numbers, or (which ſome- 
times happens) mixt numbers, or even pure fractions: 
a demonſtration of this laſt caſe will ſerve for all, ſince 
mixt numbers may be reduced to fractions, and whole 
numbers may be conſidered as fractions whoſe deno- 


minators are units. Let the fraction propoſed be 8 
＋ 


J ſay, that this fraction is equal to the quotient 
arifing from the divifion of the numerator + by the 
denominator : to demonſtrate which, multiply both 
+ the numerator, and 5 the denominator, by 4 the 
mverted denominator, and the fraction will be changed 
into this, T8, or 73, being of the fame value with 


the former, by the 6th art. but the quotient of + di- 
vided by + is alſo 75 as above: therefore the fraction 


2 is equal to the quotient arifing from the divifion of 


2 

the numerator by the denominator : and the ſame way 
of reaſoning may be uſed in any other inſtance, This 
conſideration is of very great uſe in Algebra, where 
quantities are very often ſo generally expreſſed, that 
there is no other way of repreſenting the quotient, 
but by a fraftion whoſe numerator is the dividend, 
and denominator the diviſor. Hence alſo we are 
taught how to reduce a complicated fraction, into a 
ſimple one, whoſe numerator and denominator are 
whole numbers, to wit, by dividing the numerator I 
by 
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| * — . 
by the denominator : thus we ſee that is the ſame 
T 


28 75» 


Other Examples of Diviſion in Fractiont. 


1/2, 3 divided by 2, or, which is the ſame thing, 
3 multiplied into 3, makes 74, or 1 ; which ſhews 
that 2 is contaiaed once, and + part of it over and 
above, in + : for a further confirmation of this, 4 of 
a pound are 16 ſhillings and 8 pence; and +4 of a 
pound are 15 ſhillings : now 15 ſhillings are once 
contained in 16 ſhillings and 8 pence, and there is 
1 ſhilling and 8 pence over; which 1 ſhilling and 8 
pence is juſt +3 of 15 ſhillings. To prevent over- 
fights, the learner is to remember, that it is the 
terms of the diviſor only that are to be inverted, and 
not thoſe of the dividend : thus to divide + by 4 is 
the ſame as to multiply 5 into 4, but not the ſame as 
to multiply & into g. | 

2dly, Yo divided by 4, or multiplied into 4, make 


27, or 2 e, Which may be confirmed like the for- 


mer: for , of a pound are 18 ſhillings ; and + of a 
pound is 6 ſhillings and 8 pence: now 6 ſhillings 
and 8 pence are twice contained in 18 ſhillings, and 
there are 4 ſhillings and 8 pence over; which 4 thil- 
lings and 8 pence will be found by the 5th art. to be 
juſt e of 6 ſhillings and 8 pence. | 
= 234d, The whole number 10 divided by 2 4, that 
is 7 divided by 5, or multiplied into 2, makes , 
or 34. | 
360 2 + divided by , or + divided by , or 
multiplied into Y, makes , Or . 
5thly, 16 J divided by 1 4, that is, 4? divided by 
7, or multiplied into , makes | , 00:24. | 
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Further Obſervations concerning Multiplication and 
Diviſion in Fraftions, | 


14. When two fraftions are multiplied together, 
or one is divided by the other, it often happens, that 
though the original fractions be both in their leaſt 
terms, yet the product, or quotient from them, ſhall 
be otherwiſe, and require a further reduction: as for 
inſtance, the fractions 4 and -2 are both in their 
leaſt terms; and yet, if they be multiplied together, 
their product 23 is ſo far from being in its leaſt 
terms, tliat it may be reduced to 4: ſo again in di- 
viſion, , and 45 are fractions both in their leaſt 
terms; and yet if the latter be divided by the for- 
mer, the quotient 134 is reducible to 33. It may 
not be amiſs, therefore, to enquire into the cauſe of 
this, and ſee whether the original fractions may 
be ſo prepared beforehand, as that the product, or 
quotient, ſhall always come out in its leaſt terms. 
Firſt then, as to the multiplication of and ; here 
it is eaſy to ſee, that the product of 5 and d multi- 
plied together, will juſt amount to the ſame as that 
of v into 2, the denominators of the fractions being 
interchanged ; this, I ſay, is certain from the operation 
itſelf; for the ſame numbers are multiplied together 
in both caſes; but theſe laſt fractions are far from 
being in their leaſt terms, the former, , being re- 
ducible to 4, and the latter 2 to 3; but after theſe 
new fractions i and 2 are reduced to their leaſt 
terms 1 and 2; their product 4 will be the ſame in 
value with that of the original fractions, and at the 
ſame time will be in its leaſt terms. Thus then we 
ſee that, 4 baue tbe product in its liaſt terms, care 
muſt be taken, not only to reduce the original frac- 
tions as low as poſſible, but after that, to interchange 


their denominators, and then again to reduce theſe 
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new fractions to their leaſt terms, and laſtly, to mul- 
tiply theſe reduced fractions one into another. 
The ſame manner of practice will alſo ſerve for di- 
viſion, after it is reduced to the rule of multiplication : 
as for example; the quotient of 45 divided by 13, 
is the ſame with the product of 7+ multiplied into ; 
and this again is the ſame with the product of * 
multiplied into 42, as above; but becauſe the frac- 
tions *5 and 42 are not in their loweſt terms, they 
muſt be reduced to + and + before it can be expected 
that their product 35 ſhould be in its leaſt terms, 
Thus we have reduced the two compendiums of mul- 
tiplication and diviſion, not only to one rule inſtead 
two, as they are commonly given out, but alſo to 
ſuch a rule as carries its own evidence along with it. 
N. B. What was here done by interchanging the 
denominators, and keeping the numerators 1n their 
places, may as well be done by interchanging the nu- 
merators, and keeping the denominators in their places, 
the reaſon of both being the ſame. 


Of the Rule of Proportion in Factions. 


15. The rule of proportion in fractions is ſo much 
the ſame with the rule of proportion in whole num- 
bers, that nothing more needs to be ſaid of it, except 
to illuſtrate it by an example or two. 


Examples of the Rule of Proportion in Fraflions. 


, If give 2, what will ; give? Here + and + 
multiplied together give 2; and this divided by 4, 
(or multiplied by ?) quotes 25, or , which is an 
anſwer to the queſtion. 

2dly, If 2 + give 3 3, what will 4 4 give? Theſe 
mixt numbers, being by the 3d art. reduced to im- 
proper fractions, will ſtand thus: F give e, what 
will give? Here 77 and 7 multiplied together 
i D 3 give 


— 


54 RU LE or PROPORTION Introd. 


give or 18; and this divided by 2, quotes 6 4, 
which is an N 3 __ mt 

dly, If % a yard coſt = of a pound, what will 4 
of 2 17 "Here it muſt be Served, that an ell 
is T of a yard, and conſequently that + of an ell is 4, 
of + or +5 of a yard; ſo that the queſtion may be 
ſtated thus: If & of à yard coſt 4 of à pound, what 
will g of a yard coſt? Here 4 and ,4 muhiplied 
together make ++, and this divided by 4 quotes 22 
of a pound, or 4 ſhillings and 2 pence ; which there- 
fore is an an anſwer to the queſtion, 


The Reduction of Proportion from fractional to integral 


Terms. 


Whenever tuo fractions are propoſed, as 45, and 4, 
whoſe proportion is deſired in whole numbers, re- 
duce the frations firſt 10 the ſame denomination by 
the 8:h art. that is, in the preſent Caſe, to 74 and 
32 ; then you will have 4 to 4 as 45 is to 44; but 
22 is to 4 as 10 to 12, or as 5 to 6; therefore 4 is 
to Z as 5 to o: here we may obſerve, that though the 
finaing of tie common denominator be neceſſary for un- 
derſtanding the reaton of the rule, yet it is not at all 
nectſjary for the practice of it, for to what purpoſe is 
it to had the common denominator, to throw it awa 
again when we have done? In practice, therefore, 
multiply the numerator of the fraction which is the 
firſt in the proportion, by the denominator of the 
ſecond, and then the numerator of the ſecond frac- 
tion by the denominator of the firſt, and the two 
products will exhibit reſpectively the proportion of 
the firſt fraction to the ſecond in whole numbers, as 
was evident in the foregoing example, | | 


Of the Extradtion of Roots in Factions. 
16. As every frattion is ſquared, or multiplied into 


itſelf, by ſquaring both 1he numerator and denomi- 
e nator 
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ator (ſee art. 11.), ſo, ? converſo, the ſquare root of 
every fraction will be obtained by extraing the ſquare 
root both of the numerator and denominator : thus the 
ſquare of 1 is +2, and the ſquare root of g is 3. 
But here care muſt be taken, whenever the ſquare root 
of a fraction is to be extracted, that the fraion itſelf 
be firſt reduced to its ſimpleſt terms, by the 7th art. 
otherwiſe the fraction may admit of a ſquare root, 
and yet this root may not be diſcovered : thus, if it 
was required to extract the ſquare root of the fraction 
12, it would be impoſſible to obtain the root either 
of 18 or 32; and yet when this fraction is reduced 
to its leaſt terms 22, its ſquare root will be found to 


1 

When the ſquare root of a number cannot be ex- 
tracted exactly, it is uſual to make an approximation 
by the help of decimals, or otherwiſe, and ſo to 
approach as near to the value of the true root as 
occafion requires. Now in the caſe of a fraction, if 
the ſquare root of neither the numerator nor deno- 
minator can be exactly obtained, there will be 29 
neceſſity however for !wo afproximations, becauſe 
ſuch a fraction may be eaſily reduced to another of 
the ſame value, whoſe denominator is a known 
ſquare : as for inſtance ; ſuppoſe the ſquare root of 


463, or = was required: I multiply both the nu- 


merator and denominator of this fraction by 5, and 
ſo reduce it to —: Here the denominator 25 is 


a known ſquare number, whoſe root is 5; and the 
ſquare root of 1155 is 34 nearly; therefore, the 
ſquare root of the fraction propoſed is nearly , or 
+, But, after all, the befl way of extratling the 
fquare root of a vulgar frafion, is by throwing it in- 
zo a decimal fraction, as will be ſhewn hereafter. 
Note, That whatever has here been ſaid concerning 
the extraction of. the ſquare root of fraftions may 
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ſandth parts. But cyphers on the right hand of a deci- 
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eafily be applied, mutatis mutandis, to the extraction of 
the cube root, &c, | 


Of Decimal Fradtions. 
And firſt of their Notation. 


17. A decimal fradtion is a fraction whoſe deno- 
minator is io, or 100, or looo, or 10000, &c. and 
this denominator is never expreſſed, but always un- 
derſtoad by the place of the figure it belongs tos 
for as all figures on the left hand of the place of 
units riſe in their value, according to their diſtances 
from it, in a decuple proportion ; ſo all figures on 
the right hand of the place of uaits fink in their 
value in a ſubdecuple proportion; as tor inſtance 
the number 3456739, where 5 ſtands in the place 
of units, is to be read thus; th; ee hundred forty-five, 
fix tenths, ſeven hundredth parts, eight thouſanath 
parts, nine ten thouſandth parts: or the decimal parts 
may be read thus ; fix thouſand ſeven hundred eighty 
nine ten thouſandth paris; the denominator being ten 
thouſand, becauſe the laſt figure 9, according to the 
former way of reckoning, ſtands in the place of ten- 


thouſandth parts. The reaſon of this latter way 
e, and 2 are 


. . — 6 
of reading is plain; for — are —— 705 
700 3 


80 6coo 700 80 

——, and — are —, and „A, _ 
10000 1000 10000 10000 — 10000 
9 | 789 

and re all added together, make 70000 · 
Cyphers are uſed in the expreſſion of decimals as 
well as whole numbers, and for the ſame reaſon, 
Thus 067 may be read either no tenths, ix hundredth 


parts, ſeven thouſandth parts; or fixty ſeven thou- 


mal number (if nothing follows them) are as inſignificant 
as cyphers on the left hand of a whole number; and 
yet ryphers are ſometimes placed after decimals, for 
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the ſake of regularity, or when we want to increaſe tbe 
number of decimal plates. 

From what has here been ſaid, it will be. eaſy to 
multiply or divide any number by 10, 100, 1000, 
&c. only by removing the ſeparating point towards 
the right or left band. Thus the number 3456789 
being multiplied by 10, becomes 3456 789; and 
being multiplied by 100, becomes 34507*89: and 
the ſame number 345*6789 being divided by 10, 
becomes 34*56789 ; aud being divided by 100, 
becomes 3*456789 : thus again, the number 345 
being divided by 10000, becomes *0345; for to di- 
vide by 10000, is the ſame thing as to remove the 
ſeparating point 4 degrees towards the left hand, if 
there be any ſeparating point in the number given; 
but if there be none, as 1n the preſent caſe, then to 
put a ſeparating point four degrees towards the left 
band, which in this example cannot be done, but by 
che help of a cypher in the firſt decimal place. 


Of the Addition and Sultraction of Decimal Fractions. 


3 18. The chief advantage of decimal arithmetic above 
that of common fractions, conſiſts in this, that in deci- 

W mals all operations are performed as in whole numbers: 
this will preſently appear from the ſeveral parts of 


decimal arithmetic, as they come now to be treated 
"XX of in order; and firſt of addition and ſubtraction. 


' Addition and ſubtraction in decimals are performed 


after the /ame manner as in whole numbers, care being 
talen, that like parts be placed under one another: as 


for example, 567 are added to · 89 tlius ; 
89 89 *390, 
*567 ſubtracted thus; 567; or thus; *567. 


——  ——_ — — — 
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Of the Multiplication of Decimal Fraftions, 


19. Multiplication of decimals is alſo performed as 
in whole numbers, no regard being had to the deci» 
mals as ſuch, till the product is obtained; but then, 
fo many decimal places muſt be cut off from the 
right hand of the product, as are contained both in 
the multiplicator and multiplicand : as for inſtance ; 
Jet it be required to multiply 4:56 by 2:3 : here, 
conſidering both factors as whole numbers, I mul- 
tiply 456 by 23, and find the product to be 10488; 
but then, conſidering that there was one decimal in 
the multiplicator, and two in the multiplicand, I cut 
off three decimal places from the right hand of the 
product, and the true product ſtands thus; 10˙488. 

To ſhew the reaſon of this operation, let the two 
factors be reduced to ſimple fractions according to 
the common way, and we ſhall have 2:3 equal to 


=, and 4*56 equal to — and theſe two fractions 


10188 
1000 
which is done by cutting off the three laſt figures, 
according to art. the 17th, and the quotient will be 
10488. Another example may be this: let it be 
required to multiply 456 by 23: the product of 
45600 multiplied by 23 is 1048800 : but as there 
were two decimals in the given multiplicator, and 
none in the multiplicand; I cut off two decimal 
places from the laſt product, and the true product 
will be found to be 10488-00, or 10488, Laſtly, 
let it be required to multiply -0004.56 by 23: here, 
neglecting the initial cyphers in the multiplicand, I 
multiply 456 by 23, and the product is 10488: 
then I confider, that there are two decimal places in 
the multiplicator, and fix in the multiplicand, and 
conſequently that eight decimal places are to be cut 
off from the laſt product; but the laſt product 

5 conſiſts 


multiplied together make ; divide by 1000, 
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conſiſts of only 5 places; therefore I place three cy- 

phers to the left hand, with the ſeparating point be- 

fore them, and ſo make the true product *00010488. 

There are various compendiums of this fort of mul- 

IF /iplication to be met with in Oughtred and others *; but 

they are ſuch as, by a little exerciſe, any one tolerably 

well grounded in this part of Arithmetic will eaſily 
diſcover of himſelf as they lie in his way, 


. Of the Diviſion of Decimal Fractiont. 


20. Diviſion in decimal fractions is performed, firſt 
by confidering them" as whole numbers, and dividing 
acc: rdinyly ; and then cutting off from the right hand 
of the quotient, as may decimal places as the dividend 
bath more thon the diviſor. The reaſon whereof is 
maniteſt from the 19th article: for fince the diviſor 
and quotient my'tiplied together are to make the di- 
vidend, the diviſor and quotient ought to have as 
many decimal places between them, as there are in 
the dividend ; therefore the quotient alone ought to 
have as many decimal places as the dividend hath more 
than the diviſor. | 

Example the ft; Let it be propoſed to divide 
10˙488 by 2˙3: here dividing the whole number 
10488 by the whole number 23, | find the quotient 
to be 456: but then conſidering that there were 3 

Xx decimal places in the dividend, and but one in the 
XX diviſor, I cut off two places from the right hand of 
the quotient, and ſo make the true quotient 4*56. 

Example 24; I et it be propoſed to divide 5678.9 
by o: here, becauſe there are two decimal places in 
the diviſor, and but one in the dividend, I ſupply 
the deficient place by putting a cypher after the di- 
yidend, thus, 367890; then dividing the whole 
number 567890 by the whole number, 6 (for ſince 
6 is now conſidered as a whole number, the cypher 


* See Dr. Hutton's Practical Arithmetic, p. 80; or ſee Win- 
gate's Arithmetic, ſection, or article, 296. 
before 
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before it may be neglected), I find the quotient to 
be 94648, which is not to be ſunk, becauſe the di- 
vidend was made to have as many decimal places as 
the diviſor ; but as this quotient is not exact, if for a 
greater degree of exactneſs | would continue it to any 
number of decimal places, ſuppoſe 2, inſtead of one 
cypher after the dividend, I would have put three, 
and then the quotient would have come out 94648.33, 
and this quotient is much more exact than the former, 
as lying between 94648'33 and 94648'34 : but it 
ought further to be obſerved concerning this quo- 
tient, that if the diviſion was to be continued in inf- 
nitum, the figures in the decimal places would be all 
3's: this is evident from the work; for the two laſt 
dividuals are the ſame, and therefore they muſt all 
be the ſame. 


To reduce a Vulger Fraction to a Decimal Fraftion. 


21. Since every fraction may be conſidered as the 
quotient of the numerator divided by the denomina- 
tor (ſee art. 13th), we have an caſy rule for reducing 
a vulgar fraction to a decimal fraction, which is as fol- 
lows ; put as many cyphers after the numerator as are 
equal in number to the number of decimal places whereof 8x 
you intend your reduced fraction 10 conſiſt, and call theſe 
cyphers decimal; and then dividing the numerator by the 
denominator, the quotient will be a decimal number equal 
to the fraction firſt proprſed, or perhaps a mixt number, ⁶⁸ 
if the fraction propoſed was an improper one. 9 

Example ½; Let this fraction 43. be propoſed to 
be reduced to a decimal one conſiſting of four decimal 
places; here putting 4 decimal cyphers after the nu- 
merator 3, I divide 30000 by 49, and the quotient 
uncorrected is 612: but now conſi-iering that there 
were 4 decimal places in the dividend, and none in i 
the diviſor, and conſequently that four decimal places 
are to be cut off from the quotient, whereas it conlifts 
but of three; I ſupply this defect of places by a cy- 
pher at the left hand, and ſo make the quotient · 12. 
| Example 
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Example 2d; Let this fraction 2 be propoſed t 
be reduced to a decimal fraction, conſiſting, if poſ- 
XX ſible, of ſix places: here dividing 7'000000 by 16, 
Il find the true quotient to be *4375, the two laſt cy- 
X phers in the dividend being uſeleſs. 

Note. When this diviſion runs ad inſinitum, it will 


be impoſlible for the reduction to be exact in a finite 
„number of terms; but an approximation may be 
made, that ſhall come nearer to the quotient than the 
t RT leaſt aſſignable difference, by taking more and more 


terms. 


To reduce the decimal Parts of any Integer to ſuch 
other Parts as that Integer is uſually divided into. 


22, To explain this rule, and to give an example 
of it at the ſame time; let 345 of a pound ſterling, 
that is, three hundred forty-five thouſandth parts of 
a pound, be given to be reduced into ſhillings, pence, 
and farthings : here then I obſerve, that as any num- 
ber of pounds, multiplied by 20, will give as many 
# ſhillings as are equal to the pounds, ſo any decimal 
parts of a pound, multiplied by 20, will give as many 
ſhillings, and decimal parts of a ſhilling, as are equi- 
XX valent to the decimal parts of a pound; and ſo on 
„as to pence and farthings : multiplying therefore 
2345 by 20, the product is 6 and goo, or 649, 
which ſignifles, that · 345 of a pound are equivalent 

do ſix ſhillings and nine tenths of a ſhilling, which is 
XX vlually written thus; 6˙9 ſhillings: again, multi- 
*X plying this laſt decimal *g by 12 for pence, I find 
XX that *9 of a ſhilling are equivalent to 10˙8 pence : 
laſtly, multiplying 8 by 4 for farthings, I find that 
'S of a penny are equiyalent to 3˙2 farthings ; as 
for the *2 of a farthing, I neglect it, there being no 
lower denomination, or at leaſt not intending to de- 
ſcend any lower; and ſo I find 345 of a pound to 
amount to fix ſhillings and ten pence three farthings. 


To 
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To reduce the common Parts of any Integer into equi- 
valent decimal Parts of the ſame. | 


23. This reduction being the reverſe of the former, 
it might be performed by diviſion, as that was by 
multiplication ; but, when all things are confidered, I 
do not know whether the following method may not 
be thought as eaſy and as intelligible as any: let ir 
then be required to reduce 2 hours 34 minutes 56 
ſeconds into equivalent decimal parts of a day. 
Now in one day there are 86400 ſeconds; and in 
2 hours 34 minutes 56 ſeconds there are 9296 
ſeconds; therefore 2 hours 34 minutes 56 ſeconds 
are equivalent to _ of one day : reduce this 
vulgar fraction to an equivalent decimal, by the laſt 
article but one, and you will find it to be 10759 
therefore 2 hours 34 minutes 56 ſeconds are equi- 
valent to *10759 of one day. But there is one ar- 
ticle ſtill remains to be adjuſted, and that is, to 
how many decimal places the foregoing fraction muſt 
be reduced, ſo as to expreſs accurately enough the 
Parts of a day to a ſecond of time. Now to know 


this, I conſider that one ſecond of time is = of 


one day ; therefore I reduce == to a decimal 


fraction, at leaſt as far as to the firſt ſignificant figure, 
and find it to be '00001 ; whence I conclude, that 
to expreſs the parts of a day to a ſecond of time by 
any decimal, that decimal muſt not conſiſt of fewer 
than 5 places, becauſe there were 5 places in the de- 
eimal fraction *-00001. Now to ſhew that the deci- 
mal fraction above found, to wit, *10759 expreſſes 
the time propoſed to a ſecond, reduce it back again, 
by the laſt art. and you will find it amount to 2 hours 
34 minutes 55 8 ſeconds, 

For another example, let us take the reverſe of 
that in the laſt art. that is, let it be propoſed to re- 
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duce 6 ſhillings 10 pence 3˙2 farthings into equi - 
valent decimal parts of a pound: one pound con- 
tains 960 farthings, or 9600 tenths of a farthing; 
and 6 ſhillings 10 pence 3˙2 farthings contain 3312 
tenths of a farthing; therefore 6 ſhillings 10 pence 


3˙2 farthings are equivalent to he of a pound; 
but — being reduced to a decimal, is, ©0001, Sc. 


wherein the firſt ſignificant figure is in the 4th place; 
therefore I reduce the fraction — — „to four decimal 
places, and they amount to *3450, that is, 345 of 
a pound; fo that in this particular caſe three decimal 
places are ſufficient to expreſs exactly the ſum pro- 


poſed. 


Of the Extraftion of the Square Root in Decimal 
Fraftions. 


24. Having treated of the multiplication and divi- 
fion of decimal fractions, it would be altogether 
needleſs to ſay any thing concerning the rule of pro- 
portion, which is but a particular application of both: 
therefore I ſhall now paſs on to the extraction of the 
ſquare root, at leaſt ſo far as it concerns decimal frac- 


tions. There are but few ſquare numbers, or ſuch 


as will admit of an exact ſquare root, in compariſon 
of the reſt ; and therefore, whenever a number 1s pro- 
poſed to have its ſquare root extracted, the artiſt 


Þ f muſt firft determine with himſelf, to how many de- 
= cimal places it is proper the root ſhould be continued; 


and then, by aunexiag decimal cyphers, if need be, 
to the right hand of the number propoſed, he muſt 
make twice as many decimal places there as the roof 
is to conſiſt of ; after this, he muſt put a point over 
the place of units, and then, paſſing by every other 
figure, he muſt point in like manner all the reſt, 
both to the right hand, and to the left: by this 

means 


64 / Decimal Fraftions, . Introd, 


means the number will be prepared, and be ſquare 
root may be extracted as in whole numbers, provided 
that /o many decimal places be cut off from the root 
when obtained, as were firſt deſigned. 

Example 1/7; Let the root of 2345'6 be required 
to two decimal places. The number, when prepared, 


ſtands thus, 2 345*6000, or as a whole number, thus, 


234560 0; and its ſquare ròot, when extracted, will 
be 4843 nearly; and therefore 48·43 will be the root 
ſought. To try this root 48˙43, multiply it into 
itſe}f, and the four firſt figures of the ſquare will be 
2345, which are all true; nor can it be expected any 
more ſhould be fo, becauſe there were but four places 
true in the root, no notice being taken of the reſt ; 
but had the root been extracted true to 5 places, that 
is, to as many places as the original ſquare conſiſted 
of, it would then have been 48*431 ; multiply this 
number into itſelf, and 5 of the firſt figures of the 
product, taken with the leaſt error, will be 23456, 
which is the original ſquare itſelf. 

Example 2d; Let the root of 0023456 be re- 
quired to 5 decimal places. Here putting a cypher 
in the place of units to direct the punctuation thus, 


0:002 3456000, I extraR the ſquare root of 234 56000 
as of a whole number, and find it to be 4843, as 
above: but, conſidering that this root is to be ſunk 
places, I put a cypher to the left hand, and ſo make 
the true rodt 4843. | 
That the ſuppoled ſquare ought to have twice as 
many decimal places as the root, is evident, both 4 
priori, and à poſteriori: à priori, becauſe in extract- 
ing the ſquare root, two figures are brought down 
from the ſquare for every fingle figure gained in the 
root; and 4 poſteriori, becauſe the root multiplied 
into itſelf is to produce the ſquare; and therefore, 
from the nature of multiplication, the ſquare ought 
to have twice as many decimal places as the root. 
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ELEMENTS. OT ALGEBRA. 


The Definition of Algebra. 


1. SHALL not here detain the young ſtu- 

dent with a long hiſtorical account of the 
riſe and progreſs of Algebra ; nor even ſo much as 
with either rhe etymology or ſignification of the 
word; which would contribute but very little to his 
information, till he has made a further progreſs in 
the ſcience itſelf, and whereof he will find enough in 
Dr. Wallis, and others. Nor indeed is it a lubject al- 
together ſo proper at this time to be inſiſted upon; 
this art, like many others, having. now conſiderably 
F outgrown its name, and being often employed in 
1 E arithmetical operations very different from what its 
name imports. All I ſhall advance then, by way of 
definition, is, that Algebra, in the modern fenſe of 
the word, is the art of computing by ſymbols, that 1s, 
generally ſpeaking, by le!ters of the alphabet ; which, 
for the ſimplicity and diſt inctneſs both of their ſounds 
and characters, are much more commodious for this 


purpoſe than any other ſymbols or marks whatever. 
E In 


2 44. . 
* * 
= 
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In this way of notation, it is uſual to ſubſtitute let- 
ters not only for ſuch quantities as are unknown, and 
conſequently ſuch as cannot well be repreſented other- 
wiſe, but alſo for known quantities themſelves, in or- 
der to keep them diſtin one from another, and to 
form general concluſions. As for inſtance ; ſuppoſe 
it was demanded of me, what two numbers are 
thoſe, whoſe ſum is 48, and whole difference is 14: 
here, if I only put æ, or ſome other letter, for one 
of the unknown quantities, and uſe the known ones 
48 and 14 as I find them in the problem, I ſhall 
only come to this particular concluſion, to wit, that 
the greater number is 31, and the leſſer 17, which 
numbers will anſwer both the conditions of the prob- 
lem. Bur if, inſtead of the known numbers 48 and 
14, I ſubſtitute the general quantities a and 6 reſpec- 
_ tively, and ſo propoſe the problem thus; What lebe 
numbers are thoſe, whoſe Jum is a, and whoſe difference 
7s b? 1 ſhall then come to this general conclufion, 
viz. that Half the ſum of a and b will be the greater 
number, and half their difference will be the leſs : which 
general theorem will ſuit not only the particular cafe 
abovementioned, but alſo all other caſes of this pro- 
blem that can poſſibly be propoſed. How I come by 
theſe two concluſions, will be ſufficiently ſhewn iu 
the courſe of this work ; as alſo many other adyan- 
tages attending this way of ſubſtituting letters for 
known quantities, beſides thoſe already mentioned, 

What I have here ſaid, was only to illuſtrate in 
ſome meaſure the definition already given of Alge- 
bra, and to ſhew, that letters are there uſed, not ſo 
much to ſignify particular quantities as ſuch, as to 
fignify the relation they have to one another in any 
problem or computation. From all which it may be 
obſerved, that letters repreſent quantities in Algebra 
Juſt in the ſame manner as they do perſons in com- 
mon life, when two or more perſons are diſtinctly to 
be conſidered, with regard to any compact, law-ſuit, 
or in any other relation whatever. 

N. B. 
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N. B. A ſingle quantity is ſometimes repreſented by 
two or more letters, when it is conſidered as the product 
of the quantities ſignified by thoſe letters ſingly : thus 
ab is the product of the multiplication of @ and 6; 
and abc is the product ariſing from the continual 
multiplication of a, 5, and c. But of this more parti - 
cularly under the head of Multiplication, 


Of affirmative and negative Quantities in Algebra. 


2. Algebraic quantities are of two ſorts, aſſi rmative 
and negative: an affirmative quantity is a quantity 
greater than nothing, and is known by this fign +: a 
negative quantity is a quantity leſs than nothing, and is 
known by this fign -: thus + @ ſignifies that the 
quantity à is affirmative, and is to be read thus, plus 
a, or more a: — 6 ſignifies that the quantity & is ne- 
gative, and muſt be read thus, minus b, or leſs 6. 

The poſſibility of any quantity's being leſs than 
nothing is to ſome a very great parodox, if not a 
downright abſurdity ; and truly ſo it would be, if wt 
ſhould ſuppoſe it poſſible for a body or ſubſtance to 
be leſs than nothing. But quantities, whereby the 
different degrees of qualities are eſtimated, may be 
eaſily conceived to paſs from affirmation through 
nothing into negation. Thus a perſon in his for- 
tunes may be ſaid to be worth 2000 pounds, or 1000, 
or nothing, or — 1000, or — 2000; in which two 
laſt caſes he is ſaid to be 1000 or 2000 pounds worſe 
than nothing: thus a body may be ſaid to have two 
degrees of heat, or one degree, or no degree, or — 
one degree; or — two degrees : thus a body may be 
ſaid to have two degrees of motion downwards, or 
one degree, or no degree, or — one degree, or — 
two degrees, Sc. Certain it is, that all contrary 
quantities do neceſſarily admit of an intermediate ſtate, 
which alike partakes of both extremes, and is beſt 
repreſented by a cypher or o: and if it is proper to 

E 2 ſay, 


' 
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ſay, that the degrees on either ſide this common limit 
are greater than nothing; I do not ſee why it ſhould 
not be as proper to ſay of the other fide, that the 
degrees are leſs than nothing; at leaſt in compariſon 
to the former. That which moſt perplexes narrow 
minds, in this way of thinking, is, that in common 
life moſt quantities loſe their names when they ceaſe 
to be affirmative, and acquire new ones ſo ſoon as 
they begin to be negative : thus we call negative 
goods, debts; negative gain, loſs ; negative heat, 
cold; negative deſcent, aſcent, &c.: and in this ſenſe, 
indeed, it may not be ſo eaſy to conceive how a 
quantity can be leſs than nothing, that is, how a 
quantity under any particular denomination can be 
ſaid to be leſs than nothing, ſo long as it retains that 
denomination. But the queſtion 1s, whether of two 
contrary quantities under two different names, one. 
quantity under one name may not be faid to be leſs 
than nothing, when compared with the other quan- 
tity, though under a different name? whether any 
degree of cold may not be ſaid to be further from 
any degree of heat, than is lukewarmth, or no heat 
at all? Difficulties that ariſe from the impoſition of 
ſcanty and limited names, upon quantities which in 


. themſelves are actually unlimited, ought to be charged 


upon thoſe names, and not upon the things them- 
ſelves, as I have formerly obſeryed upon another oc- 
caſion; ſee Introduction, art. 11. Jn Algebra, where 
quantities are abſtractedly conſidered, without any 
regard to degrees of magnitude, the names of quan- 
tities are as extenſive as the quantities themſelves; ſo 
that all quantities that differ only in degree one from 
another, how contrary foever they may be one to 
another, paſs under the ſame name; and affirmative 
and negative quantities are only diſtinguiſhed by their 
ſigns, as was obſerved before, and not by their names; 
the ſame letter repreſenting both: theſe ſigns there- 
fore in Algebra carry the ſame diſtinction along with 
them as do particles and adjectives ſometimes in com- 

mon 


mon language, as in the words convenient and incon- 
venient, bappy and unhappy, good health and bad 
health, &c. j 

Theſe affirmative and negative quantities, as yy 
are contrary to one another in their own natures, ſo 
likewiſe are they in their effects; a conſideration 
which, if duly attended to, would remove all difficul- 
ties concerning the ſigns of quantities ariſing from 
addition, ſubtraction, multiplication, diviſion, Sc.: 
for the reſult of working by affirmative quantities in 
all theſe operations is known ; and, therefore, like 
operations in negative quantities may be known by 
the rule of contraries. 
Before we proceed any further, it may not be amiſs 
to advertiſe, that if a quantity has no gn before it, 
it muſt always be taken to be affirmative ; and that 
if it has no numeral coefficient before it, unity muſt al- 
ways be under ſtood: thus 2@ fignifies + 24, and 4 
fignifies 1a or + 14. 

By the numeral coefficient of a quantity, I mean, 
the number or fraction by which that quantity is mul- 
tiplied : thus 2a ſignifies twice a, or @ taken twice, 


and the coefficient is 2: 3a, or - ſignifies 3 of the 


quantity a, and the coefficient is 3. . | 

N. B. The fign of a negative quantity is never omit- 
ted; nor the fign of an affirmative one, except when 
ſuch an affirmative quantity is conſidered by itſelf, or 
happens lo be the firſt in a Hie F quantities ſucceeding 
one another ; thus we do not often mention the quan- 
tity + a, but the quanty a; nor the ſeries T4 
c+4, but the ſeries a—=b—c+d. We ſhall now con- 
figer the ſeveral operations of algebraic quantities. 


Of the Addition of algebraic Quantities. 


3. This article I ſhall divide into ſeveral para- 
graphs: as, | 
E 3 if, 
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1ſt, Whenever two or more quantities of the ſame 
denomination, and which have the ſame fign before 
them, are to be added together, put down the ſum 
of their numeral coefficients with the common ſign 
before it, and the common denominator after it : thus 
+ 2a and + 3a added together make + 5a, for the 
ſame reaſon as 2 dozen and 3 dozen added together 
make 5 dozen: thus again, — 3ab, — gab, and — gab, 
when added together, make — 124b; for the ſame 
reaſon as ſeveral debts added together make a greater 
debt. | 

2d, If two quantities of the ſame denomination 
which have different jigns before them are 'to be added 


together, put down only the difference of their nu- 


meral coefficients, with the common denominator after 
it, and the ſign of the greater quantity before it: for 
in this caſe, the quantities to be added being contrary 
one to another, the leſs quantity, on which fide ſoe- 
ver it lies, will always deſtroy ſo much of the other 
as is equal to itſelf, Thus +54 added to —24 
makes ＋ 3a; as if a perſon owes me 5000 pounds 


upon one account, to whom I owe 2000 upon ano- 


ther, the balance upon the whole will be 3000 pounds 
on my fide. If it be objected, that this is ſubtraction, 
and not addition; I anſwer, that the addition of - 24 
will at any time have the ſame effect as the ſubtraction 
of ＋ 24: but I deny that the addition of — 28 is the 
ſame, or will have the ſame effect as the ſubtraction of 
— 23. Other examples of this caſe may be theſe ; 


 ++7a added to - 7a gives o; ＋ 34 added to — 128 


gives —94: +4 added to — 5a gives — 44; +54 
added to — a gives +44; +34 added to - 4a gives 
＋ x4 &c. 

34, When many quantities of the ſame denomina- 
tion are to be added together, whereof ſome are affir- 
mative and ſome negative, reduce them firſt 10 two, 


| by adding all the affirmative quantities _ and 
all the negative ones, and then to one by t 


e laſt pa- 
ragraph, Thus ＋T 10a 94 ＋ 84 - 7a, when added 
| together 3 
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together, make 2a; for ＋ 10a and +89 make + 
124; — 9a and — 74 make — 164; and +188 and 
— 164 make +284. 

ath, Quantities of different denominations will not 
incorporate, and therefore cannot otherwiſe be added 
together, than by placing them in any order one after 
another, with their proper ſigus before them, except 
the firſl, whoſe ſign, if affirmative, may be omitted. 
Thus +24 and — 36 and +4c and — 5d, when ad- 
ded together, make 24 36 ＋ͤ4 - 5d: thus à and 5 
added together make a+4; and hence it is, that 
whenever two quantities are found with this fign + be- 
twixt them, it ſignifies the ſum arifing from the addi- 
tion of thoſe two quantities together: thus if a ſtands 
for 7, and 5 ſtands for 3, a will ſtand for 10, 
and ſo of the reſt: but if b is to be added to a, the 
fum muſt be written down thus, a—b; for to add -, 
is the iame as to ſubtract +6. 

5th, Compound quantities, whoſe members are all 
of different denominations, are likewiſe incapable of 
being added any other way than by being placed one 
after another without altering their ſigns : thus 344 
4b added to gc - d can only make 34 ＋ 4% ＋ 5c 6d. 
But if the members are not all of different denomina- 
tions, it may then be convenient to place one com- 
pound quantity under another, with like parts under 
like, as far as it can be done, as in the following ex- 
amples; 


a+b 4 For a and à added together make 
a—b 2a; and ＋ and —6 added together 
——- dieſtroy one another, and fo make © 
2a 7 or ®; which character in Algebra is 

always uſed to ſignify a vacant place. 


2 34 ＋ 45 — 5gc+6d—7e * 
10x 494 86 — 7c 6d 5% 


124 64-4 120c *—7e-gf. 
E 4 Note, 
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Note, That in the addition, ſubtraction, and mul- 
tiplication of compound algebraic quantities, it mat- 
ters little which way the work is carried on, whether 
from right or left, or from left to right, becauſe here 
are no reſerves made for higher places. 


Of the Subiraftion of algebraic Quantities. 


4. Whenever a fingle algebraic quantity is to be 
ſubtrafted from another quantity, whether fimple or 
compound, firſt. change the fign of the quantity to be 
ſubtrafted, that is, if it be affirmative, make it, or 
at leaſt call it, 'negative, and vice verſa, and then add 
it ſo changed to the other: for ſince (as was before 
hinted) the ſubtracting of any one quantity from ano- 
ther, is the ſame in effect as adding the contrary ; and 
ſince changing the ſign of the quantity to be ſubtract- 
ed, renders that quantity juſt contrary to what it was 
before, it is evident, that after ſuch a change it may 
be added to the other, and that the reſult of this ad- 
dition will be the ſame with that of the intended ſub- 
traction. Thus may the rule of ſubtraction, by 
changing the fign of the quantity to be ſubtracted, 
be at any time changed into that of addition, juſt as 
the rule of diviſion in fractions, by inverting the terms 
of the diviſor, was changed into that of multiplica- 
tion. As for example, +6 ſubtracted from @ leaves 
a—b, becauſe - added to a makes 4 -; ſo that 
a —b may be conſidered either as the ſum of à and - b 
added together, or as the remainder of +6 ſubtracted 
from a, or as the difference between a and b, or as the 
exceſs of @ above b, all which amount to the ſame 
thing: as if a ſignifies 7, and 5 3, a—6 muſt ſtand 
for 4, and ſo of the reſt. / 

The rule of ſubtraction here given is univerſal, 
though there will not be always occaſion to have re- 
courſe to it: for ſuppoſe za is to be ſubtracted from 
7a, every one's common ſenſe will inform him, that 
4 there 
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there muſt remain 4a, juſt as threeſcore ſubtracted 
from ſevenſcore leaves fourſcore. 


Other Examples of algebraic Subtraction may be theſe 
that follow. 


1/t, 7a ſubtracted from 5a leaves —2a, becauſe ' 
— 74 added to + 54 makes — 2a, by the 2d para- 
graph of the laſt article. 

24, ga ſubtracted from o leaves = ga, becauſe — 94 
added to o makes — 984. 

34, 124 ſubtracted from — 3@ leaves — 15a, be- 
cauſe — 124 added to — 3a makes 1 5, by the firſt 
paragraph of the laſt article. 

4th, — 3a ſubtracted from - 8g leaves — 5, be- 
cauſe + 3a added to da makes — 54. 

5th, — 7a ſubtrafted from = 3 leaves +44, be- 
cauſe +74 added to — 3a makes 442. 

6th, — 6a ſubtracted from o leaves ＋ 6a, becauſe 
+ 6a added to o makes +64. 
tb, — 5 ſubtracted from + 5@ leaves + 10a, be- 
cauſe + 5a added to + 54 makes +104, 

8th, —b ſubtracted from à leaves a+6, becauſe 
+6 added to a makes a+b, by the 4th paragraph 
of the laſt article. 

91b, —2 ſubtrafted from 7 leaves 9, becauſe +2 
added to 7 makes 9g. 

From the firſt of theſe examples it appears, that 
a greater quantity may be taken out of a leſs, but 
then the remainder will be negative ; juſt as a 
gameſter that has but 5 guineas about him may 
loſe 7, but then there will remain a debt of 2 
guineas upon him. By the laſt example it appears, 
that —2 ſubtracted from 7 leaves 9, that is, that 
if a negative quantity be ſubtracted from an affir ma- 
tive one, the affirmative quantity will be ſo far from 
being diminiſhed thereby, that it will be increaſed ; 
a principle which J fear will be found fomewhar 
hard of digeſtion, eſpecially by weak conſtitutions : 

therefore, 
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therefore, to ſtrengthen my patient as far as lies in 
my power, I ſhall ſuggeſt to him the following conſi- 
derations : 

1/}, In any ſubtraction, if the remainder and the 
leſs number added together make the greater, the 
ſubtraction is juſt : but in our caſe, the remainder 9 
added to the leſs number — 2 makes the greater num- 
ber 7 ; therefore — 2 ſubtracted from 7 leaves 9. 

2dly, In all ſubtraction whatever, the remainder is 
the difference betwixt the greater number and the 
leſs ; but the difference between +7 and —2 is 9; 
therefore - 2 ſubtracted from +7 leaves 9. 


3dly, 7 is equal to 9—2 by the ſecond paragraph 
of the laſt article; therefore - 2 ſubtracted from 7 
will have the ſame remainder as — 2 ſubtracted from 


9—2: but —2 ſubtracted from 9—2 leaves 9; 
therefore — 2 ſubtracted from 7 leaves 9. In ſhort, 
the taking away a defect, in any caſe whatever, will 
amount to the ſame as adding ſomething real : as if 
an eſtate be incumbered with a mortgage or a rent- 
charge upon it, whoever takes off the incumbrance 
Juſt ſo much encreaſes the value of the eſtate. 
4thly, The leſs there is taken from 7, the more 
will be left: if nothing be taken, there will remain 
7; therefore if leſs than nothing be taken, there 
ought to remain more than 7. | 
5thly, If, after all that has been ſaid, or perhaps 
all that can be ſaid in this abſtracted wav, ſome 
ſcruples ſtill remain, let us apply the principle we 
have already advanced, and try whether we ſhall meet 
with any better ſucceſs that way. Let it then be 
required to ſubtract the compound quantity @—2 
from the compound quantity 64 7: in order to 
this, I place @ under 6a, and —2 under 7, and 
then ſubtract as follows; a from 642 and there re- 
mains 54, — 2 from 7 and (if our aſſertion be true) 
there remains 9; therefore the whole remainder is 
5a+9. Now 1 dare appeal to every one's common 
| ſenſe, 
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ſenſe, whether this ſubtraction be not juſt : for cer- 
tain it is, that if @ be ſubtracted from 64 7, the re- 
mainder will be 5a+7 3 and if fo, then 1t is as cer- 
tain, that if a—2 be ſubtracted, which is leſs than 
the former by 2, the remainder will be greater by 2, 
that is, 5a 9. But to proceed: | 


Other Examples of the Subtraction of compound alge- 
braic quantities may be theſe : 


a@+b * Thus 7 — 3, or 4, ſubtracted from 7 * +12 

a—b +3, or 10, leaves twice 3, or 6. 34 ＋7 

* +267 3475 
From 12x+6a—4b—12c *—-ne-gf 
Take 2x —-34a+4b— 5c+6d=7Je-* 


Remains 1ox+ga—8b6- 76 6d „ 


Proof 121 ＋ 64 — 40 — 120 9 5 


If never a member of the ſubtrahend be found to be 
of the ſame denomination with any member of the num- 
ber from whence the ſubtraction is to be made, change 
the ſign of every member of the ſubtrahend, and then 
add it to the other. As if 5c— 6d is to be ſubtracted 
from 3a - 46, firſt change the ſign of 5c— 6d, and 
make it = 5c ＋ 6d, and then add it to the other, and 
you will have 34 - 40 — gc ＋ d for the remainder. 


Of the Multiplication of algebraic Quanlities. 


And firſt, how to find the fign of the product in multi- 
plication, from thoſe of the multiplicator and multipli- 
cand given. | 


5. Before we can proceed to the multiplication 
of algebraic quantities, we are to take notice, that 
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if the ſigns of the multiplicator and multiplicand be both 
alike, that is, both affirmative, or both negative, 
the product will be affirmative, otherwiſe it will be ne- 
gative: thus +4 multiplied into +3, or 4 into 
— 3, produces in either caſe +12 : but —4 multi- 


plied into +3, or +4 into — 3, produces in either 


caſe - 12. 
If the reader expects a demonſtration of this rule, 


he muſt firſt be advertiſed of two things: Art, that 


numbers are ſaid to be in arithmetical progreſſion 
when they increaſe or decreaſe with equal differences, 
as o, 2, 4, 6; or 6, 4, 2, o; alſo as 3, o, —-3z 
4 0, 43 12, o, = 123; or — 12, o, + 123 
whence it follows, that three terms are the feweſt 
that can form an arithmetical progreſſion; and that 
of theſe, if the two firſt terms be known, the third 
will cafily be had: thus, if the two firſt terms be 4 
and 2, the next will be o: if the two firſt be 12 and 
o, the next will be - 12; if the two firſt be —12 
and o, the next will be +12, Sc. 

2dly, If a ſet of numbers in arithmetical progreſ- 
fion, as 3, 2, and 1, be ſucceſſively multiplied. into 


one common multiplicator, as 4, or if a ſingle num- 
ber, as 4, be ſucceſſively multiplied into a ſet of num- 


bers in arithmetical progreſſion, as 3, 2, and 1, the 


products 12, 8, and 4, in either caſe, will be in arith- 


metical progreſſion. 

This being allowed (which is in a manner ſelf-evi- 
dent), the rule to be demonſtrated reſolves itſelf in- 
to four caſes : 

1/2, Thar + 4 multiplied into + 3 produces 
+ 12. 

2dly, That — 4 multiplied into + 3 produces 
— 12. 

3dly, That + 4 multiplied into — 3 produces 
— 12. 

And laſtly, that — 4 multiplied into — 3 produces 
+12. Theſe caſes are generally expreſſed in ſhort 


thus: firſt + into + gives +; ſecondly - into + 


gives 


4 N — 8 * 
4a >. — n , \ 
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gives — ; thirdly + into — gives — ; fourthly = 
into — gives +. | 

Caſe 1/4, That + 4 multiplied into + 3 produces 
+4 12, is ſelf-evident, and needs no demonſtration ; 
or, if it wanted one, it might receive it from the firſt 
paragraph of the third article; for to multiply +4 by 
+ 3 is the ſame thing as to add 4 + 4 + 4 into one 
ſum ; but 4 + 4 + 4 added into one ſum gives +12, 
therefore +4 multiplied into +3 gives +12. 

Caſe 2d. And from the ſecond paragraph of the 
zd art. it might in like manner be demonſtrated, 
that —4 multiplied into +3 produces — 12: but I 
ſhall here demonſtrate in another way, thus: multiply 
the terms of this arithmetical progreſſion 4, o, - 4, 
into +3, and the products will be in arithmetical 
progreſſion, as above; but the two firſt products are 
12 and o; therefore the third will be — 12; there- 
fore — 4 multiplied into +3 produces — 12. 

Caſe zd. To prove that + 4 multiplied into — 3 
produces — 12; multiply + 4 into -+ 3, o, and - 3 
ſucceſſively, and the products will be in arithmetical 
progreſhon ; but the two firſt products are 12 and o, 
therefore the third will be 12; therefore + 4 mul- 
tiplied into — 2 produces — 12. 

Caſe 4th. Laſtly, to demonſtrate, that = 4 mul- 
tiplied into — 7 produces + 12, multiply - 4 into 
3, o, and — 2 ſucceſſively, and the products will be 
in arithmetical progreſſion ; but the two firſt pro- 
ducts are — 12 and o, by the ſecond caſe ; therefore 


the third product will be +12; therefore — 4 mul- 


tiplied into — 3 produces ＋ 12. 
Ca. 2d, + 4, 0, — 4 _ Caf. 3d, + 44+4,+ 4 


r F 

+12, n +12, ©, — 12 
Caſe 4th, — 41>44= 4 
+Fh;a 


_ 


— 12, 0, 7112 


Theſe 
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Theſe 4 caſes may be alſo more briefly demon- 
ſtrated thus: +4 multiplied into ＋ produces ＋ 123 
therefore — 4 into + 3, or +4 into — 3 ought to 
produce ſomething contrary to + 12, that is, — 12 : 


but if — 4 multiplied into + 3, produces — 12, then 


- 4 multiplied into - 3 ought to produce ſomething 
contrary to — 12, that is, +12; ſo that this laſt 
caſe, ſo very formidable to young beginners, appears 
at laſt to amount to no more than a common principle 
in Grammar, to wit, that two negatives make an 
affrmative; which is undoubtedly true in Grammar, 
though perhaps it may not always be obſerved in 
languages, ; 


Of the Multiplication of ſimple Algebraic Quantities, 
6. Theſe things premiſed, the multiplication of 


ſimple algebraic quantities is performed, firſ# by mul- 


tiplying the numeral co-efficients together, and then 


putting down, after the product, all the letters in 
both factors, the ſign (when occaſion requires) being 


prefixed as above directed. Thus 4 5 multiplied into 
3 a produces 12 4 6. | | 
Though this kind of language (for it is no more), 


like all others, be purely arbitrary, yer that a more 


rational one could not have been invented for this 
purpoſe, will appear by the following confideration. 
If any quantity, as 6, is to be multiplied by any num- 
ber, as 2, 3, or 4, the product cannot be better re- 
preſented than by 23, 36, 46, Sc.; therefore if b is 


to be multiplied by a, the product ought to be called 


ab: but if & multiplied into @ produces a b, then 44 
multiplied into a ought to produce 4 times as much, 
that is, 426: laſtly, if 4 b multiplied into @ produces 
4ab, then 46 multiplied into 3 @ ought to produce 
3 times as much, that is, 12 @ b. | 

Hence it is, that whenever in Algebra two or more 
letters are found together, as they fland in a word, 


without any thing between them, they ſignify the pro- 
| duct 


329 
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duct ariſing from a continual multiplication of the 
quantities repreſented by them: thus ab ſignifies the 
roduct of @ and b multiplied together; and a 6 c fig- 
nifies the product of the quantity a “ multiplied into 
c: thus a ſignifies the product of à multiplied into 
itſelf, or the _ of a, and not 2 4; and therefore 
whoever ſhews himſelf unable tg diſtinguiſh betwixt 
2 4 and à a, diſcovers as great 992 as one that 
is not able to diſtinguiſh betwixt 2 dozen and a dozen 
dozen or 12 times 12. 
I is a matter of no great conſequence in what or- 
der the letters are placed in a product; for ab and ba 
differ no more from one another than 3 times 4, and 
4 times 3: and yet it is convenient that a method be 
obſerved, leſt like quantities be ſometimes taken for 
unlike : therefore the beſt way will be, to give thoſe 
letters the precedency in a product, that have it in 
the alphabet; except when an unknown quantity 1s 
multiplied by ſome known one, and then it is uſual 
to place the known quantity before it. 
Note. For the ſignification of this mark *, ſee in- 
troduct. at the cloſe of the 7th article. Note alſo, 
that this mark = is a mark of equality, ſhewing that 
the quantities between which it ſtands are equal to 
each other, and muſt be read as the ſenſe requires : 
thus 2 x 6=3 x 4=12 may be read thus; 2 x 6 equal 
3 x 4 equal to 12: or thus; 2 x6 is equal to 3 * 4, 
which is equal to 12. 


Examples of ſimple Algebraic Multiplication. 


iſt, 4ab x 5a=20aab. 2d, = gab x 6bc= = zoabc, 
3d, bac x —- 7bd = — 42abed. 4th, = 7a - +7ab. 
5th, x x 3x =3xx. oth, —=xx - xx. 


7th, - gab x +3= = 154b.8th, 3a x 2 rab. 


Diſtinctions 
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Diſtinctions to be obſerved betwixt Addition and 
2 Tn 


That the young algebraiſt may not confound the 
operations of addition and multiplication, as is fre- 
quently done; I ſhall here ſet down ſome. marks of 

diſtinction, which he ought to attend to. 
As firft, a added to a makes 2a, but a multiplied 
into @ makes aa. 
2 ah, @ added to o makes a, but à multiplied into 
o makes o. | 

3dly, a added to - @ makes o, but a multiplied into 
- a makes — aa. 

4thly, — a added to — a makes — 2 a, but 4 
multiplied into — a makes +aa. 

5thly, a added to 3 makes @ + 7, but à multiplied 
into 1 makes a. 

6thly, 2 4 added to - 3 b wikes 2 4-33, but 2 2 
multiplied into - 3 6 makes - 6 4b, 

For a further confirmation of the learner, I have 
added, by way of exerciſe in his algebraic language, 
the following equations; which I defire he would 
compute after me. Suppoſe a=7, and b=3 : then 
we ſhall have iſt, a +b = 10. 2dly, a—-b=4. 
3dly, 4a+5 5243. 4thly, 42 5 6 2 13. 5thly, 
4 4 49. G6thly, ab =21. 7thly, 55 gg. Sthly, 
444 2 343. gthly, 446 2 147. 1othly, 45263. 
lithly, 658 = 27. 12thly, 4a ＋T 2b ＋ = 49 +42 
+9=100. 13thly, 44 2b 455494219 
16. 14thly, aaa+3aab+gabb+bbb=343+441 
+189 +27 1000. 15thly, 444 — 3446 ＋ 436 

= bbb = 343 44118927864. 


Of Powers and their Indexes. 


7. Whenever in multiplication a letter is to be re- 
peated oftener than once, it is uſual, by way of com- 
pendium, 70 write down the leiter with a ſmall figure 

after 
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. after it, ſperoing how often that letter is to be re- 
peated: thus inſtead of x x we write **, inſtead of 
xxx we write x3, inſtead of xxxx we write , &c. 
Theſe products are called powers of x; the figures 
repreſenting the number of repetitions are called the 
indexes of thoſe powers, and the quantity x, from 
whence all theſe powers ariſe, is called the root of 
theſe powers, or the firſt power of x; xi is called the 
ſecond power of x, x* the third power, x* the fourth 
wer, c. Vieta, Oughtred, and ſome other ana- 
yſts, inſtead of ſmall letters, uſed capitals; and 
inſtead of numeral indexes, . diſtinguiſhed theſe pow- 
ers by names: thus Vieta in particular called x*, X 
ſquare ; x3, X cube; , X ſquare-ſquare ; x, A ſquare- 
cube; , X cube-cube; x", A ſquare-ſquare-cube, &c: 
which names Oughtred contracted, and wrote them 
thus; Ag, Ac, Xqq, Age, Acc, Xqqe, &c.: but now 
theſe names are pretty much out of uſe, except the 
two firſt, when applied to a line ſquared or cubed. 

If we ſuppoſe x = 5, we ſhall have 2x=10, * =25, 
31 2 15, * 125, 4X=20, x*=625, c. 

The multiplication of theſe powers is eaſy: thus 
* x * , becauſe xx x xxx =xxxxx: whence it may 
be obſerved, that the addition of indexes will always 
anſwer to the - multiplication of powers, provided they 
be powers of the ſame quantity; for as 2+3=5, ſo 
* x X , &c.: but if they be powers of different 
quantities, their indexes muſt not be added: thus 
a* x g, and a x a*x#* g And here it 
muſt be obſerved, that if a number be found between 
two letters, it mult always be referred to the former 
letter; thus a does not ſignify @ x 2*, but a x N. 


The Multiplication of Surds. 


V. This mark / fignifies the ſquare root of the 
number to which it is prefixed, and is generally pre- 
fixed to numbers whoſe ſquare root cannot be other- 
wiſe expreſſed, either by whole numbers or frattions : 

. F | thus 
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thus 4/2 ſignifies the ſquare root of 2; Va the ſquare 
root of a, &c. Theſe roots are commonly called ſurd 
roots, or irrational roots, becauſe their proportion to 
unity cannot be expreſſed in numbers. | 


Whenever two ſurd numbers are to be multiplied | 


together, the ſhorteſt way will be, to multiply the 
numbers themſelves one into the other without any 
regard to the radical ſign, and then to prefix the ra- 
dical n to the product. Thus if Ya is to be mul- 


tiplied into /b, the product will be ab; which 1 


thus demonſtrate: let /a=x, and /b=y; then will 
x*=a, and y , and * ab, and æy Va; but 
xy, or xx y=u/a x V by the ſuppoſition ; therefore, 
a b = NVab. Thus V x V.. 

Theſe multiplications are of conſiderable uſe, not 
only in matters of ſpeculation, but alſo in practice: 
for ſuppoſe I had occaſion to multiply the ſquare root 
of 2 into the ſquare root of 3, if J had not this rule, 
I muſt firſt extract the root of 2, to what degree of 
exactneſs I think proper for my purpoſe : then again 
I muſt extract the root of 3 to the ſame degree of 
exactneſs; and laſtly I muſt multiply theſe two roots 
together, before I can obtain the number wanted: 
but after it is known that /2 x 4/3 =u/6, the whole 
operation will then be reduced to the extraction of 
the root of 6 only: nay, it ſometimes happens, that 
two roots, though both irrational, ſhall bave a ra- 
tional product: thus V x/8=4/16=4, and ab- 
x Vac S b S abc. 


Of the Multiplication of Compound Algebraic 


Quantities. 


9. The multiplication of compound algebraic quan- 
tities is performed, firſt by multiplying the multiplicand 
into every particular member of the multiplicator, and 
then reducing the whole product into the leaſt compaſs 


Poſſible. 
As 


no > . ; 
2 by — CLEEESES a 
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As for example; let it be required to multiply this 
compound quantity 6 = 74 - 86 into this compound 
quantity 2K —3a+4b: here having put down the 
multiplicand, and the multiplicator under it, and 
beginning at the left hand (for it is all one which 
way the operation is carried on), I multiply the whole 
multiplicand into 2x, the firſt member of my multi- 
plicator, and the product is 12xx— 144x— 16brx, 
which | put down: then I multiply the multiplicand 
into — 3a, the next member of the multiplicator, 
and the product is — 18ax +2144 +24ab; whereof 
the firſt member — 18ax, I place under — 14ax be- 
fore found, being of the ſame denomination, for the 
conveniency of adding; the reſt, to wit, ＋ 2144 
24ab, I place in the firſt line: this done, I now mul- 
tilpy by 45, the laſt member of the multiplicator, and 
the product is 246x — 284b — 32bb; whereof I place 
24bx under — 16bx, and - 2846 under +24ab, and 
the laſt member — 3245 J place in the firſt line, as 
having no quantity of the ſame denomination to join 
with it: laſtly I reduce the whole product into the 
leaſt compaſs poſſible; and it ſtands thus: 12xx— 
32ax+Ebx +2148 — 4ab — 329b, See the work: 

68 —=7a — 866 

2x —ga +46 

I2XxX — 14ax — 166x 2144 ＋ 2446 32bb 
— 18ax+24bx. — 286 


— — — 


Sum 12:xx — 3z20 ＋ SEX +2148 4b 32bb 


Example ad. 


1 — 1 ä P—_ — n 


9xx +124x 13 1649+ 20ab — 2505 
— I2ax +150x + 20ab 


gxy *® ® <16aa+40ab—256b 
F 2 Example 
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Example 3d. 
6xx ax A daa 
2xXx — Jax ＋ 44a 


— — 


1 2 8 * . Sz PO » CIS 
2a, mm, e / . · co.cc. 


12x* 14a + 164 24a ͤ + 324+ 
— 1 8ax3 + 21 — 284*%x 
+ 244" x* 


— 2 


2 TEE 
** — 
r 


12 — 324 + b14*x* — 52 ＋ 32a 


Example 4th. Example 5th. Example 6th. 


a+b a+b a-b 
a—b 446 a—b 


4 | < \ — ak — 


aa+ab—-bb aa+ab+bb aa —ab+bb 
—a . + ab — a 


* 1 — 


aa 55 40 T 24b 50 40 — 240 +bb 


N. B. A daſh over two or mare quantities ſigni- 
fies that all thoſe quantities are to be taken into one 
conception, or to be conſidered as making. up but 


on? compound. quantity: thus a+bxc—d does not 
ſignify that which ariſes from multiplying þ x c, and 
then adding @—d to the product, as it might be miſ- 
taken without the daſh ; but it ſignifies the product 


of the whole quantity 4 ＋ multiplied into the whole 
quantity c- d. | 
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The Proof of Compound Multiplication, 


10. In the zd example we multiplied 6xx - ax + daa 


into 2&x — 3ax + 44a, and the product amounted to 1 2x4 
— 324%" + 614%* — 624% +324*: let us try this in 
numbers, and ſee how it will anſwer. In order towhich, 
we may ſuppoſe à and x equal to any two numbers 
whatever; but the ſimpleſt way of trial will be to 
| make 


r 
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make à equal 1, and x r; and then we ſhall have 
in the multiplicand 6xx=6, — Jax= — 7, and ＋ 84a 
2 ＋8, and 6-7 +8=7: therefore the multiplicand 
is 7: again, in the multiplicator we have 2xx=2, — 
34x = = 3, +4aa=+4, and 2— 3+4=3; therefore 
the multiplicator is 3: and 7 the multiplicand, mul- 
tiplied into 3 the multiplicator, gives 21 for the pro- 
duct. Let us now examine the ſeveral parts of the 
product as they are here repreſented in letters, and ſee 
whether they will amount to that number: 12x*=12, — 
324x3= 32, bas" , — 52e = 52, + 
324 32; and 12 — 32-61 — 52-732 amount to 


juſt 21. This may ſerve as a proof to the work, 


though not a neceſſary one: for it is not impoſſible 
but there may be a conſiſtency this way, and yet the 
work be falſe ; but this will rarely happen, unleſs it 
be deſigned. ' But the work may ſtill be confirmed 
by making a=1, and z= — 1; for then the multipli- 
cand will be 6-7 +8 = 21; and the multiplicator 2+3 . 
+4=9; and the product 12+32461-+524-32= 
189, which is the ſame with the produ@ of 21 the 
multiplicand multiplied into 9 the multiplicator. 


How general Theorems may be obtained by 
Multiplication in Algebra. 


11. From theſe algebraic multiplications are derived 
and demonſtrated many very uſeful theorems in all the 
parts of Mathematicks ; whereof I ſhall juſt give the 
learner a taſte, and then proceed to another ſubject. 

In the fourth example of compound multiplication 
we found, that ab multiplied into a - produced 
aa — b; whence I infer, that The ſum and difference of 
any two numbers multiplied together will give the dif- 


ference of their ſquares, and vice versa: for @ and 5 


will repreſent any two numbers at pleaſure; a their 
ſum, a—b their difference, and aa — bb the difference 


of their ſquares: thus, if we aſſume any two numbers 


whatever, ſuppoſe 7 and 3, the difference of their 
3 ſquares 
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ſquares is 49 —9, or 40; and 10 their ſum, multi- 
plied into 4 their difference, makes alſo 40. 

But here I am to give notice once for all, that in- 
ſtances in numbers ſerve well enough to illuſtrate a 
general theorem, but they mutt not by any means be 
looked upon as a proof of it; becauſe a propoſition 
may be true in ſome particular caſes inſtanced in, and 
yet fail in others; but whenever a propoſition 1s 
found to be true in ſpeciebus, that is, in letters or 
ſymbols, it is a ſufficient demonſtration of it, becauſe 
theſe are univerſal repreſentations. 

In the 5th example it was ſhewn, that ab multi- 
plied into itſelf produced aa ] ; whence J in- 
fer, that F a number be reſolved into any 1Wwo parts 


whatever, the ſquare of the whole twill be equal to the 


quare of each part, and the double rectangle, or product 
of the multiplication of thoſe parts, added together: 
thus, if the number 10 be reſolved into 7 and 3, 100 


the ſquare of 10 the whole, will be equal to 49 the 


ſquare of 7, and 9 the ſquare of 3, and 42 the dou- 
ble product of 7 and 3 multiplied together: for 49 + 
9 ＋·42z = 100, | 

In the 6th example we found, that @ — & multiplied 
into itſelf, produced, aa - 2ab-}-bb; whence I infer, 
that If from the ſum of the ſquares of any two numbers 
be ſubtracted the double product of theſe numbers, there 
will remain the ſquare of their difference : for aa 
is the ſum of the ſquares of à and 6b, and 2a is their 
double product, and aa 2b ο was found to be 
the ſquare of @—b, that is, the ſquare of the differ- 


. ence of à and 65: thus, in the numbers 7 and 3, the 


ſquare of 7 is 49, the ſquare of 3 is nine, and the 
tum of their fquares is 58; and if from this be ſub- 
tracted the double product 42, the remainder will be 
16, the ſquare of 4, that is, the ſquare of the differ- 


ence of the numbers 7 and 3. 


Theſe two lait theorems are in ſubſtance the fourth 
and ſeventh propoſitions of the ſecond book of Euclid. 


of 
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Of the Diviſion of ſimple Algebraic Quantities. 


13. The diviſion of ſimple algebraic quantities, where 
it is poſſible in integral terms, is performed, fir/t, by 
dividing the numeral coefficient of the dividend by the 
numeral coefficient of the diviſor, and then putting down 
after the quotient all the letters in the dividend that 
are not in the diviſor ; the ſign of the quotient in divi- 
ſion being determined by thoſe of the diviſor and divi- 
dend, juſt in the ſame manner as the ſign of the product 

in multiplication is determined by thoſe of the multi- 
plicator and multiplicand ; that is, if the fign of the 
diviſor and dividend be both alike, whether they be 
both affirmative, or both negative, the quotient will 
be affirmative, otherwiſe it will be negative: thus if 
the quantity — 1246 is divided by — 3a, the quotient 
will be +44; which I thus demonſtrate : In all di- 
viſion Whatever, the quotient ought to be ſuch a 
quantity as, being multiplied by the diviſor, will 
make the dividend ; therefore, to enquire. for the 
quotient in our caſe, is nothing elſe but to enquire 
what number or quantity multiplied into — 3a, the 
diviſor, will produce — 124%, the dividend. Firſt 
then J aſk, what ſign multiplied into —, the ſigu of 
the diviſor, will give —, the ſign of the dividend ?. 
and the anſwer is + ; therefore -+ is the ſign of the 
quotient: in the next place I enquire, what number 
multiplied into 3, the coefficient of the diviſor, will 
give 12, the coefficient of the dividend ? and the an- 
ſwer is 4; therefore 4 is the coefficient of the quo- 
tient: laſtly I enquire, what letter multiplied into a, 
the letter of the diviſor, will produce ab, the deno- 
; minator, or literal part of the dividend ? and the an- 
1 ſwer is 6; therefore 6 is the letter of the quotient: 
and thus at laſt we have the whole quotient, which 
is 4b. And this way of reaſoning will carry the 

learner through all the other caſes. | 
F 4 Examples 
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Exanyles of ſample Diviſion in Algebra, 


Ezawple it, 4ab ) 24abbc ( 6bc. 
2d, +7) - 35ab ( — 5ab. 
3d, —#) — 368 ( 725 
4th, — gab) +724b ( —8., 
5th, —- 443) GO ( +1545, - 
6th, 4x* ) GO (IFT. 
7th, +44%x* ) = GO ( — 15458", 
8th, 5) 3ab ( 3a. | 
gth, 3) 30 (36. 


Of the Notation of Algebraic Fractions, 


Whenever a diviſion according to the foregoing 

method is found impoſſible, the quotient cannot be 
otherwiſe expreſſed than by a fraction, whoſe nume- 
rator is the dividend, and denominator the diviſor ; 
ſee the Introduction, art. 13. As, if it was required 
to divide @ by 6, which diviſion is impoſſible ac- 
cording to the foregoing rule, the quotient · muſt be 


expreſſed by this fraction - which is uſually read 


thus, @ by 6, chat is, @ divided by 6, or the quotient 
of à divided by b: for in Algebra the word by is, 
generally ſpeaking, appropriated to divifion, as the 
word into 1s to multiplication. 

1f the numerator, or denominator, or both, be compound 
quantities, the reſpective fractions muſs be written thus ; 
ab a 44 
Res Dc 724 

If a diviſion be partly polkble according to the 
foregoing rules, and partly impoſſible, it muſt be pur- 
ſued as far as it is poſſible, and the reſt muſt be repre- 
ſented by a fraction, as in common diviſion : thus if 
ad--ba4-c was to be divided by d, the quotient 


would be ab, 
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Art. 14. Diviſion of Algebraic Quantities. | 89 


Of the Diviſion of Compound Algebraic Quantities. 


14. The diviſion of compound algebraic quantities 
is performed, firſt, by ranging the ſeveral members 
both of the diviſor and dividend according to the di- 
menſions of ſome letter common to them both, and 
then proceeding as in common arithmerick. 

N. B. A quantity is ſaid to be diſpoſed according 
to the dimenſions of any letter in it, when the higheſt 
power of that letter is placed firſt, and the next in 
order, and ſo on, as in the following example; 
where both the diviſor and dividend are ranged ac- 
cording to the dimenſions of the letter x. 

Of this compound diviſion, take the following ex- 
ample: Let it be required to divide this quantity 
48x* — 76ax* — 644*x#-1054* by this quantity 2x — 34. 
Here, as my diviſor conſiſts of two members, I take 
the two firſt members of the dividend for a firſt 
dividual; then I divide the firſt member of the divi- 
dual by the firſt member of the diviſor, to wit, 48x3 
by 2x, and the quotient is 24xx, which I put down 
im the quotient : this done, I multiply the diviſor 2x 
— 3a by the quotient 24xx, and the product is 48x* 
— 72ax*, which I place under my firſt dividual 
48x3 — 76ax*, and then ſubtracting the former from 
the latter, I find the remainder to be — 4ax* ; to this 
remainder I bring down the next place of my divi- 
dend, which is - 644*x, and ſo have a ſecond divi- 
dual, to wit, — 4a G4 : here again I divide the 
firſt member of this dividual, by the firſt member of 
the diviſor, viz. — 4ax* by 2x, and the quotient is 
—2ax, which I put down in the quotient ; then mul- 
tiplying the diviſor 2x — 3a by this Jaſt quotient 
— 2ax, the product is 4a G, which being ſub- 
tracted from the ſecond dividual 4a = 644*x leaves 
— 704*x for a remainder ;. to this remainder I bring 
down +105 the laſt place in the dividend, and ſo 

have 
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have a third dividual — 704*x- 10594? ; the firſt mem- 
ber whereof, divided by the firſt member of the di- 
viſor, quotes — 35aa, which being put down in the 
quotient, and the diviſor multiplied by it, the pro- 
duct is —704*x-4-1054*, which being ſubtracted from 
the laſt dividual leaves no remainder; ſo that the 
whole quotient at laſt amounts to 24xx — 2ax 3 Faa. 
See the work : 


Example 1ſt. 


2x — 3a ) 48x? — 6% — GA ＋ 1050) (24 — 2 354 
48 — 72ax* 26 f 
© 4a — b49*x 

— 4ax* + G 


— 
— 


* L 70a"x+10ga? 
—70a"x + 105a® 


* 


* * 


— 


Example 2d. 


4x— 5a ) 48x3 — 16ax* —bga*x+105a® ( 12x* = 442146 
48x3— 60ax* 


6 


* — 16 — 64 
— 16 ＋＋ 20a⁷ꝗ½; 


ꝗ6—— — 


* — 844*x+105a3 
E 844*x+ 10543 


* * 


This, as I take it, is the moſt intelligible way of 
working theſe divifions, as being the neareſt of kin 
to common diviſion ; but it may be ſomewhat con- 
tracted, as will eaſily be ſeen by working the fore- 


going examples over again thus: 
I 7% Example 
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Example 1ſt. 


21 32 48 7 —644*x + 105a? ( 24x" a 35a 


43x* — 72 
„ 4% 
— 4a +ba*x 
— oa æ 
— 70a"x + I05a® 
8 * * EY 
Example 2d. 
4¹ — 5a) - ve 64 10547 ( 12x*— 4a 214 
483 — OO 
8 16 
— 16e + 20a" 
a * — 844 
— 844*x + 105 


E508"; 


„ This ſort of diviſion may be proved the ſame way 
as in common diviſion, to wit, by multiplying the 
diviſor into the quotient, or the quotient into the di- 
viſor, and adding the remainder, if there be any; for 
then, if the product, or ſum, be equal to the divi- 
dend, the diviſion is right, otherwiſe not: thus if 
inſtead of dividing 48x3 -- 7bax* — 644*x-j-10543 by 2x 
— 34, as in the firſt example, we divide 48x* = 76ax* 

— 644 o by 2x— za, the quotient will be the 
ſame as before, to wit, 24x* — 24x — 3 54a*, but then 
there will be a remainder of 5a ; wer e converſo, 
if the quotient 24x* 24 35a be mulriplied into 
the diviſor 24 3a, the product, together with the re- 
mainder 
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mainder 345, will make the dividend 48x* —- 76ax* = 
G4 o. See the proof: 


24 2ax 35a 
2x — 3a 
48 — 4a — 70a * + 1054? 
— 72ax* + ba*x 


—_—. 


48 504 - 64:*x + 1050? 
+ 5a 


otro 


48* —76ax* — bza"x +1 1045. 


If, when the diviſor and dividend are placed ac- 
cording to the dimenſions of ſome common letter, 
there be any places wanting, theſe may be ſupplied 
by ſtars: as if it was required to divide 16x* = 724*x* 
+81@* by 2x—34; there are wanting two places 
in the dividend, to wit, the places where the third 
and fimple powers of x are concerned: theſe there- 
fore being ſupplied, the dividend will ſtand thus ; 
16x*%—7 207 *—-814%, See the work: 


2x — 3a) 16x * 126 * # + 814(8 + 12ax* — 189* x — 270? 
16*˙ — 24ax* 


Of 
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Of Proportion in Numbers. 


15. The rule of proportion in Algebra is ſo very 
little different from the rule of proportion in common 
arithmetick, that one example of it will be ſufficient. 
Let then the following queſtion be put: If a gives 
b, what twill e give? Here the ſecond and third terms 
multiplied together produce bc; and the quotient of 
this, divided by the firſt term a, cannot otherwiſe 


be expreſſed than by the fraftion © : this is evident 


from the notation of fractions explained in the 13th 
article. But'as I have hitherto purpoſely avoided 
all conſideration o0$ proportion, chuſing rather to 
appeal, upon all occaſions, to the common idea every 
one has or thinks he has of it, than to be more par- 
ticular, it may not be improper, now we come to 
reaſon more cloſely upon things, to enter more diſ- 
tinctly into the particular nature of proportion, ſo 
far at leaſt as it relates to numbers, and ſhew wherein 
it conſiſts, 

According to Euclid, four numbers are ſaid to be 
proportionable, that is, the firſt number is ſaid to 
have the ſame proportion to the ſecond, that the 
third hath to the fourth ; or the firſt 1s ſaid to be to 
the ſecond, as the third is to the fourth, when the 
firſt number is the ſame multiple, part or parts, 
of the ſecond, that the third is of the fourth: but it 
will be aſked perhaps, How can we know, what 
parts, part, or multiple, any one number is of ano- 
ther? To which 1 anſwer, by a fraction, whoſe nu- 
merator is the former number, and denominator the 
latter: thus the fraction 4 expreſsly ſhews, that the 
numerator 2 is two third parts of the denominator 33 
for this is certain, that 1 is I part of 3, and therefore 
2 muſt be 3 of it: for the ſame reaſon the fraction 53 
ſhews that the number 12 is , or + of the number 
8; and laſtly, che fraction * ſhews that the num- 

ber 


— —— — a — — 
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ber 12 is of, or 3 times the number 4; and con- 
ſequently, that 12 is a multiple of 4, as containing 
it juſt 3 times without any remainder: therefore, to 
any one who underſtands fractions, Euclid's defini- 
tion of proportion may be more diſtinctly expreſſed 
thus: Four numbers are ſaid to be proportionable, 
when a fraction whoſe numerator is the firſt number, 
and denominator the ſecond, is equal to a fraction whoſe 
numerator is the third number, and denominator the 
fourth. Thus 2 is to 3 as 4 is to 6, becauſe + is equal 
to + ; thus 12 isto8 as 15 is to 10, becauſe 5, equals 
35, both being reducible to 5; thus 2 is to 6 as 4 is 
to 12, becauſe + equals 22, for each is equal to 2; 


laſtly, 6 is to 2 as 12 is to 4, becauſe 32 = 2. 


From this idea of proportionality may be demon- 
ſtrated a very uſeful theorem in Algebra; which is, 
that Whenever four numbers are proportionable, the 
product of the extreme terms multiplied together will 


be equal lo the product of the two middle terms ſo mul- 


tiplied : for let a, b, c, and d, be four proportionable 
numbers in their order; that is, let @ be to 6 as c is 
ted: ſay then that ad the product of the extremes 
will be equal to bc the product of the two middle terms: 
for ſince à is to b as c is to d, it follows, from what has 


already been laid down, that the fraction = is equal 


to the fradion — ; multiply both of the terms of the 


fraction — into d, and both thoſe of the fraction 


£ into þ (which multiplications may be made without 
altering the values of the fractions), and then you 
will have 22 that is, the quotient of ad di- 
vided by bd, is equal to the quotient of bc divided 


by bd; therefore ad muſt be equal to bc, that is, 
the 
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the product of the extremes muſt be equal to the 
product of the middle terms. 2, E. D. | 
The converſe of this propoſition is alſo true, to 
wit, that Whenever we have an equation in numbers, 
wherein the product of two numbers on one fide is found 
equal to the product of two numbers on the other, ſucb 
an equation may be reſolved into four proportionals, by 
making the two numbers on either fide, the extremes; 
and thoſe on the other fide, the middle terms : thus 
if ad=bc; by making à and 4 the extremes, and 
b and c the middle terms, we ſhall have à to þ as c 
to : if this be denied, let a be to basctoe; then 
we ſhall have ae=bc by the laſt; but ad=bc by 
the ſuppoſition ; therefore ae at; therefore e equals 


d, and aistobascistod, . E. D. 


COR OL IL AR x. 


Whence if a, 6, and c, be continual proportionals, 
that is, if à is to & as bis to c, we ſhall have „g ac: 
and, e conwerſo, if b*=ac, then a, 6b, and c, will be 
continual proportionals. 


The common Properties of Proportionality in Numbers 
demonſirated. 


16. From what has been delivered in the laſt arti- 
cle may be demonſtrated all, or moſt of the common 
properties of proportionable numbers with a great 
deal of eaſe; ſome of the moſt uſeful whereof I thall 
here throw together into one ſingle article, for the 
reader to peruſe, either at preſent, or hereafter, as 
he ſhall tee occaſion. | 

Firſt then, from what has been ſaid, may the rule 
of three, which conſiſts in finding a fourth propor- 
tional, be moſt diſtinctly demonſtrated : for let a, 5, 
and c, be three numbers given, in order to hnd &, 2 
fourth proportional; then ſince à is to & as c is to 4, 
you will have ad, the product of the extremes, equal 

| to 
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to be, the product of the middle terms; divide both 
ſides of the equation by a, and you will have 4 


= which is as much as to ſay, that if three num- 


bers be given, a fourth proportional may be obtained 
by multiplying the ſecond and third numbers together, 
and dividing the product by the firſt, 

In the rule of three inverſe, let the numbers, when 
diſpoſed according to form, be a, b, and e; then who- 
ſoever attentively conſiders the nature of that rule, 
will eaſily ſee, that the fourth number there ſought 
for is not to be a fourth proportional to the three 
numbers given as they are diſpoſed in the order a, b, 
c, but as they ſtand in the order c, h. a, or c, a, 6, 
and therefore, in this caſe, the fourth number will be 
ab 
E | 

Secondly, if two proportions be equal to a third, 
they 'muſt be equal to- one another, becauſe if two 
fractions be equal to a third, they muſt be equal to 
one another: thus if is to b as c is to d, and c is to 
d as e is to 7, we ſhall have à to b as e to f. 

Thirdly, if a is to bas c is to d; then b will be 
to a as d to c, which is called inverſe proportion: for 
if a is to h as c is to 4, we ſhall have ad=bc; make 
b and c the extremes, and you will have 5 to a as 4 
to c. | 
Fourthly, if @ is to basc is to 4; we ſhall have, 
by permutation, 4 to c asbtod: for ſince à is to b 
as c is to d, and conſequently ad=bc, make a and 
d the extremes, and c and b the middle terms, and 
you will have a to c as & to d. | 

Fiſthly, if @ is to “ as c is to d, and any two 
multiplicators whatever be aſſumed, as e and f; I 
ſay then, that ea is to fb as ec is to fb: for ſince 4 
is to b as c is to d, and ſo ad Sc; multiply both 
ſides of the equation by the product /, and you will 

4 have 
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have ad x H le x ef ; but ad x ef=ea * Fd, and bc x 

ef = fb x ec; therefore ea x fd=fo ec; make ea and 
fd extremes, and the proportion will ſtand thus; ea 
is to fb as er to fd. In like manner, mutatis mutan- 
dis, it may be demonſtrated, that if à is to ô as c is 


42 N 
to d; then — will be to = 8s —= is tO . 


Sixthly, if à is to & as c is to d; then a* is to & as 
c is to d': for ſince à is to b as c is to 4, and fo 
ad be; ſquare both ſides of the equation, and 
you will have a &* =#* *; make @* and d extremes, 
and you will have @* to #* as & to d'. And by 
taking theſe ſteps backwards, it will alſo appear, 
that 5 a* is to & as c is to d; a is to 5 as c is to d, 
and Va is to V as Vc is to Vd. | | 

Seventhly, if @ is to 6 as c is to 4; then by 
compoſition (as it is called) @+6 is to & as c+d 
is to 4; or 47 is to @ as c+d is to r: for 
ſince @ is to 5 as 7 is to &, and conſequently 
ad be; add bd to both ſides of the equation, and 
you will bave ad bd be +64; but ad+bd is the 
product of 2+6 multiplied into d, as is eafily 
leen; and bc+bd is the product of 6 multipied 


into c+d; therefore a x d=b x c+d: make a+b 
and d extremes, and you will have a+b to 5 as 
c+d to d. Again, ſince bc Sad, add ac to both 
fines, and you will have ac bc ac ad, that is, 
a+bxc=axc+d; make a+b and c extremes, and 
you will have 2 Cö to @ a8 d to c. 

Eighthly, if à is to bas cis to 4; then by divi- 
ſion a—b is to b as c—d is to d; or 42 —5 is to 4 
as cd tor. This propoſition is demonſtrated by 
ſubtraction, juſt in the fame manner as the laſt was 
by addition, 

Ninthly, if to or from two numbers in any given 


proportion, be added or SO other two numbers 
| | | in 
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in the ſame proportion, the ſums or remainders will 
ſtill be in the ſame proportion with the numbers firſt 
propoſed: thus if the numbers c and d be in the ſame 
proportion with the numbers à and 56, that is, if as 
a is to & ſo is c to d, and if to or from the former two 
numbers be added or ſubtracted the latter, we ſhall 


have not only a+c to b as à to 6, but alſo a—c 


tob—dasatob: for ſince, by the ſappoſition, a is 
to h as c is to 4; it follows by permutation, that à is 
to c as 5 is to d; and by compoſition that a+c is to 
a as b+d to ö; and again by permutation, that ae 
is to b4-d as a is to b: in like manner by permuta- 
tion and diviſion we ſhall have a—c tob—d as a 
to 6. 

Tenthly, if there be three numbers a; b, and c, 
and other three numbers d, e, /, proportionable to 
them, and in the ſame order, that is, if as @ is to b 
ſo d is to e, and as b is to c ſo is e 10; I ſay then, 
that, ex £quo, the extremes will be in the ſame pro- 
portion, (412. ) that à will be to c as d is to: for 
ſince by the ſuppoſition, à is to b as d is to e; by 
permutation we ſhall have à to d as b to e; and for 
the ſame reaſon, ſince 3 is to c as e is to /; we ſhall 
have þ to e as c to /: ſince then à is to d as b to e, 
and 5 to e as c to V; it follows from the ſecond pro- 
poſition, that @ is to d as c to f; and by N , 
that a is to c as 4 to . 

. FEleventhly, if there be three numbers, a, b, and c, 
and three other numbers d, e, and , proportionable 
to them, but in a contrary order, ſo that à is to 6 as 
e to J, andbtoc as d to e; I ay, that the extremes 
will ſtill be proportionale, to wit, that @ will be to 
c as d to f: for ſince @ is to h as e to f, we have 
af be; moreover, ſince þ is to c as d to e, we have 
cd be; therefore af=cd; make a and F extremes, 
and you will have à to c as d to /. 
VN. B. If there be two ſerieſes of numbers, as a, 6, 


c, Sc.; d 4 , Ec. ; each ſeries conſiſting of the ſame 
| number 
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number of terms; and if all the proportions between 
contiguous terms in one ſeries be reſpeCtively equal 
to all thoſe in the other; that is, each to each, as 
they ſtand in order; as if 4 be to ô as d to e, and 5 to 
c as e to / &c 3 then the extreme terms of one ſeries 
will be proportionable to the extreme terms of the 
other: for the demonſtration of the tenth propoſition 
may be extended to as many terms as we pleaſe; and 
this proportionality of the extremes is ſaid to ſollow 
ex aquo ordinate, or barely ex æquo, that is, from a 
reſpective equality of all the proportions in one ſeries 
to their correſpondents in the other, in an orderly 
manner. Bur if every proportion in one ſeries has an 
equal proportion to anſwer it in the other, but not in a 
correſpondent part of the ſeries; as if a be to þ as e to 
}, and b to c as d to e, &c.; then though the extremes 
will ſtill be proportionable, as will be evident by con- 
tinuing the demonſtration of this eleventh propok- 
tion; yet now the proportionality of the extremes is 
ſaid to follow ex aquo peturbate, that is, from an equa- 
lity of all the proportions in one ſeries to all thoſe in 
the other, but in a diſorderly manner. 

_ Twelfthly, if a is to b as c is to d; we ſhall have 


ab to 4 as Cd is to c—d: for ſince @ is to 
„ as © 1s to d, we ſhall have by compoſition ab 
to @ as c 1s to c; we ſhall have alſo by diviſion, 
a—btoaasc-dtoc; and by inverſion, @ to a —b 
as c toc-d: ſince then we have ab to a as c-þ-d 
to c; and à to 4 as c to c- d, that is, ſince we 


have three numbers, agb, a, and a—b, and other 
three numbers proportionable to them in the ſame 
order, to wit, cd, c, and c- d; it follows ex que 
that the extremes will be proportionable, that is, that 
ab will be to a—b as Ad is to r- d. | 
| Thirteenthly, if there be a ſeries of numbers, 4, 
I, n, n, whereof & is to / as a to b, and /.to m as c 
| G 2 to 
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to a, and m to n as e to ; I ſay then that & the firſt 
term will be to x the laſt, as ace the product of all the 
other antecedents to bdf the product of all the other 
conſequents; for & is to | as / to b, by the ſuppoſi- 
tion; and we ſhall find that @ is to þ as ace to bce by 
multiplying extremes and means; therefore & is to! 
as ace to bce; and for a like reaſon I is to m as bce 
to bde, and m is to n as bde to bdf; therefore, ex 
&quo, & is to n as ace to bdf. | 


Of the Extraction of the Square Roots of ſimple 
Algebraic Quantities. 


17. The extraction of the ſquare root of ſimple al- 
gebraic quantities is ſo very eaſy that it needs not to 
be inſiſted on. Thus the ſquare root of aa is + or - a, 
the ſquare root of gag is +or - 3a, and that of 4aabb 
is Tor —2ab : this is plain from the definition of the 
ſquare root; for the ſquare root of any quantity, ſup- 
poſe of 4aabb, is that which, being multiplied into 
itſelf, will produce 4aabb : now — 2ab multiplied into 
itſelf will produce 4aabb, as well as + 2ab, and there- 
fore one quantity is as much its ſquare root as the 
other. - 

When the ſquare root of a quantity cannot be ex- 
trated, it is uſual to ſignify it by this mark /: thus 


Vasa ſignifies the ſquare root of 24a; thus /aa - 4b 

ſigniſies the ſquare root of the whole quantity aa — 46; 

thus . ſignifies a fraction whoſe numerator is 
24 | 

the ſquare root of the whole quantity aa — 4b, and 


ſignifies 


whoſe denominator is 24; thus 
| 124 


1 the 
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20 


5 b 
the ſquare root of the whole fraction, x „ that 


is, the ſquare root of both the numerator and deno- 
minator. | 

When the ſquare root of a quantity cannot be ex- 
trated, the quantity may ſometimes however be reſolved 
into two factors, whereof the one is a ſquare, and the 
other is not ; and whenever this is poſſible, the root of 
the ſquare may be extracted, and the radical fign may 
be prefixed to the other factor; thus 12a=4aax3; 
therefore /124a=20 x 3. | 


The ſeveral Rules of Fractions exemplified in Algebraic 
Quantities, 


22. Fractions in Algebra are treated juſt in the 
ſame manner as in common arithmetic, only uſing al- 
gebraical inſtead cf numeral operations; as will 
plainly appear from the following examples. 


Examples of the Reduction of Fractions from higher to 
lower Terms, according to Introduction, art. 7th. 


The fraction - , dividing both the numerator and 


denominator by the ſame quantity 26, will be re- 
duced to the fraction 15 , a fraction of the ſame value 


with the former, but expreſſed in more ſimple terms: 
whence we may infer, that whenever a common letter 
or factor is to be found in every member both of the. 
numerator and denominator, it may be cancelled every- 
where, without affefting the value of the fraction; 


ac be a+b 
thus the fraction Te punging c, becomes TTe⸗ 


a fraction of the ſame value. But if there be any one 
member wherein the factor is not concerned, it muſt 
G 3 not 
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ac A be 
not be expunged at all: thus the fraction 7271 
cannot be reduced, becauſe the factor c is not to be 


found in e. | 
Note, That cancelling here, is not ſubtracting, but 


dividing : thus to cancel the letter b 1n the quantity 
ab, ſo as to reduce it to a, is not to ſubtract b from 
ab, but to divide ab by &, in which caſe the quotient 
will be a. 


Examples of Fractions reduced to the ſame Denomi na- 
tion, according io Introduction, art. 8th. 


1ſt. The fractions - a 5 „and 5» when reduced to the 


ſame denomination, will ſtand thus ; —_— ou and 6c 
| 24 24 24 
2d. The fradions 7 and ©, fo reduced, will ſtand 


b a 
ad be : "es x 
thus ; Fa and 7 3d. The fractions ; 7 and 7 
pay gr oy 
2j quy® gut 
nt 
and —. And here I cannot but obſerve, that now 


after reduction, will ſtand thus; 


the rule for this reduQtion demonſtrates itſelf : for in 
this example it is impoſſible not to ſee, that all theſe 
fractions, notwithſtanding this reduction, ſtill retain 
puy 


their former values : thus the firſt fraction —, by 
. qruy 


cancelling common faCtors, is reduced to 8 its for- 
mer value: and the ſame may be obſerved of all the 
reſt: and this example amounts to a- demonſtration, 


becauſe it is comprehended in general terms. But to go 
on: 
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on : 4th. The fractions — 55 and -, being reduced 


b ab 
to the ſame denomination, become 2 3 g 2 225 4 and — * 2 


5th, And laſtly, 2 and — when thus reduced, 


become = and 2 F for 1 the numerator 
of the firſt fraction multiplied into @— h, the deno- 
minator of the ſecond, makes a—b; and, 1 the nu- 
merator of the ſecond fraction multiplied into a, 
the denominator of the firſt, makes ; and the 
product of the two denominators ab and a—b mul- 
tiplied together is a4 - U, as in the 4th example of 
the gth article. 


Examples of Addition in Frafions, according to Intro- 
duflion, art. gth. 


iſt. Theſe fractions =, 2. and =, when added 
2 5 c 


together, make 


2d. The fraction + added to the fraction — 


34. The fractions — — = and y when axed 


gether | 124 — 25 Fr 


Ws vr 


' 4th. The fraftion 5- added to the fration ien Zak. 
3 : 2 ROE) 


bd. 
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| 3 | | 
5th. @ added to 2 that is, T added to . makes 
. . 


1 — — added to =7 makes 55 


7th. The fractions 72 £4 7 and . when added to- 


222 LH 


qouy 
8th. = added We — gives * 


gether, make 


24 


gth. BA added to —— gives ——77- See the 


th example of fraftions. * to the ſame deno- 
mination. 


Examples of Subtracbion in Fractions, according to In- 
traduction, art. 1 oth. 


Note firſt, If the ſigns of both 1 numerator and 
denominator of any fraction be changed, which is no 
more than multiplying both terms into — 1, the va- 
lue of the fraction will ftill remain. 

Secondly, The denominator of a fraction is always 
ſuppoſed to be affirmative ; and therefore if at any 
time it happens to be otherwiſe, it muſt be made af- 
ſirmative by changing 2 ſigns of both terms. 


Thirdly, +; 3 and * © are the ſame in efſe&t as 
* L f 


* and ſometimes this latter way of notation is 
more convenient than the former. 


and , as is ld from the nature of di- 


Fe vurthly, | 
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Fourthly, Therefore the ſign of the numerator is 
the ſign of the whole fraction; and to change the ſign 
of che former, is the ſame in effect as to change the 
ſign of the latter. 

Fifthly, Whenever one algebraic fraction is to be 
ſubtracted from another, the ſafeſt way will be to 
change the ſign of the numerator of the fraction to be 
ſubtracted, and to place it after the other, and then 
to reduce them at laſt into one fraction; for if the 
ſubtraction be deferred till after the reduction is over, 
one may make a miſtake, and ſubtract the wrong 


quantity. Thus, iſt, 2 fubtradted from — gives 
3 3 
2a 45 1ca—12b 


— 
— . — 


yo, TR. 


r . 5 " _ 54 — r 
2d. 71 ſubtracted from ＋ gives - . 2 
3d, 2 ſubtracted from à gives - == 


2b 
aa = bt" 


I 3 1 —T 
4th. Fr ſubtracted from = gives FP 7 


Examples of Multiplication in Fractions. 


The multiplication of fractions is performed by 
multiplying the numerator and denominator of the 
multiplicand into the numerator and denominator of 
the multiplicator reſpectively. 


Thus 8 = x 
3 
"44 6 249r zr 
* 3 
Wear 


| 
| 
4 
ö 
| 
j 
| 
| 
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3a 60ab 


5th, 4b 20b = 6 


MY 34 34 ga 


45 * 4b 16505 
E 
8th. 7 * 7 f bat 


5 r 


gth. a+ xd or acts a — 


1 


roth. a+ 5x5 6 


7 7 7 „ 7 FG - — 


oY 1 jp +5, 0 1 A 


| kent 


— 


j 
: 
: 


N 


This multiplication might alſo be performed thus: 


++; 
3. 
A 

12th, a+? x + a þ ce Eagle l, 


ce 


b 
Or, 40 — * — ls hs whe 
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Examples of Diviſien in Fractions. 


, Diviſion in fractions is performed by multiplying R 
the direct terms of the dividend into the inverted terms 
of the diviſor : thus, 


iſt. - - - 2d. 29 — = 
3d. -) 5 (7. Ath. c) - = 


1 \ ab abe 


b {ac 
a ob! Ge 


| th. wb) Wa 755 >: for if we make æ 
a/a | FO 


. A Ths 
Jp we ſhall have a 7, and æ 


I ſhalt 


— — 2 — —— —— AD — — 
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T ſhall only give one example more, and that ſhall 


be of the rule of proportion, as follows: If 5 gives 


5, what will > give? Anſwer, for - the ſe · 


cond number, multiplied into 7 the third, produces 


pd 1 gz: | 24 bee 
F* and this divided by the firſt 7 quotes 2 


Of Equations | in Algebra ; and particularly of fimpte 
Equations, together with the Manner of reſolving 
them, 


23. An equation in Algebra ts a propoſition wherein 
one quantity is declared equal to another, or where one 
expreſſion of any quantity is declared equal to another 
expreſſion of the ſame quantity: as when we ſay 2 
=; Where + is ſaid to poſſeſs one fide of the equa- 
tion, and + the other. 

An aſſected quadratic equation is an equation con- 
ſiſting of three different ſorts of quantities; one where- 
in the ſquare of the unknown quantity is concerned, 
another wherein the unknown quantity is ſimply con- 
cerned, and a third wherein it is not concerned at 
all: as if xx—2x=3 ; ſuppoling x to be an unknown 
quantity. | 

If either the term wherein the ſimple power of x 
is concerned, as — 2X, or that which is called the 
abſolute term, to wit, 3, be wanting, the equation 
is ſtill a quadratic equation, thovgh incomplete. 
Some indeed there are, who rank this latter ſort of 
equations under the denomination of fimple equa- 
tions; and ſo ſhall we, upon account of their eaſy 
reſolution; though, properly ſpeaking, a fimple 
equation is that wherein ſome ſimple power of the 

unknown 
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unknown quantity is concerned, all others being ex- 
cluded : as if 31 6; 24+3=4%—5, &c. 

The uſe of theſe equations is for repreſenting more 
conveniently and more diſtinctly the conditions of pro- 
blems, when tranſlated out of common language into 
that of Algebra. As for example; let it be propoſed 
to find a number with the following property, to 
wit, that = of it with 4 over may amount to the 
ſame as A of it with 9 over: here, putting x for 
the unknown quantity, the condition of this problem, 
when tranſlated out of common language into that 
of Algebra, will be repreſented by the following 


equation, to wit, 34 14. for 2 of x, that 


is, 2 of is - therefore ds BR ſigniſies 4 of x 


with 4 over: and ſince this expreſſion, according to 
the problem, amounts to the ſame with the other, to 


Ty 7* ES 
wit, +9 z hence it is that we pronounce them 


equal to one another. 

Now fince, in the foregoing equation, as well as in 
almoſt all others ariſing immediately from the con- 
ditions of problems themſelves, the unknown quan- 
tity is embarraſſed and entangled with ſuch as are 
known, the way to diſengage it from ſuch known 
quantities, ſo that itſelf alone poſſeſſing one ſide of 
the equation may be found equal to ſuch as are en- 
tirely known on the other, that is, in the preſent caſe, 
to determine the value of the unknown quantity x, is 
what is commonly called the reſolution of an equation : 
for the effecting of which, ſeveral axioms and pro- 
ceſſes are required; ſome whereof, namely, ſuch as 
moſt frequently occur, I ſhall here put down ; the 
reſt I ſhall take notice of occaſionally, as they offer 
themſelves. 


of 
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2 


Of the Reſolution of ſimtle Equations, 


——_ = == 


= 


AxX10M 1. 


— 


* 


Whenever a fraction is lo be multiplied by a whole 
number, it will be ſufficient to multiply only the numera- 
tor by that number, retaining the denominator the ſame 
us before. Thus + multiplied into 2, gives +, for 
the ſame reaſon that 4 ſhillings multiplied into 2 gives 
8 ſhillings : thus in the firſt example following, 


„ . 
— MUuUITIDIIEC In tO RES — 
12 P g Ch 8 7 120 


— -= 
— = — 
5 = 
= N 
— 2 — —— — 


— ͤ— 
1 2 


AXx IOM 2. 


But if the whole number, into which the fraction is 
10 be multiplied, be equal to the denominator of the 
fraction, then throw away the denominater, and the 
numerator alone will be the product. Thus the fraction 


if 
" 
U 
| 


- mulciplied into , gives 1 or 4: thus in the firft 


U b 
; 2x 1 : 21x 
example, — multiplied into 3, gives 2x; and — 


12 
multiplied into 12, gives 21x. ‚ 


AX IOM Jo. 


If the two fides of an equation be multiplied or 
divided by the ſame number, the two products, or quo- 
tients, will ſtill be equal to each other, Thus in the 


firſt example, where - +4=E ＋9; if both fides 

of the equation be multiplied into 3, we ſhall have 
n 5 eg , 

2 T2 A 27; and if again this laſt equation 


be multiplied into 12, we ſhall have 24x+144=21x 
+324- 


Axio 
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AX IOM 4. 


If a quantity be taken from either fide of an equation, 
and placed on the other with a contrary ſign, which is 
commonly called tranſpoſition, the two ſides will be equal 
to each other. Thus if 7-3 = 10, tranſpoſe +3, and 
you will have 7 =10—3 thus if 75 - 3 =4, tranſpoſe 
—3, and you will have 7 =4-+3 : thus if (as in the 
firlt example) 24x-144 =21x-324, tranſpoſe 21x, 
and you will have 24K 21144 = 324, that is, 
3x 144 = 324; and if again in this laſt equation you 
tranſpoſe 144, you will have 31g 324 - 1442 180. 
Tranſpoſition, therefore, as it is here delivered, is 
nothing but a general name for adding or ſubtracting 
equal quantities from the two ſides of an equation; 
in which caſe it is no wonder if the ſums or differences 
ſtill continue equal to each other. As for inſtance, in 
this equation a -c, tranſpoling = h we have a=c 
--b: and what is this, after all, but adding 6 to both 
ſides of the equation? for if h be added to a -, the 
ſum will be 4; and if & be added to c, the ſum will 
be co; therefore a : again in the equation 
a ö ec, tranſpoſing T, we have ag =, which 
is nothing elſe but ſubtracting 6 from both ſides of 
the equation. 


The iſt Proceſs. 


If, when an equation is to be reſolved, fraction: be 
found on one or both ſides, it muſt be freed from them 
by multiplying the whole equation into the denominators 


of thoſe fractions ſuceęſſively. 


The 2d Proceſs. 


After the equation is thus reduced to integral terms, 
if the unknown quantity be found on both ſides the equa- 
tion, let it be brought by tranſpoſition to one aud the ſame 
fide, viz. to that fide which after reduction will exhibit 


it affirmative. 


The 
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The 3d Proceſs. 


After this, if any looſe known quantities be found on 
the ſame fide with the unknown, let them alſo be brought 
by tranſpoſition to the other fide of the equation, 


If now the unknown quantity has any coefficient before 
it, divide all by that coefficient, and the equation will 
be reſolved. | 


The 5th Proceſs. 


F the whole vows can be divided by the unknown 
quantity, let fuch a diviſion be made, and the equation 
will be reduced to a more ſimple one. Thus in the 16th 
example you have 61 5x—7xxx= 48x; divide the whole 
equation by x, and you will have 615—7xx=48. 
BD col „ 
In the 13th example you have Ye” ny I, divide 
the whole by x, which is done by dividing only the 
numerators of the two fractions, and you will have 
4235 

K=2" x= 5 


The 6th Proceſs, 
If at laſt the ſquare of the unknown quantity, and not 


the unknown 8 itſelf, appears to be equal to ſome 
known quantity on the other fide of the equation, then 
the unknown quantity muſt be made equal to the ſquare 
root of that which is known. Thus in the 14th ex- 
ample we have xx=36; therefore x =6, and nor 18: 
in the 15th, we have #x=64; therefore #=8, the 
ſquare root of 64, and not 32, its half, 


E xamples of the Reſolut ion of fimple Equations. 
24. This preparation being made, I ſhall now give 


ſome examples of the reſolution of fimple equations - 
Ss an 
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and my firſt example ſhall be the equation given in 
the laſt article, in order to trace out the number there 


deſcribed. 
Example 1. 


In this equation it is plain, that there are two frac- 


2X * 0 
tions, —, and = which muſt be taken off at two 


ſeveral operations, thus: as 3 is the denominator of 
the firſt fraction, multiply the whole equation by 3, 


and you will have 2x +12 =— +27 : again, as the 


denominator of the remaining fraction is 12, multiply 
all by 12, and you will have 24x+ 144 =21x +324; 
which is an equation free from fractions. 
2dly, It mult in the next place be conſidered, that 
in this laſt equation 24x +144 =21x +324, the un- 
known quantity is concerned on both ſides, to wit, 
24x on one fide, and 21x on the other; tranſpoſe 
therefore 21x, and you will have 24x 21K +144 = 
324, that is, 3x+144=324. If it be aſked why I 
choſe to tranſpoſe 21x rather than 24x ; my anſwer 
is, that had 24x been tranſpoſed, the unknown quan- 
tity, or its coefficient at leaſt, after reduction, would 
have been negative, contrary to the rule in the ſecond 
proceſs; for, reſuming the equation 24 +144 =21x 
+324, if 24x de tranſpoſed, we ſhall have 144 =21x 
— 24x + 324, that is, 144 = — 3x +324: but even in 
this caſe, another tranſpoſition will ſet all right; for 
if — zx be tranſpoſed in this laſt equation, we ſhall 
then have 3x+144=324 as before: all that can be 
ſaid then againſt this laſt way is, that it creates unne- 
ceſſary tranſpoſitions, which an artiſt would always 
endeavour to avoid. 
3dly, Having now reduced the equation to a much 
greater degree of ſimplicity than before, to wit, 3x + 
144=324; becauſe the unknown. quantity gx has 
, H | (till 
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ſtill a looſe quantity, vi. 144 joined with it, tranſpoſe 
that quantity 144 to the other fide of the equation, 
and you will have 3x =324= 144, that is, 3x = 180. 

N. B. By a looſe quantity I mean ſuch a one as is 
Joined with the unknown by the ſign + or , and 
not by way of multiplication, as is the coefficient 3 in 
the laſt equation. 

4thiy, By this time the quantity x is very near being 
diſcovered: for if 3zu 180, it is but dividing all 
by 3, and we ſhall have x=60 : 60 therefore is the 
number deſcribed in the laſt article by this property, 
to wit, that 3 of it with 4 over, will amount to the 
ſame as 2 of it with 9 over: and that 60 has this 
property will now be eafily made to appear ſynthe- 
tically ; for 3 of 60 is 40, and this with 4 over is 44; 
moreover 2 of 6o is 35, and this with 9 over is 
allo 44. 

N. B. A demonſtration that proves the connection 
between any number and the property aſcribed to it, 
is either analytical or ſynthetical: if this connection 
is ſhewn by tracing the number from the property, 
the demonſtration of it is called an analytical demon- 
ſtration; but if it is ſhewn by tracing the property 
from the number, the demonſtration. is then ſaid to 
be ſynthetical. 5 


Example 2. 
+12=<=+6. 
Here multiply by 3, and you will have 2x + 36= 
8 18; multiply again by 5, and you will have 


Iox+180=12x+90; tranſpoſe 10x, and you will 
have 180=12x— 10x +90, that is, 180=2x+90o, or 
rather 21 +go= 180, for I generally chooſe to have 
the unknown quantity on the firſt fide of the equa- 
tion: tranſpoſe go, and you will have 2x=180— go, 
that is, 2K 90; divide by 2, and you will have 
* 45. 5 

The 


Art. 24. SIMPLE EQUATIONS. „ 


The Proof. 
The original equation was 75 12 == + 6: now 
if x=45, we have 3 = 30, and + 12 =42: again, 
we have 55 36, and £4 6=42 : therefore = + 


12 5 +6, becauſe the amount of both is 42, 


Example 3. 


3 2 


= 755 6 2: therefore 3x ＋ 20 == 48; 
8 SG. 120=20x+48 ; therefore 5 =20x 
—18x+48, that is, 120=2x+48 ; therefore 120 - 


48=2x, that is, 2x=72; therefore x 36. 


The Proof. 


The original equation was =+ 52 +a: now if 


x=36, we ſhall have —=27, and —+$=32: we 


ſhall alſo have 5 =3o, and = +2 = 32 therefore 


if x=36, we ſhall have ** 5 =E+2, 


Example 4. 


x nx 
3 therefore 7.40 — 64; 
therefore 70x 400 = 72 — 620; therefore = 400 = 
72x or- 640, that is, — 400 = 2x - 640, or rather 
2x — 640= - 400: therefore 2x = 640 — 490, that 1 is, 
2 240; and x r 120. 


H 2 The 


116 RESOLUTION OF Book . 
The Proof. 
The original equation, 15 —5 === —8; but æ& 


120; therefore 27 = 1053 therefore 2 5 = 100: 


8 
moreover 2 108 therefore = 8 100; there- 
10 10 
fore 5 5 == —8, 
Example 5. 
T6 =14-E : therefore 5 528.666; 


therefore 60x — 864 = 7992 63x ; therefore 60x + 
63x — 864 = 7992, that is, 123x = 864= 7992 ; there- 
fore 123x = 7992 +864, that is, 123x=$856; and 

& 72. | 


The Proof. 


The original equation, < 8874 = l 
therefore 5 40; therefore * 9 32: again, = 


=42 ; therefore 74 175 =74—42=32 : therefore 


Example 6. 
* x 6x 
6 4=24=z5 therefore X 24 144 7 5 there- 


fore 8x - 192 2 1152 — 6x; therefore 8x + 6x — 192 
=1152, that is, 14x 192 2 1152; therefore 14x= 
1152 +192, that is, 14x=1344; and æ 6. 
The 
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The Proof. 


"WW; | . * 2 * p * 6 
The original equation, g 4 24 f #=90 3 
if 
=16; > —4=12 : again, -=12; therefore 24 


x * 
224-12 12; therefore 5 48245 


Example 7. 


56 — —=48 — 5 : therefore 224 — 3x 192 


2 x 
— 4 3 therefore 1 792 — 24 1536 — 20K therefore 


8 

1792 1536 ＋ 24 20x, that is, 1792 =1530 +4x; 
therefore 1792 — 1536 =4x, that is, 4x=256; and 
x= 04. 


The Proof. 


The original equation, 56 — a- 2 = 
64 ; therefore 40 : therefore 56—= = 56 — 
4828: again, Linda therefore 48 _ 248-40 
=8; therefore 56 — 2 =48 — =. 
Example 8. 


36 — 5 S8: therefore 324 - 4 g 72; therefore 


324=72+4x; therefore 324 72 =4%, that is, 4x 
2523 and x=62, 
H 3 | The 


_ z — — 
r — —ͤ — 


118 . RESOLUTION OF Book I; 


The Proof. 
| NES 5 "8 | 
The original equation, 36 — * 8; x=63; there- 


fore © =28 ; therefore 36— =36— 28 28. 


Example 9. 


3 8 — | 
r: therefore 2x 2 . there- 


fore 10x=528—12x; therefore 10x +124=528; 
that is, 22K 528; and x 24. 


The Proof. 


"Rs 
The original equation, 5 == 142 13 


3 
therefore 75 =16 : again, 41 96; therefore 176 — 


176—4x 80 


41 2 176 96 80; therefore e 
2K 176 — 4 
ee ; 
the dle 3 - 


Example 10. 


«„ 180 — gr 
3x, 180=5 


8 2293 therefore 8 


G =-. 


116; therefore 18x +720 = 20x=696, that is, 720 


—2x=696; therefore 520=2x+696 ; therefore 
720= 696=2x, that is, 2x=24; and #=12, 


The 
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The Proof. 


zeinal 1 2x 180— 5x _ CY 
The original equation, * 5 2293 x= 


12 ; therefore 7 =9; 5x=60; therefore 180 — 3 
| | 80 — 
=180—60=120; therefore ——====20 ; 


80 — 
therefore — +- _ 2 229. 


Example 11. 


AM. 
2X+3 4%—5 
Multiply by 2x+3, and you will have 45= 
2 =; multiply by 41 5, and you will have 
180x—225=114#+171; therefore 180x = 114x— 
225=171, that is 66x—225=171; therefore 66x 
=171+225, that is, 66x=396; and x=6, 


The Proof. 


The original equation, —= 7 , 7 51 == 6; 
therefore 21 12; therefore 2x+3=15 ; therefore 


a 
2x+3” 15 * again, E 243 therefore 4X — 5 


ES NY We? 9 PX 45 
=19; therefore —— 73819 281 therefore 2 
1 
4* 5 


H 4 Example 


- 
—— 2 . 
N == — __ _ — - - - K — e 
1 —— — o * _ —— 
* — 
_ 5 
* — — - wr 


— — w 
= "I EEZ"2 2 "= 
3 = 1 
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Example 12. 


128 216 648x 864 l 


mpg 1 2 =: therefore 128 = 2 


therefore 640x — 768 =648x— 864; therefore — 768 

=648x — 640x — 864, that is, — 768=8x — 864 z 

therefore + 864 — 768 =8x, that is, 8x 96; and 
& 12. N 


The Proof. 
5 a 128 216 
The original equation, r 2212 


therefore 3a 36; therefore 3x 4 32; therefore 


128 =... : again, 5x=60; therefore 5x — 6 


3474 32 


216 216 128 
=54; therefore 77 — "a "BT =4 3 therefore 3x —4 
wi 216 
— 0 * 6* : 
Example 1 3. 
27 = 232”, divide both numerators by x, and 


„2 X—3 


you will have — — ; therefore 42 2 


= T0. 

* 
therefore 421 126 = =35x—70; therefore Fore 35x 
— 126= — 70, that is, 7 126 o; therefore 
7 = 126 70, that is, 78=56; and x=8, 


The Proof. 
Fr ;- +" 
The original equation, — . x=8; 2 
. . 
fore x—=2=6; 42 336; therefore OO 


—4 3 


Art. 24. S1MPLE EQUATIONS» 121 
56: again 325; and 3 5280; therefore 


3 — 88663 therefore AE: 
93 5 x=2"x= 3 
Example 14. 


*r 12 K* 4 3xx — 12 


: therefore xx—12= 


therefore 4xx — 48 = gax— 12; therefore 4xx — 34 — 
48==—12, that is, xx—48=—12; therefore xx= 
+48 — 12, that is, xx=36; and x=6, 


The Proof. 
XxX—12 #*—4 


- x=6. 


The original equation, ; 


therefore xx 36; therefore ax 12 =24 ; therefore 


12 83 . | 
— — AE again, x- 4 323 therefore 


3 
1 therefore — — . 
4 4 3 4 
Example 15. 
== 282 210 ; therefore S* —128=192 ; there- 


fore 5xx=192 +128, that is, S* = 3203 therefore 
** =64; and x=8. 


The Proof. 


The original equation, = 82132 x=8 ; 
therefore xx=64 ; therefore 5xx=320 ; therefore 
Sr 320 5* 


* 
1 A6 205 therefore 52 220-82 12. 


Example 
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Example 16. 


615x - Y = 48x : divide the whole by x, and 
you will have 615—-7xx=48; therefore 615=7xx 
| +48; therefore, 615 48 = xx, that is, 7xx= 567 ; 
therefore, xx 81: and x=9. 


The Proof. 


The original equation, 615x— 7xxx =48x; x 29g; 
therefore xx=8i ; therefore xxx=729 5; xxx 
5103; again, 615x=5535 ; therefore 615x— 7xxx 
=$5535—$5103=432 : laſtly, 48 432; therefore 
615% — JXXX = 48%, 


THE 


THE 


ELEMENTS or ALGEBRA. 


00 II. 


Preparations for the Solution of Algebraic Problems. 


Art. 25. IN ſolving the following problems, I ſhall 
1 make uſe of a fort of mixt Algebra, uſing 
letters only in repreſenting unknown quantities, and 
numbers for ſuch as are known. This method, as I 
take it, will be the beſt to begin with: but after- 
wards, when my young ſcholar has been ſufficiemly 
excrciſed in this way, I ſhall then introduce him into 
pure Algebra, which he wiil ſind much more exten- 
five than the former, not only as it enables him ana- 
lytically to find out general folutions, taking in all 
the particular caſes that can be propoſed in the pro- 
blem to which the ſolution belongs, but allo as it 
enables him afterwards to demonſtrate the fame ſolu- 
tions or theorems ſynthetically. 
And becauſe I am not yet to ſuppoſe bim {killed in 
any of the mathematical ſciences, I ſhall draw my 
problems, generally ſpeaking, from numbers, either 


conſidered abſtractedly, or elle as they relate to com- 
mon life. 


If 
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If a problem be juſtly propoſed, it ought to have 


as many independent conditions comprehended in it, 
expreſsly or implicitly, as there are unknown quanti- 
ties to be diſcovered by them ; and it muſt be the chief 
buſineſs of an Algebraiſt, to ſearch out, ſift, and diſ- 
tinguiſh theſe conditions one from another, before ever 
he enters upon the ſolution of his problem. 

] ſaid, that ſo many conditions ought to be com- 
prehended in the problem expreſsly or implicitly, 
becauſe it may happen, that a condition may not be 
expreſſed in a problem, and yet be implied in the na- 
ture of the thing : thus in the 44th problem, where 
ſeveral rods are to be ſet upright in a ſtraight line, 
at certain intervals one from another, it is implied, 
though not expreſſed, that the number of intervals 
muſt be leſs than the number of rods by unity. 

Scmetimes a condition may be introduced into a 
problem, that includes two or more conditions : as 
when we ſay, four numbers are in continual propor- 
tion, we mean, not only that the firſt number is to 
the ſecond as the ſecond is to the third, but alſo, 
that the ſecond number 1s to the third as the third is 
to the fourth. | 

Whenever a problem is propoſed to be ſolved alge- 
braically, the Algebraiſt muſt ſubſtitute ſome letier of 
the alphabet for the unknown quantity: and if there 
be more unknown quantities than one, the reſt muſt 
receive their names from ſo many conditions of the 
problem : and if the problem be juſtly ſtated and ex- 
amined, there will ftill remain a condition at laſt, 
which, tranſlated into algebraic language, will afford 
bim an equation, the reſolution whereof will give the 
unknown quantity for which the ſubſtitution. was 
made; and when this unknown quantity is once diſ- 
covered, the reſt will be eaſily diſcovered by their 
names. Suppoſe there are four unknown quantities 
in a problem; then there ought to be four conditions: 
now the firſt unknown quantity receives its name ar- 
bitrarily without any condition; therefore the other 


three 
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three muſt take up three of the conditions of the 
roblem for their names ; and the fourth condition 
will ſtill be left to furniſh out an equation, 

The learner muſt here be very careful to make no 
poſitions but what are ſufficiently juſtifiable, either 
from the expreſs conditions of the problem, or from 
the nature of the thing ; all the liberty he is allowed 
in caſes of this nature is, that he is ,not obliged to 
draw out the conditions in the ſame order as they are 
given him in the problem, but may make uſe of them 
in ſuch an order as he thinks will be moſt convenient 
for his purpoſe ; provided that he does not make uſe 
of the ſame condition twice, except in company with 
others that have not been conſidered. 

My method in the forty-four following problems 
will be, to put down the anſwer immediately after 
the problem, and then the ſolution: for, in my opi- 
nion, this way of putting down the anſwer firſt, will 
not only ſerve to illuſtrate the following ſolution, but 
may alſo ſerve to fix the problem more firmly in the 
minds of young beginners, who are but too apt to 
neglect it, and to ſubſlitute chimerical notions of their 
own, that are not to be juſtified, either from the con- 
ditions of the problem, or common ſenſe. 

After the learner has run over ſome of theſe prob- 
lems, and has got a tolerable inſight into the method 
of their reſolution, it will be very proper for him to 
begin again, and to attempt the ſolution of every 
problem himſelf, and not to have recourſe to the ſolu- 
tions here given, but in caſes of abſolute neceſlity : 
but after the work is over, he may then compare his 
own ſolution with that which is here given, and may 
alter or retorm it as he thinks fit. 


The Solution of ſome Problems producing ſimple Equations, 


PROBLEM 1. 


26, What two numbers are thoſe, whoſe difference is 14, 
and whoſe ſum, when added together, is 48 
44. 
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Auſ. The numbers are 31 and 17: for 31-172 
14; and 31717248. 


SOLUTION, 

In this problem there are two unknown quantities, 
to wit, the two numbers ſought ; and there are two 
conditions; firſt, that the leſs number when-ſubrracted 
from the greater muſt leave 14; and ſecondly, that 
the two numbers when added together muſt make 48: 
therefore I put x for the leſs number; and to find a 
name for the greater, I have recourſe to the firſt con- 
dition of the problem, which informs me, that the 
difference betwixt the two numbers ſought is 14 ; 
therefore, if I call the leſs number x, I ought to call 
the greater x +14 : thus then I have got names for 
both my unknown quantities, and have ſtil] a condi- 
tion in reſerve for an equation, which is the ſecond : 
now according to this ſecond condition, the two num- 
bers ſought, when added together, muſt make 48; 
therefore x and x +14, when added together, inuſt 
make 48; but x and x+ 14, when added together, 
make 2x 14; whence 1 have this equation, 2x+ 14 
=48; therefore 2x =48 - 14 34; therefore x, or 
the leſs number = 17, and x+ 14, or the greater num- 
ber = 31, as above. 

In our ſolution of this problem, the notation was 
drawn from the firſt condition, and the equation from 
the ſecond ; but the notation might have been drawn 
from the ſecond condition, and the equation from the 
firſt, thus : put x for the leis number ſought ; then 
becauſe the ſum of both the numbers is 48, if you 
ſubtract the leſs number x from 48, the remainder 
48 — x will be the greater number, ſo that the two 
numbers ſought will be x, and 48 - *: ſubtract the 
former number from the latter, and the remainder or 


T6 difference will be 48 — 2x ; but, according to the firſt 


condition of the problem, this difference ought to be 
14; therefore 48 — 2x=14 : reſolve this equation, 
and you will have x=17, and 48 - = 31, as above. 

I PROBLEM 
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PROBLEM 2. 


27. Three perſons, A, B, and C, make a joint contri- 
bution, which in the whole amounts to 76 pounds: of 
this A contributes à certain ſum unknown; B con- 
tributes as much as A, and 10 pounds more; and C 
as much as both A and B together : I demand their 
ſeveral contributions. 

Anſ. A contributes 14 pounds, B 24, and C 38: 
for 14710 24, and 144124 38, and 14724 
38 276. 

SOLUTION. 


In this problem there are three unknown quanti- 
ties, and there are three conditions for finding them 
out ; firſt, that the whole contribution amounts to 76 
pounds; ſecondly, that B contributes as much as A, 
and 10 pounds more; and laſtly, that C contributes 
as much as both 4 and B together. 

Theſe things being ſuppoſed, I firſt put x for 478 
contribution; then ſince, according to the ſecond con- 
dition, B conttibutes as much as A, and 10 pounds 
more, I put x+ 1o for B's contribution; laſtly, ſince 
C contributes as much as both 4 and B together, I 
add x and x +10 together, and fo put down the ſum 
2 ＋10 for C's contribution: thus have I got names 
for all my unknown quantities, and there remains ſtill 
one condition unconſidered for my equation, which 
is, that all the contributions added together make 76 
pounds; therefore I add x and x +10, and 2x+10 
together, and ſuppole the ſum 4x ＋ 20 g 76; there- 
fore 4x=76—20=56; therefore x, or A's contri- 
bution, equals 14; x +10, or B's contribution, equals 
24; and 2x+10, or C's contribution, equals 38, as 
above. ; 


PROBLEM 3. 


28. Suppoſe all things as before, except that now the 


whole contribution amounts to 276 pounds ; _ 
| this, 


128 The Solation of Problems B00 l. 


this, A contributes a certain ſum unknown ; that B 

contributes twice as much as A, and 12 pounds more; 

and C three times as much as B, and 12 pounds more: 

I demand their ſeveral contributions. | 

Anſ. A contributes 24 pounds, B 60, and C 192 : 
for 24x 2+12=60; and 60x3+12=192; and 
24 +60+192 =276. 


SOLUTION. 


Put x for A's contribution; then, becauſe B con- 
tributes twice as much as 4, and 12 pounds more, 
B's contribution will be 2x+ 12 ; therefore, if C had 
contributed juſt three times as much as B, his contri- 
bution would have amounted to 6x + 36 z but, accord- 
ing to the problem, C contributes this, and 12 pounds 
more; therefore C contribution is 6x + 48; add theſe 
contributions together, to wit, x, 2x +12, and 6x+ 
48, and you will have gx +60=276: therefore gx = 
276—60=216; and x, or A's contribution, equals 
24; whence 2x+12, or B's contribution, equals 60; 
and 6x +48, or C's contribution, equals 192, as above. 


ADVERTISEMENT. 


I know not whether it may not be thought imper- 
tinent here to put the learner in mind, that after x was 
found equal ro 24, the other two unknown quanti- 
ties, 2x +12, and 6x +48 were found, by ſubſtituting 
24 inſtead of x. 


PROBLEM 4. 


29. One begins the world with a certain ſum of monty, 
which he improved ſo well by way of traffick, that, at 
the year's end, he found he had doubled his firſt lock, 
except an hundred pounds laid out in common expences ; 
and ſo he went on every year doubling the laſt year's 
Hock, except a hundred à year expended as before; 
and at the end of three years, found himſelf juſt three 
times as rich as at firſt : What was his firſt ſtoch? 


* An. 
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Anſ. 140 pounds: for the double of this is 280, 
and 280 - 100=180 pounds at the end of the firſt 
year; the double of this laſt is 360, and 360— 100 
260 pounds at the end of the ſecond year; again, the 
double of this is 520, and 520 — 100=420 pounds at 
the end of the third year; and 420 pounds is juſt 
three times as much as 140 pounds, his firſt ſtock, 


| SOLUTION, 

Put x for his firſt ſtock, that is, let x be the num- 
ber of pounds he began with ; then the double of this 
is 2x, and therefore he will have 2x— 100 at the end 
of the firſt year; the double of this is 4 200 
therefore he will have 4x — 200 — 100, that is, 4x— 
300 at the end of the ſecond year; the double of this 
is 8K — 600; therefore he will have 8x — 600 — 100, 
that is, 8x — 700 at the end of the third year; bur 
according to the problem, he ought to have three 
times his firſt ſtock, that is, 2x, at the end of the 
third year; therefore 8x — 7500 = zx; therefore 8x — 
3x—700=0, that is, 5x—Joc So; therefore 5x= 
700; and x, or his firſt ſtock, equals 149, as above. 

To this problem I ſhall add another of a like kind 
for the learner to ſolve himſelf. | 


One goes with a certain quantity of money about him to 
a tavern, where he borrows as much as he had then 
about him, and out of the whole ſpeuds a ſhilling ; 
with the remainder he goes to a ſecond tavern, where 
he borrows as much as he had then left, and there 
alſo ſpends a ſhilling ; and ſo he goes on to a third, 
and a fourth tavern, borrowing and ſpending as be- 
fore; after which he had nothing left: I demand hiw 
much money he had at fir/t about him ? | 
Anſ. I of one ſhilling, that is, 11 pence farthing. 


PROBLEM 5. 
30. One has fix ſons, each whereof is four years older than 
his next younger brother; and the eldeſt is three times 
as old as the youngeſt : What are their ſeveral ages? 
I Anſ. 
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A. 10, 14, 18, 22, 26, 30: for 30, the age 
of the eldeſt, will then be juſt three times 10, that is, 
three times the age of the youngeſt. | 


SOLUTION, 
For their ſeveral ages put x, x+4, x +8, x+12, 
x +16, x+20; then, according to the problem x + 20, 
the age of the eldeſt, ought to be equal to gx, that is, 
three times the age of the youngeſt z ſince then gx = 
x +20, we ſhall have 9x—x=20, that is, 2x=20, 
and x=10, as above. 5 


| PRE G. 
31. There is a certain fiſh whoſe head is ꝙ inches; the 
| tall is as long as the head and balf the back ; and the 
back is as long as both the head aud the tail together : 
demand the length of the back, and of the tail? 
Anſ. The length of the back is 36 inches, and 
that of the tail 27: for 27 29 ; and 3629427. 


SOLUTION | | 
For the length of the back put x ; then will x be 

equal to the length of both head and tail together, 
by the ſuppoſition ; therefore if from x, the length 
of the head and tail together, you ſubtrat 9, the 
length of the head, there will remain x — 9 for the 
length of the tail; but according to the problem, the 
tail is as long as the head and half the back ; rhere- 


forex—g=—+9; therefore 2x — 18 =x +18; there- 


fore 2x —x — 18=18, that is, x—18=18; and x, the 
length of the back, equals 18+18=36; therefore 
9, the length of the tail, equals 27, as above. 


"PROBLEM 7. 

32. One has a leaſe for 99 years; and being aſked how 
much of it was already expired, anſwered, that two- 
thiras of the time paſt was equal to four-fifths of the 
time to come : I demand the times paſt, and to come j 

Anſ. 
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Anſ. The time paſt was 54 years; and the whole 
term of years was 99; therefore the time to the ex- 
piration of the leaſe was 45 years: now 4 of 54 is 
36; and + of 45 is 36. 


SOLUTION. 


Put for the time paſt; then, ſince the whole term 
of years was 99, if x the time paſt be ſubtracted from 
99 the whole time, there will remain 9g —x for the 


2x 
time to come ; but of the time paſt is I ; and 4 


of WEESWELE 4x 


of the time to come is ? o ; there- 
2x 296 — 4 1188 —12x 
fore — ; therefore 2K = ——— 575 


therefore 10x =1188— 12x; therefore 10x + 12x= 
1188, that is, 22x=1188; and x the time paſt = 54 
years; therefore 99 - the ume to come equals 45 
years. 

To this problem I ſhall add two others of the ſame 
nature without any ſolution. 


Firſt, To divide the number 84 into 1209 ſuch parts, that 
three times one part may be equal to four times the other, 
Anſ. The parts are 48 and 36: for in the firſt place, 

48 +36=84; and in the next place, three times 48 

=144= four times 36. 


Second, To divide the number 60 into two ſuch parts, 
that a ſcventh part of one may be equal to an eighth 
part of the other. 
Anſ. The paris are 28 and 32; for in the firſt place, 
28+32=60; and in the next place, + of 28 equals 


4=x of 32. 


PROBLEM 8. 


33. I ts required to divide the number 50 into two ſuch 

paris, that 3 of one part being added to , of the 
other, may mane 40. 

I 2 Anſ. 
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Anſ. The parts are 20 and 30: for in the firſt place, 
20+30=50; and in the next place, 4 of 20, which 
is 15, added + of 30, which is 25, makes 40. 


| SOLUTION. 
Put x for one part, and conſequently 50 -& for the 


other part; then we ſhall have 4 of * * and & of 


250 — 5x 
6 
theſe two added together ought to make 40; whence 

- * $50=5# i 
we have this equation, . = 40: multiply 


by 4, and you will have zi +—= — 160 ; 


50—x= but, according to the problem, 


multiply again by 6, and you will have 18x +1000 - 
— 20x =960, that is, 1000 - 2K 2 960; therefore 
1000 S 2K ＋ 96; and 1000 - 960= 2x, that is, 2ͤ 
40; and x, which is one of the parts ſought, will be 
20; whe ice 50 -* or the other part will be 30, as 
above. 


Other two problems of the ſame nature. 


Firſt: It is required to divide the number 20 into two 
ſuch parts, that three times one part being added ts 
ve times the other may make 84. | 
Anſ. The parts are 8 and 12: for 8+12=20; 
and 8x 3+12X 3, that is, 24 +60=84. 


Second ; It is required to divide the number 109 into 
two ſuch parts, that if a third part of one be ſub- 
tracted from a fourth part of the other, the remainder 
may be 11. 

Anſ. The parts are 24 and 76 : for firſt, 24 added 
to 76 makes 100; and ſecondly, 3 part of 24, which 

is 8, ſubtracted from 4 of 76, which is 19, leaves 11. 


PROBLEM 
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PROBLEM 9. 

34. Two perſons A and B engage at play; A has 72 
guineas and B 52 before they begin; and after a cer- 
tain number of games won and loſt between them, A 
riſes with three times as many guineas as B: I de- 
mand how many guineas A won of B? 

Anſ. 21: for 72 121293; and 5352-212313 

and 93 231 x 3. 


SOLUTION. 

Put for the number of guineas 4 won of B, and 
conſequently that B loſt ; then will A's laſt ſum be 
72 +x, and B's laſt ſum 52—x: now, according to 
the problem, A's laſt ſum is three times as much as 


B's laſt ſum; that is, three times 52 — K, or 156 — 
3*3z therefore 72 +#=156— 3x ; therefore 72 +x + 
3x=156, that is, 72 +4x=156; therefore 4x=1 56 
—72=84; therefore x, the money A won of B, 
equals 21 guineas, as above. 


PROBLEM 10. 

35. One meeting a company of beggars, gives to each 
four pence, and has fixteen-pence over : but if he 
would have given them ſix-pence apiece, he would 
have wanted twelve pence for that xe reed 1 demand 
” number of perſons * 

14: for 14 x 4+16=72=14x 6—12, 


SOLUTION. 

Put x for the number of perſons ; then if he gives 
them four pence apiece, the number of pence given 
will be four times as many as the number of perſons, 
that is 4x; therefore 4x ＋ 16 will expreſs all the mo- 
ney he had about him; and fo alſo will 6x — 12 by 
a like way of reaſoning ; therefore 4x + 16 = 6x — 
12 ; therefore 16=6x — 4x —12=2x—12; therefore 
 2x+=16+12=28; and x, the number of perſons, 
equal 14, as above. 

I 3 PROBLEM 
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PROBLEM II. 


36. What two numbers are thoſe, whoſe difference is 4, 
and the difference of thoſe ſquares is 112 | 
Anſ. 12 and 16: for 16=12=4, and 16x16—- 


12 x 12, that is, 256 144 2 112. 


SOLUTION, 


The leſs number, x. x +4. 
The greater, «4. x +4. 
xx +4x +16 
+ 4x 
The ſquare of the greater, ax+8. +16 
The ſquare of the lels, xx 


The difference of their ſquares, * 8x+16; 
whence 8x +16=112; therefore 8x =112 — 16 =96; 
therefore * the leſs number equals 12, and x +4. the 
greater equals 16, as above. 


PROBLEM 12. 


37. What two numbers are thoſe, whereof the greater 
is three times the leſs, and the ſum of whoſe ſquares 
is five times the ſum of the numbers? | 
Anſ. The numbers are 6 and 2, whoſe ſum is 8: 

now 6=3 times 2; and 6 x 6+2 x 2=40=5 times 8. 


SOLUTION. 


The leſs number, .. 
The greater, 3x. 
Their ſum, 4. 


The ſquare of the leſs, xx. 
The ſquare of the greater, gx. 
The ſum of their ſquares 10xx.' 

But, according to the problem, the ſum of their 
ſquares 1s 5 times the ſum of their numbers, that is, 
5 times 4x or 20x; therefore 101x=20x; and 10x 

I 203 
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=20; and x the leſs number =2 ; whence 3x the 
greater equals 6, as above. 


PROBLEM 13. 


38. What two numbers are thoſe, whereof the leſs is to 
the greater as 2 to 3, and the product of whoſe mul- © 
tiplication is 6 times the ſum of the numbers ? 

Anſ. The numbers are 10 and 15, whoſe ſum is 
25: for 10 is to 15 as 2 to 3. This will be plain by 
putting the queſtion thus : it 2 gives 3, what will 10 
give ? for the anſwer will be 15 : theſe numbers will 
alſo anſwer the ſecond condition of the problem ; for 
10 * 15 5 25 x 6, 


SOLUTION. 


Pat x for the leſs number; then to find the greater 
number ſay, if 2 gives 3, what will x give? and the 


anſwer is =; therefore, if x ſtands for the leſs num- 


ber, the greater number will be =, their ſum will 


* Zr 21 ＋ 3 
12 9 


; or S ; and the product of 


their multiplication x x , or —.— ; but, according 
to the problem, the product of their multiplication 
ought to be ſix times the ſum of the numbers, 
| xx 20 
that is, ſix times _ or E, therefore if} 
2 2 CI. 


and 3x*=3ox; and 3r=30; and æ, the leſs number, 
_ equals 10; therefore =, the greater number, equals 


15, as above. 


14 PROBLEM 
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PROBLEM 14 


39. Two perſons A and B were talking of their money; 
ſays A to B, Give me five ſhillings of your money, and 

T1 ſhall have juſt as much as you will have left: ſays 

B to A, Rather give me five ſhillings of your money, 

and I ſhall then | toe juſt three times as much as you 

will have left : How much money had each? 

Anſ. A had 15 ſhillings, and B 25: for then, if 
A borrows 5 ſhillings of B, they will have 20 ſhil- 
lings each; on the other hand, if A4 lends B 5 ſhil- 
lings, then will 4 have 10 ſhillings left, and B will 
have 3o, which is three times as much. 


SOLUTI1ON, 


Put x for A's money; then if 4 borrows five ſhil- 
lings of B, A will have x +5, and B by the ſuppo- 
ſition will have the ſame left, to wit, » +5 ; bur if 
B, after having lent A five ſhillings, has « + 5 left, he 
mult have had x + 10 before; therefore if x repreſents 
A's money, x +10 will repreſent B's: let us now ſup- 


Poſe B to borrow 5 ſhillings of 4; then will B have 


x +15, and A will have x— 5 ; but, according to the 
problem, B in this caſe ought to have three rimes as 


much as A has left, that is, three times x— 5, or 
3x—15; therefore gx —=15=x +15; therefore 3x— x 
15 2 15, that is, 2x—15=15; therefore 2x=15+ 
15 30; therefore x, or A's money, equals 15 ſhil- 
lings, and x +10, or B's, =25, as above. 


PROBLEM 135. 


40. What two numbers are thoſe, the product of whoſe 
multiplication is 108, and whoſe ſum is equal to twice 
their difference ? | | 
Anſ. 18 and 6: for the product of their multipli- 

cation is 108; and their ſum 24 is equal to twice their 

difference 12. 

SOLUTION, 
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SOLUTION, 


For the greater number I put x; then, had their 
ſum been 108, I ſhould for the other number have 
put 108 —x; but it is not the ſum of their addition, 
but the product of their multiplication, that is equal 
to 108 ; therefore if one number be called x, the 


other will be = which I thus demonſtrate : let y 


be the other number ; then will x x y or xy= 108 by 
the ſuppoſition ; divide both ſides of the equation by 


8 
x, and you will have y=— ; as was to be demon- 


ſtrated, This being admitted, the difference between 


8 108 
the greater number x, and the leſs —, is & — — ; 


and their ſum is 2 but, by the condition of 


the problem, this ſum ought to be equal to twice the 


: ; ; 108 216 
difference, that is, to twice r 


216 108 
therefore 2x — TUT therefore 2xx— 216 


=xx+108 ; therefore 2xx—xx—216=108, that is, 
xx — 216=108 ; therefore xx=108 +216=324 3 


108 
therefore x the greater number equals 18, and —— 


the leſs equals 6, as above. 


PROBLEM 16. 


41. It is required to divide the number 48 into two ſuch 
parts, that one part may be three times as much above 
20, as the other wants of 20. 

Anſ. The two parts are 32 and 16: for 32+16= 

48 ; moreover 32 is 12 above 20, and 16 wants 4 of 

20, and 12 1s three times 4. 


" BH SOLUTION». 
” of 


138 The Solution of Problems Book II, 


SOLUTION. 


Put x for the leſs number ſought ; then will 48 — x 
be the greater, and the exceſs of this greater above 
20 Will be 28 —x, as is evident by ſubtracting 20 
from 48 —x : again, the exceſs of 20 above the leſs 
number (which is, what the leſs number wants of 20) 
is 20 -; and according to the problem, the former 
exceſs is three times the latter, that is, three times 


— 


20 &; or 60 - gx; whence we have this equation, 
28 - 60 - gx; therefore 28 — x+ g= 60, that is, 
28 T 21 60; therefore 2x =bo - 28 = 32 ; therefore 
* the leſs part =16, and 48 * the greater = 32, as 
above. 


Another Solution of the foregoing Problem. 


Put x for what the leſs number wants of 20 ; then 
will the leſs number be 20—x, the greater 20+ 3x, 
and their ſum 4o0+2r; but, by the problem, their 
ſum is 48; therefore 40 +2x =48 ; therefore 2x = 48 
—40=8; therefore x=4; whence 20—x the leſs 
number = 16, and 20+ 3x the greater = 32. 


PROBLEM 17. 


42. One has three debtors, A, B. and C, whoſe parti- 
cular debts he has forgot ; but thus much he could re- 
member from his account, that A's and B's debts to- 
gether amounted to 60 pounds; A's and C's to 80 
pounds; and B's and C's to 92 pounds: I demand 
the particulars ? 

Anſ. A's debt was 24 pounds, B's 36, and C's 56: 
for 24+ 36=bo, 24+56=80, and 36+56=92, 


SOLUT1ON. 


Put » for 4's debt; then, becauſe A's and B's to- 
gether made 60 pounds, B's debt will be 60—x; 
again, becauſe 4's and C's together made 8o pounds, 


C's debt muſt be 80 —x now ſince, according to the 
| problem, 


Art. 42, 4.3, 44. producing Simple Equations, 139 


problem, 575 and C' debts when added together 
make 92 pounds, I add 60—x, and 80 = x together, 
and ſuppoſe: the ſum 140 — 2x 92; whence 2x +92 
=140; andl 2 140 - 922 48; and x, that is, Fs 
debt, =24 pounds: whence 60 -*, or Bs debt, = 
36 pounds; and 80— x, or C's, is 56 pounds, as above. 


PROBLEM 18, 


43. One being aſked how many teeth he had remaining 
in his head, anſwered, Three times as many as he had 
loft ; and be ing aſked how many he had loft, anſwered, 
As many as, being multiplied into ; part of the number 
left, would ive all be ever had at firſt : I demand 
how many bi: had loſt, and how many he had left? 
Anſ. He hal loit 8, and had 24 left: for then 24, 

the number left, will be equal to 3 times 8, the 

number loſt; a nd moreover 8, the number loſt, mul- 
tiplied into 4, that is, into g; part of 24, the number 
left, will give 32 22478, all he ever had at firſt, 


SOLUTION. 


Teeth loſt, x 
left, 3. 
In all, 41. 


* * 
x part of the number left 5 Or My : this, multi- 


SHLD x xx 
plied into the number loſt, makes 2 *, Or 2: but, 


according to the problem, this product is equal to all 
he ever had at firſt ; whence —= Ar; and a gx; 
and x, the nun iber loſt, 8; whence 3, the number 
left, Z 24, as above. 

PROBLEM 19, 


44. One rents 5 acres of land, at 7 pounds 12 ſhillings 


per annum; which land con/ifts of ttvo ſorts, the bet- 


ter 


> r 2” 


— — * * 2 — 
— ——— ——¼V lt. — r ² .. —P ⁵Z—U—³ꝗꝛ2 ͤ—ç—ͥQß K ĩ˙ ͤ—ͤ— 


140 The Solution of Problems. Book IT. 


ter ſort he rents at 8 ſhillings per acre, and the worſe 
at 5: I demand the number of acres of each ſort ? 

Anſ. He had g acres of. the better ſort, and 16 of 
the worſe: for 9 times 8 ſhillings = 72 ſhillings; and 
16 times 5 ſhillings = 80 ſhillings ; and 72 +80= 152 
ſhillings = 7 pounds 12 ſhillings. 


SOLUTION, 


Put x for the number of acres of the better ſort ; 
then will 25 - be the number of acres of the worſe 
ſort, becauſe both together make 25 acres: moreover, 
fince he paid 8 ſhillings an acre for the better ſort, he 
muſt pay 8 times as many ſhillings as he had acres, 
that is, 8x: and ſince he paid 5 ſhillings an acre for 
the worſe ſort, he muſt pay 5 times as many ſhillings 


as he had acres of this ſort, that is, 25—x * 5, or 
125—5x: put both theſe rents together, and they 
will amount to 8x +125 — 5x, or 3Y-þ 125 ſhillings ; 
but they amount to 152 ſhillings by the ſuppoſition ; 
therefore 2x+125=152; therefore 9x =152—125 
=27; therefore x, the number of acres of the better 
ſort, =9, and 25—x, the number of the worſe ſort, 
=16, as above. 


PROBLEM 20. 


45. One hires a labourer into bis garden for 36 days, apen 
the following conditions: to wit, that for every day he 
laboured, he was to receive two ſbillinms and fix-pence 
and for every day he was abſent, he wnas to forfeit one 
ſhilling and fix-pence : now at the end of 46 days, 
after due deduttions made for his forfeitures, he re- 

zived clear 2 pounds 18 [killings : I demand bow ma- 

ny days be laboured, and bow many be was abſent ? 
Anſ. He laboured 28 days, and loitered 8: for 28 
half-crowns amount to 3 pounds 10 ſhillings due to 

him for wages; and 8 eighteen-pences amount to 12 

ſhillings due from him in forfeitures; and this latter 

ſum, ſubtracted from the former, leaves 2 pounds 18 

ſhillings to be received clear. Wo: 

SOLUTIONs 
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SOLUTION. 


Put x for the number of days he laboured ; then 
will 36 = repreſent the number of days he was ab- 
ſent : again, fince he was to receive 3o pence for 
every day he laboured, the pence due to him in wages 
will be 30x x, or 3ox; and ſince he was to forfeit 
18 pence for every day he was abſent, the pence due 


from him in forfeitures will be 18 x 36—x, or 648 
— 18x : ſubtrat now 648— 18x, the pence due from 
him in forfeitures, from 30œ, the pence due to him 
for wages; or, which is all one, add 18x—648 to 
30x, and there ariſes 48x — 648, the pence to be re- 
ceived clear: but he received clear 2 pounds 18 ſhil- 
lings, or 696 pence, by the ſuppoſition ; therefore 
48x — 648 = 696; therefore 48x = 648 + 696=1344 3; 
therefore x, the number of days he laboured, 28; 
and 36—x, the number of days he loitered, =8, as 
above. 


PROBLEM 22. 


47. One lets out a certain ſum of money at 6 per cent. 
ſumple intereſt ; which intereſt in 10 years time wanted 
but 12 pounds of the principal : What was the prin- 
cipal ? 

Anſ. The principal was $o pounds, and the intereſt 
18 pounds =30—1z: for as 100 pounds principal 
is to its annual intereſt 6 pounds, ſo is 30 pounds 
principal to its annual iorereſt 1*8 pounds; and 
therefore its 10 years intereſt will be 18 pounds. 


SOLUTION. 


Put x for the number of pounds in the principal ; 
then, to find its intereſt for one year, ſay, if 100 
pound principal give 6 pounds intereſt, what will x 

| TY 
principal give? and the anſwer will be 755 ; this will 


be the intereſt of x for one year, and therefore its 
intereſt 
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bax.. > 6x ox 


Intereſt for ten years will be —, or —, or =: - 
intereſt for ten y 1007 Or 76. or F but, ac 


cording to the problem, this intereſt is to be & 12; 
for it is to want juſt 12 pounds of the principal, by 


the ſuppoſition ; therefore » — 1222; therefore 51 


— bo=3x; therefore 5r—zx—bo=0, that is, 22 — 
6or o; therefore 2x==60, and x the principal 30 


and 7 the 10 years intereſt = 18 pounds, as above. 


PROBLEM 23. 


48. One lets out 98 pounds in two different parcels; one 
at 5, the other at 6 per cent. ſimple interefl ; and 
the intereſt of the whole in 15, years amounted to 81 
pounds: What were the two parcels? 

Anſ. The parcel at 5 per cent. was 48 pounds, and 
the other at 6 per cent. was 50 pounds: for in the 
firſt place, 48 + 50=98 ; and moreover, the annual 
intereſt of 48 pounds at 5 fer cent. amounts to 2 pounds 
8 ſhillings; and the annual intereſt of 50 pounds ar 
6 per cent. is 3 pounds; therefore the whole intereſt 
amounts to 5 pounds 8 ſhillings in one year; and 
conſequently to.81 pounds in 15 years. | 


SOLUTION. 

Put for the number of pounds in the parcel at 5 
per cent. and conſequently 98—x for the number 
of pounds in the other parcel at 6 per cent.; then, to 
find the annual intereſt of x, ſay, if 100 pounds 
principal give 5 pounds intereſt, what will x give? 


x f | 
and the anſwer will be a; again, for the other par- 


cel, ſay, if 100 pounds principal give 6 pounds in- 
tereſt, what will 98—x give? and the anſwer will be 
88 —6x b 
—— add theſe two intereſts together, to wit, 
[3 

100 
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588 —6 88 — 6x 
ach 5 2 and the ſum will be 2 — 
100 100 100 


— 
that is, 58 4 this is the intereſt of the two par- 


cels for one year ; and therefore, in 15 years time, 
8820—15x h 
100 

amounts to 81 pounds, by the ſuppoſition ; therefore 
8820 — I5y 

100 
therefore 8820 = 15x +8100; therefore 15x = 8829 — 
8100=720; therefore x, the parcel at 5 per cent. = 
48 pounds; and 98 -, the parcel at 6 per cent, = 
50 pounds, as above. 


the intereſt muſt amount to but it 


2813 therefore 8820 — 15x = 8100 


PROBLEM 24. 


49. 4 gentlemen hires a ſervant for a year, or 12 months, 
and was to all;zzw him for his wages fix pounds in mo- 
ney, together with a livery cloak of à certain value 
agreed upon: but after ſeven months, upon ſome miſ- 
demecnour of the ſervant, he turns him off, with the 
aforeſaid cloak and 50 ſhillings in money; which was 
all that was due to him for that time: I demand the 
value of the cloak ? 

 Anf. The value of the cloak was 48 ſhillings : for 

then his whole wages for 12 months would be 168 

ſhillings; and, by the rule of proportion, his wages 

for 7 months would be 98 ſhillings ; whence ſub- 
tracting 48 ſhillings, the value of the cloak, there 
would remain 50 ſhillings due to him in money. 


SOLUTION. 


Put æ for the value of the cloak in ſhillings ; then 
will his whole wages for 12 months be x +120; and 
his wages for 7 months may be found by the golden 

3 g a 7x +840 
rule, ſaying, as 12 is to 7, ſo is x +120 to ——— ; 
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but, according to the problem, his wages for 5 months 
was the cloak and 5o ſhillings in money, that is, 


8 
— - 2 therefore 12x 4 


x + 50; therefore x + 50 = 


600=7x+840; therefore 12x— 7x +600 = 840, that 
is, 5x+600=840; therefore 5x = 840 - 600 240 
therefore , the value of the cloak in ſhillings, is 48, 
as above. ; 


PROBLEM 25. 


50. One diftributes 20 ſhillings among 20 people, giving 
6 pence apiece to ſome, and 16 pence apiece to the 
reſt : I demand the number of perſons of each deno- 
mination. | 
Anſ. There were 8 perſons who received 6 pence 

apiece ; and 12 who received 16 pence apiece : for 
in the firſt place, 8+12=20 perſons ; and fince 8 
ſixpences are equivalent to 4 ſhillings, and 12 ſixteen- 
pences to 16 ſhillings, we ſhall have, in the next place, 
4+16=20 ſhillings. ol > 


SOLUTION. 


Put x for the number of perſons who received 6 pence 
apiece; then, ſince there were 20 perſons in all, 20—x 
will be the number of thoſe who received ſixteen-pencs 
apiece: the number of pence received by the former 
company will be 6x; and the number of pence re- 


ceived by the latter will be 20—x x 16, that is, 320 
— 16x; and therefore the whole number of pence 
received will be 6x+320— 16x, or 320—1ox; but, 
according to the probiem, there was received in the 
whole, 20 ſhillings, or 240 pence; therefore 320 — 
10 240; therefore 10x + 240 = 320 ; therefore 10x 
=320—240=80; therefore x, the number of per- 
ſons, who received fix-pence apiece, is 8, and conſe- 
quently 20—x, the number of the reft, is 12, as 
above. | 


PROBLEM 
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PROBLEM 26. 


3. I is required to divide 24 ſhillings into 24 pieces, 
conſiſting only of nine: pences and thirteen-pence-half- 
penmes. . A 
Anſ. There muſt be 8 nine-pences, and 16 thirteen- 

pence-halfpennies ; for in the firſt place, 8+16=24 

Pieces ; and fince 8 nine-pences are equivalent to 6 

ſhillings, and 16 thirteen-pence-halfpennies to 18 ſhil- 

lings, we have in the next place 6 + 18 = 24 ſhillings. 


SOLUTION, 


Put x for the number of nine-pences, arid conſe- 
quently 24 — x for the number of thirteen-pence-half- 
pennies: now the number of halfpence equivalent to 
the former is 18x, becauſe there are 18 halfpence in 
every nine-pence z and the number of halfpence equi- 


valent to the latter is 24 & x 27, or 648 — 27x, be- 
cauſe there are 27 halfpence in every thirteen-pence- 
halfpenny piece: therefore the number of halfpence 
equivalent to the whole will be 18x + 648 — 27x, that 
is, 648 —gx; but, according to the problem, the 
whole amounts to 24 ſhillings, or 576 halfpence; 
therefore 648 — 9x = 576; therefore 9x + 576= 648; 
therefore 9x 648 - 576=72; therefore x, the num» 
ber of nine-pences is 8; and 24—x, the number of 
thirteen-pence-haltpennies, is 16, as above. 


PROBLEM 27. 


52. Two perſons, A and B, travelling together, A with 
100, and B with 48 pounds about him, met a com- 
pany of robbers, who took tevice as much from A as 
from B, and left A thrice as much as they left B: 1 
demand how much they took from each? 
Anſ. They took 44 pounds from B, and twice as 
mach, that is, 88 pounds from 4, fo they left B 4 
pounds, and 4 12 pounds, which is 3 times 4. 
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SOLUTION. 
Taken from B, x. 


from A, 2x. 
Left B, 48 — . 


But, according to the problem, they left 4 three 
times as much as they left B, that is, three times 
48 x, or 144-3; therefore 100—2x=144= 3x3 
therefore 100 = 2x + 3x = 144, that is, 100 ＋ 144: 
therefore x, the ſum taken from B, 144 100 44; 
aud 2x, or 88, is the ſum taken from A, as above. 


PROBLEM JO, 


55. There are two places 154 miles diflant from each 
ot ber; from whence two perſons ſet out at the ſame 
time with a deſign to meet, one travelling at the rate 
of 3 miles in two hours, and the other at the rate of 
5 miles in 4 hours: I demand how long and how far 
each travelled before they met ? 

Anſ. As our travellers were ſuppoſed both to ſet 
out at the ſame time, and they muſt both meet at the 
ſame time, it follows, that each muſt perform his 
journey in the ſame time; I ſay then, that each per- 
formed his journey in 56 hours: for if in 2 hours 
the firſt travelled 3 miles, in 56 hours he mult travel 
84 miles, by the rule of proportion : in like manner, 
if in 4 hours the ſecond travels 5 miles, in 56 hours 
he muſt travel 70 miles; and 84+70=154 miles, 
the whole diſtance. 


SOLUTION. 


Put x for the number of hours each travelled ; 
then, to find how many miles the firſt travelled, ſay, 
if in 2 hours he travelled 3 miles, how far did he 


travel in x hours? and the anſwer is — ; then, for 
the 
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the other, ſay, if in 4 hours he travelled 5 miles, how 


far did he travel in x hours ? and the anſwer is = 


therefore both their journies put together make _ 
+ " ; but they both travelled the whole diſtance, 


154 miles: therefore = 154; therefore gx 


4 
zo: therefore 121 ＋ ox, that is, 224 


12323 cherefore x, the number of hours each tra- 


velled, = 56; therefore =, the number of miles the 


firſt travelled, =84; and 25 the number of miles 
the ſecond travelled, = 70, as above. 


PROBLEM 31» 


56. One ſets out from a certain place, and travels at the 
rate of 7 miles in 5 hours; and 8 hours after, ana» 
ther ſets out from the ſame place, and travels the ſame 
road at the rate of 5 miles in 3 hours: I demand how 
long and how far the firſt muſt travel before he is over- 
taken by the ſecond ? 

Anſ. The firſt muſt travel 50 hours, and conſe- 
quently 50 miles} the ſecond muſt travel 50—8, or 
42 hours, and conſequently alſo 70 miles: ſince 
then they both ſet out from the ſame place, and the 
ſecond traveller has now travelled as far as the firſt, 
he muſt have overtaken the firſt, 


SOLUTION», 


Put # for the number of hours the firſt travelled, 
and conſequently x -8 for the number of hours 


wherein the ſecond travelled: then, to find the miles 
XK 2 travelled 


ras The Solution of Problems Boon II. 


travelled by the firſt, ſay, if in 5 hours he travels 
7 miles, how far will he travel in x hours? and the 


anſwer is = ; then, for the other, ſay, if in 3 hours 


he travelled 5 miles, how far will he travel in x — 8 
hours, and the anſwer is n but as theſe two 
travellers both ſet out from the ſame place, and muſt 
come together at the ſame place, it follows, that they 
muſt both travel the ſame length of ſpace; therefore 
2 == therefore 5x— 40 2 therefore 25x 
—200=21x ; therefore 25x 21 200 g, that 
is, 4x—200=0 ; therefore 4x=200; and x, the 
hours travelled by the firſt, = 50; whence #—8, 


the hours travelled by the ſecond, = 423 2 


I 


the miles travelled by the firſt, 70; and — =, 


the miles travelled by the ſecond, = 70, as above. 


PROBLEM 36. 


61. 4 epberd driving a flock of ſheep in time of war, 
meets a company of ſoldiers who plunder him. of half 
his flock, and half a ſheep over ; the ſame treatment 
he meets with from a | Prot, a third, and a fourth 
company, every ſucceeding company plundering him of 
half the flock the laſt had left, and half a ſheep over; 

 inſomuch that at laſt he had but 7 ſheep left: I de- 
mand bow many he had at firſt? 555 
Anſ. His flock at firſt conſiſted of 127 ſheep; and 
if the firſt company had only robbed him of half his 
flock, they would have left him 634 ſheep; but as 

they plundered him of half his flock, and half a 

ſheep over, they left him only 63 ſheep; in like 

manner the ſecond company left him 31, the third 

15, and the fourth 7. 


N. B. 
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N. B. Before I enter upon the ſolution of this 
problem, I muſt put the learner in mind of what he 
has been told before (Introduction, art. 13.), to wit, 
that a fraction may be halved two ways, either by 
halving. the numerator, or doubling the denomi- 
nator. 


SOLUTION. 


Put x for the number of his firſt flock, then, had 
the firſt company only taken half his flock, they 


would have left bim the other half, viz. —; but they 


took half his flock and half a fheep over ; therefore 


they left him juſt ſo much leſs, to wit, = =, 


X—T 


or — : again, had the ſecond company only taken 
half what remained, they would have left him half, 


to wit, . but, by taking half a ſheep more, they 


41 1 2 —2— 2x —6 
left him 6” als, that 18, = or = 7 or 
2 ; in like manner the third company left 
x=3 1 2x-6-8 2 —1 x — 
ob ESD, ES ci, 
the laſt company left him _ — = or _— but 
they left him 7 ſheep by the ſuppoſition; therefore 
xX—1 


16 2=7; and x 15 2 112; and x, his firſt num- 


ber = 127, as above, 


PROBLEM 37. 


62. One buys a certain number of eggs, half whereof 
he buys in at 2 a penny, and the other half at 3 a 


K 3 penny z 
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penny; theſe he afterwards ſold out again at the rate 

of 5 for two pence, and, contrary to his eupectation, 

loſt a penny by the bargain: What was the number 
of his A5. ? 

A4 The number of his eggs was 60; half 
whereof at two a penny coſt him 15 pence; and the 
other half at three a penny, ten pence ; and the 
whole 25 pence: but 60 eggs fold out at 5 for two 
pence, would only bring him in 24 pence, as appears 
by the rule of proportion; therefore he loſt a penny 
by the bargain, 


- 
SOLUTEFON. 


Put * for the number of eggs; then fay, if 2 eggs 
coſt one penny, what will — one half of his eggs 


coſt ? and the anſwer will be = 2 and for the ſame 


reaſon the other half at three a penny will coſt him 
TO | 8 
4 3 ſo that for the whole he muſt pay . 


again ſay, if five eggs were ſold for two pence, what 
were * eggs ſold for? and the anſwer will be T ; 


therefore wg will be the number of pence he received 


5 
for his eggs; ſubtract this from 75 the pence he 
paid for them, and the remainder = or — 
will be his loſs ; but by the ſuppoſition, he loſt one 
* 
penny; therefore 80 1; and x the number of eggs 


will be 60, as above, 


**-& 


PROBLEM 
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PROBLEM 39. 


64. It is required to divide the number go into two ſuch 
parts, that one part may be to the other as 2 to 3. 
Anſ. The numbers are 36 and 54: for in the firſt 

place, 36 +54=90; and in the next place, if both 

36 and 54 be divided by 18, the quotients will be 2 

and 3; whence I infer, that 36 is to 54 as 2 to 33 

for a common diviſion by the ſame number cannot 

alter the proportion of the numbers divided; and 
therefore if, after this common diviſion, the quotients 
be to one another as 2 to 3, the dividends muſt be 


alſo in the ſame proportion. 


SOLUTION. 


Put x for the leſs part, and 90 x for the other; 
then will x be to g0—x as 2 to 3, by the ſuppoſition ; 
but by art. 15, whenever there are four proportionals, 
the product of the extremes will be equal to the 
product of the middle terms; here the extremes are 
x and 3, whoſe product is 3x; and the middle terms 
are 90 - & and 2, whoſe product is 180 - 2K; there- 
fore 3x=180—2x; therefore 5x=180; and x, the 
leſs part, = 36; and 90 x, the greater, 54, as 
above. 


PROBLEM 41. 

66. What number is that, which, being ſeverally added 
to 36 and 52, will make the former ſum to the latter 
as 3 to 4? | 
Anſ. The number is 12: for 36+12 is to 52+ 12, 

as 48 is to 64, as +; is to 74, as 3 to 4. 


SOLUTION. 


Put x for the number ſought, and you wil! have 
this proportion; 36 +x is to 52+x as 3 to 4. Whence 
by multiplying extremes and means you will have 
144 T 4 25 ＋ zx; therefore 144 +x 56] there- 


fore x, the number ſought, S 12, as above. 
. K 4 PROBLEM 
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PROBLEM 42. 


67. A boolbinder ſells me two paper books, one contain» 
ing 48 ſheets for 3 ſhillings and 4 pence, and another 
containing 7 5 ſheets for 4 ſhillings and 10 pence, both 
bound at the ſame price, and both of the ſame ſort of. 
paper: I demand what he allows bimſelf for binding? 
Anſ. He reckoned 8 pence for binding; ſo that the 

price of. the paper of the firſt book was 32 pence, and 

the price of the paper of the latter 5o pence : now 
if this anſwer be juſt, the two prices ought to bes 

the ſame proportion to one another as the two quanti- 
ties of paper; and ſo we ſhall find them: for 32 pence 

are to 50 pence as are to , that is, as 16 to 253 

and 48 ſheets are to 75 ſheets as are to , that is 

alſo, as 16 to 2 5. 


SOLUTION. 


Put v for the number of pence reckoned for bind- 
ing; then we ſhall have 40 -& for the price of the 
paper in the firſt book, and 58 — * for the price of the 
paper in the ſecond book; and 40 -* will be to 58 
—xas 48 to 75; multiply extremes and means, and 
you will have this equation, 2784 — 48x= 3000 — 
75x; therefore 2784 +27x = 30co ; therefore 27 r 
216 and x, the number of pence reckoned for bind- 
ing =8, as above. | 


PROBLEM 43, 


68. What number is that, which, being ſeverally added 
to 15, 27, and 45, will give three numbers in conti- 
nual proportion. 

N. B. Three numbers are ſaid to be in continual 
proportion, when the firſt is to the ſecond as the ſe- 
cond is to the third. esd 

Anſ. The number ſought is 9: for 15 79 =24; and 
27 79 36 and 45 19 = 54; and 24 is to 36 as 36 
is to 54: for 24 is to 36 as 4+ is to 45, that js, as 

2 t0 
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2 to 3; and 36 is to 54 as 44 is to 44, that is allo, as 
2 tO 3» 


SOLUTION. 


Put x for the number ſought: then we ſhall have 
this proportion, + +15 is to x +27, as x+27 is to 
x+45 ; where the two middle terms are x +27 and 
x-+27 : multiply extremes and means, and you will 
have this equation, xx + 60x + 675 =xx-+ 54x +729 ; 
therefore 60x +675 =54x+729; therefore 6x +675 
=729; therefore 6x= 54; and x the number fought 
=9, às above, 


Of the Method of reſolving Problems wherein more un- 
known Quantities than one are concerned, and re- 
preſented by different Letters, 


70. Hitherto we have uſed but one ſingle letter in 
every problem for ſome one unknown quantity in it; 
and if there were more, the reſt received their names 
from the conditions of the problem; but in caſes of 
a more complicated nature, where many unknown 
quantities are linked and entangled in one another, 
this method will be found very difficult ; and there- 
fore, in ſuch caſes, the Algebraiſt is allowed to uſe as 
many different letters as he has unknown quantities, 
provided he finds out as many independent equations 
for diſcovering their values (ſee the 4ro edition, art. 
92.); for though in every equation wherein more un- 
known quantities than one are concerned, they hinder 
one another from being found out, yet if as many 
fundamental equations at firſt be given as there are 
unknown quantities, it will not be difficult, in many 
caſes, from theſe to derive others that are more ſim- 
ple, till at laſt you come to an equation wherein but 
one only unknown quantity is concerned, in which 
caſe all the reſt are ſaid to be exterminated. 

Whenever two or more equations are propoſed, 
inyolving as many unknown quantities, theſe equa- 

"2 tions 
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tions muſt firſt be prepared by freeing them from frac- 
tions where-ever there are any, and by ordering every 


particular equation fo, that all the unknown quanti- 


ties may poſſeſs one fide of the equation, and ſuch as 
are known the other ; or elſe, that all the quantities 
may poſſeſs one (ide of the equation, and a cypher 
the other; it will be alſo convenient, that in every 
particular equation the unknown quantities be placed 
in the ſame order. 

In laying down rules for exterminating unknown 
quantities, I ſhall begin with the ſimpleſt caſe firſt, 
which is that of two equations, and two unknown 
quantities; and when I have given as many examples 
as ſhall be thought proper in this caſe, I ſhall then 
proceed to others where more unknown quantities are 
to be exterminated. 

But here I muft not forget to advertiſe the reader, 
that, as I am now treating of ſimple equations, and 
problems producing ſuch equations, I ſhall not med- 
dle with any caſes of extermination which lead to 
equations of higher forms: when I come to treat of 
quadratic equations, I may then perhaps add ſome- 


thing further upon this ſubject; but to undertake to 


explain all the various methods of exterminating un- 
known quantities would be an endleſs taſk, and a 
moſt intolerably laborious and tedious one both to 
the writer and the reader, whom I cannot yet fuppoſe 
to be fo far gone in Analytics, as to be willing to pur- 
chaſe this ſort of knowledge at any rate. 

Let then-x and y be two unknown quantities to be 
found out by the help of the two following equations, 
4x — 5y=2, and bx—7y=4 : or the queſtion may be 
ſtated thus: if 4x— 5y=2, and 6x — 7y=4, what are 
x and y? Now as theſe equations want no preparation, 
put them down one under another ; then upon a bye 


piece of paper multiply the firſt equation (4x — 5y=2) 


by 6 the coefficient of x in the ſecond equation, and 


the product will give this equation, 24x 30 2; 


again, multiply the ſecond equation (6x — 7y =4) by 
7 4z 
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4, the coefficient of x in the firſt equation; and the 

product gives 24 285 =16; ſub tract now either of 
theſe two laſt equations from the other, and x will be 
exterminated : I chooſe in the preſent caſe to ſubtract 
the former equation from the latter, that the coeſſi- 
cient of y after ſubtraction may be affirmative, thus; 


24x 285 6 
24x 3099 212 
* + 2J= 4. 


From this ſubtraction you have the following equa- 
tion, 2y = 4, which put down under the two firſt equa- 
tions to make a third; then reſolve this third equa- 
tion 2y =4, and yon will have y =2, which put down 
under the reſt for a fourth equation. 

Having thus found the value of y=2, put this 
value inſtead of y in the more ſimple of the two firſt 
equations, ſuppoſe in the equation 4x — 5y=2, and 
you will have 4x — 10=2; whence 4x=12, and x=3, 
which put down for a fifth equation, and the work 
is done; for x is now found equal to 2, and y equal 
to 2, and theſe numbers three and two being ſubſti- 
tuted for x and y reſpectively, will anſwer both the 
conditions of the queſtion, that is, you will have 
4x — 5) =12—10=2, and 6x — Jy S183 — 14 = 4s 


1ſt Equ. 4 - 55 . 
2d, 6* 74A. 


3d, * +2) - 
4th, * V2. 
5th, x z. 


The coefficients of x, the quantity to be extermis 
nated in the two firſt equations, were 4 and 6: now, 
as theſe numbers admit of a common diviſor without 
any remainder, namely 2, divide them both by 2, 
and the quotients will be 2 and 3; uſe now theſe 
numbers 2 and 3 inſtead of 4 and 6, and the opera- 
tion, as well as the equation reſulting trom it, will 

become 


— — 
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become more ſimple : for the firſt equation multiplied 
by 3 inſtead of 6, gives 12x—15y=6; and the ſe- 
cond equation multiplied by 2 inſtead of 4, gives 
12x —14y=8; and the difference of theſe two equa- 
tions is }=2. 

Another way of exterminating the unknown quan- 
tity & is as follows: find out the value of & in reſpect 
of y, in the more ſimple of the two firſt equations; 
then, ſubſtituting this value inſtead of in the other 
equation, you will have an equation, wherein y alone 
is concerned: thus in the foregoing example, the 
firſt equation was 4 5y=2, therefore 4x= 5y+2, 

2 +2 g+2) 
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and x= : ſubſtitute now this value 


inſtead of x in the ſecond equation, 6x— 75 A, by 
305 +12 


making 6x = 2 and you will have this equa- 
305 12 | 


=71=4; therefore 305 12285 


16; therefore 2y+12=16; whence 2 4, and 


25 23, as before. | 


tion, 


ya; and x, or 


N. B. ½, What has here been ſaid concerning the 
extermination of the quantity of x, may as well be 
applied to the other quantity y, except that its coeffi- 
cients 5 and 7 will not admit of a common diviſor, 
as did the numbers 4 and 6, | 

2dly, Of the two different ways of extermination 
here laid down, ſometimes one will be found more 
expeditious, and ſometimes the other, as will appear 
by the following problems. 

3dly, In the caſe of two unknown quantities, if the 
value of either of them can be had in integral terms 
in both equations, equate the two values one to the 


other, and you will have the other unknown quantity, 
by means whereof the firſt will alſo be known; and 
this makes a third way of extermination, whereof 


there 
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there are ſo many examples in the following problems, 
that nothing more needs here to be ſaid of it. 

Whenever two quantities, as x and y, are multi- 
plied rogether to produce a third, xy, the two multi- 
plicants x and y are called factors, or efficients, in 
which caſe, each is ſaid to be the other's coefficient : 
thus, in the quantity xy, x is ſaid to be the coefficient 
of y, and y the coefficient of x ; therefore, if in any 
quantity wherein x is concerned as an efficient, its co- 
efficient be defired ; divide that quantity by x, and 
the quotient will be the coefficient : thus if the quan- 
tity 12x - be divided by x, the quotient is 12 =y; 
therefore in the quantity 12x , the coefficient of 
* 15-12 —Y« 1 


ADVERTISEMENT. 


The reader muſt now no longer expect to have all 
ſimple equations reſolved to his hand, as hitherto has 
been done. If, after ſixteen examples of ſimple equa- 
tions reſolved, and the ſolution of forty-four Alge- 
braic problems, he be ſtill at a loſs how to reduce a 
ſimple equation, it muſt proceed from a weakneſs 
that either admits of no cure, or deſerves none. 


PROBLEM 45. 


71. Mat two numbers are thoſe, the product of whoſe 
multiplication is 144, and the quotient of the greater 
divided by the leſs is 16 ? 


SOLUTION AED 


Put x for the greater number, and y for the leſs; 
and the queſtion when abſtracted from words will 


| ſtand thus: if xy=144, and 7 16, what are x 


and y? | 
The firſt of theſe equations wants no preparation, 
and therefore may be put down thus: 


u. iſt * 2 144. 
Eq * The 
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The ſecond equation, when prepared according to 
the laſt art. will ſtand thus : 

u. 2d, x —16y =O, | | 

Multiply the firſt equation by 1, the ſuppoſed co- 
efficient of x in the ſecond, and the quotient not 
being altered by ſuch a multiplication, will be xy * = 
144; multiply alſo the ſecond equation by y, which 
according to the foregoing art. is the coefficient of x 
in the firſt, and you will have xy - 16500 S; ſub- 
tract this latter product from the former, and you will 
have, Equ. zd, * 16yy=144; whence 
TIES "y  L eg. 

Subſtitute now 3 inſtead of y, or 3x inſtead of xy 
in the firſt equation, and you will have 3x 2 144. 
and conſequently, 

| Equ. gth, x 248. 

So that the numbers at laſt are found to be 48 and 
3; and they will anſwer the conditions of the queſ- 


tion: for 48 x 4=144, and 7 16. 


Equ. iſt, * * 2144 
2d, „ 165 So. 
3d, * 2 100 = I 44- 
ath, *® 523. 
5th, x * 248. 


Anot ber Solution of the foregoing Problem, from thr 
laft Article. 


' Having found from the ſecond equation that r= 
165; put 16y for x, or r6yy for xy in the firſt equa- 

tion, and you will have 160) 144; whence y and - 

may be found as before, | 


PROBLEM 46. 


72. It is required to find two numbers with the follow: 
ing properties, to wit, that the firſt with half the 
ſecond may make 20 ; and moreover, that the ſecond, 


with a third part of the firſt, may make 20. 
. SOLUTION» 
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SOLUTION, 


Put » for the firſt number, and y for the ſecond, 


and the fundamental equations will be x+ L=20, 


and y += =20; which being prepared according to 


art. 70, will ſtand thus: 
Equ. iſt, 2x+ 40. 
u. 2d, x+3y=00. 

Subtract the firſt equation from twice the ſecond, 
and you will have, 

Equ, zd, * y = 80: whence 
Equ. 4th, y=16, 

Put 16 inſtead of y in the firſt equation, and you 

will have 2x +16=40, whence | 
Equ. 5th, x#=12, 

Therefore the numbers ſought are 12 and 16, and 
not 16 and 12, though 16 was found firſt ; becauſe 
x=12 was put for the firſt number. That theſe num- 
bers will anſwer the conditions of the queſtion i is plain: 
for 124 , or 12748 2 20; and 16+ , or 1674 


= 20. 
Another Solution, from Art. 70. 


Having found from the ſecond equation that x= 
60 — 3, put 60 — 3 for x, or 120—6y for 2x in the 
firſt equation, and you will have 120 - +1y=40 ; 
whence y=16, as before. 


PROBLEM 47. 


73. One exchanges 6 French crowns and two French dul 
lars for 4 Tilling; ; and at another time 9 crowns 
and 5 dollars of the ſame coin for 76 ſhillings : I de- 
mand the diſtin values of a crown and of a dollar? 


SOLUTION. 


Put x and y for the number of ſhillings a crown and 
a dollar are reſpectively worth, and the * will 


thus: 
Equ. 
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Egqu. 1ſt, 6 ＋ 25245. | 
Equ. 2d, gx+5y=76. 
Subtract 3 times the firſt equation from twice the 
ſecond, and you will have, 
Equ. 3d, * 1 z whence 
Equ. 4th, * 5 = 41 ſhillings; 
that is, 4 ſhillings and 3 pence put now 44 for , 
or 84 for 2y in the firſt equation, and you will have 
Gr 81 2 45, and 6x= 364, and . 
Equ. th, a > b 
that is 6 2 ſhillings, or 6 ſhillings and A penny ; 
therefore the value of a crown was 6 ſhillings and a 
penny, and that of a dollar 4 ſhillings and 3 pence ; 
and theſe values will anſwer the conditions of the 
ueſtion; for, at this rate, 6 crowns will amount to 
36 ſhillings and 6 pence, 2 dollars to 8 ſhillings and 
6 pence, and the whole to 45 ſhillings; moreover, 9 
crowns will amount to 54 ſhillings and 9 pence, 5 
dollars to 21 ſhillings and 3 pence, and * whole 
ſum to 76 ſhillings. 


PROBLEM 48: 


74. It is required 10 find two ſuch numbers, that half 
the firſt together with a third part of the ſecond may 
make 32; and moreover, that a fourth part of the firſt, 
together with a fifth part of the ſecond, may make 18. 


CoOLUTION. 


Put x and y for the two numbers, and the funda- 


mental equations will be =+== 32, and - 1 


18; which equations, when duly prepared, will ſtand 
thus : . iſt, 3u＋25 == 192. 
2d, 5x+4y 360. 

Subtract 5 * che firſt equation from 3 times the 

ſecond, and you will have, 

Equ. 3d, 25 2 120; whence 

Equ. 4th, * y=60; | 

a whence, 
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whence, and from the firſt equation, you will have 
gx +2y, or 3#+120=192, Which gives, 
Equ. ßgth, 24 

So the numbers are 24 and 60; and they will an- 
ſwer the conditions of the queſtion :, ＋ Y, that 
is, 12+20=32; and moreover, e, that is, 
6+12=18, 


PROBLEM 49. 
75. Tuo perſons A and B ere talking of their ages: 


ſays A to B, 7 years ago I was juſt three times as 


old as you were, and 7 years hence I ſhall be juſt 
twice as old as you will be: I demand their preſent ages. 


SOLUTION. 


Loet a and ò repreſent the preſent ages of A and B 
reſpectively; then their ages 7 years ago were @—7 
and 6—7, and their ages 7 years hence will be a+7 
and 6 +7 ; whence, and from the conditions of the 
problem, may be derived the two following fanda- 
mental equations : h | 

 6+17=b—-7Tx3=36b-21, and 
a+7T=b+7Tx2=2b+14. 
From the former of theſe two equations, to wit, a— 7 
236 — 21, we have 4g 30 - 14; from the ſecond 
equation, to wit, +7 2614, we have ag 2 
therefore 36 142 2677, ſince both are equal to a; 
whence b=21, and 2677, or 4 49. 

A therefore was 49 years old, and B 21 years old; 
which is true: for then, 7 years before, A's age 
would be 42, and B's 14; and 42 is three times 14: 
on the other hand, 7 years after, A*s age would be 
55, and B's 28; and 56 is twice 28. 


PROBLEM 5o. 


76. A jockey has two horſes, A and B, whoſe values are 
ſought : he has alſo two ſaddles, one wal ied at 12 
pounds, the other ai 2: now if he ſets the better 
ſaddle 


5 
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faddle upon A, and the worſe ſaddle upon B, A will 
then be worth twice as much as B; but on the other 
band, if be ſets the better ſaddle upon B, and the 
worſe ſaddle upon A, B will then be worth three 
timer as much as A: I demand the values of the horſes. 


SOLUTION. 


Let a and 6 repreſent the prices of the two horſes 
A and B reſpectively in pounds; then if the better 
ſaddle be ſet upon 4, and the worſe upon B, A will 
be worth a+12, and B will be worth 5 72, and the 


firſt fundamental equation will be a+ 12 =b+2 x 2= 
2b+4.; on the other hand, if the better ſaddle be 
ſet upon B, and the worſe upon A, then B will be 
worth bþ+ 12, and A will be worth @+ 2, and the ſecond 


fundamental equation will be þ+12=a+2 x 3=3a 
+6 : in the firſt fundamental equation, where a+12 
=26 +4, we have a=2b—8; ſubſtitute therefore 26 
— 8 inſtead of a, or rather 65— 24 inſtead of 3a, in 
the ſecond fundamental equation (which is 34+6=6 
+12), and you will have 66 - 24 +6, that is, 66 — 
18=b+12; whence b==6, and 23-8, or a=4: A 
then was valued at 4 pounds, and B at 6, and they 
will anſwer the conditions of the queſtion, as any one 
may eaſily try. | 


PROBLEM 5H. 


77. There is a certain fraction, which if an unit be ad- 
ded to the numerator will be equal to 4; but if on 
the contrary an unit be added to the denominator, the 
fraction will then be equivalent to x: I demand the 
numerator and denominator of the fradtion. 


SOLUTION. 


Call the fraction 5 and you will have theſe two 


| | ; x+1 OY 3 
fundamental equations, . and - =I: the 
former 
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former of theſe equations, when reduced, gives y= gx 
+ 3, and the latter gives y=4x—1; therefore 41 1 
=3x+3, becauſe both are equal to y; whence x, the 
numerator of the fraction, is 4; and 2x +3, or y, the 
denominator, is 15; and the fraction itſelf is, ++ 5 
which if an unit be added to the numerator, will be 
+2, or 4; but if an unit be added to the denomina- 
tor, it will be 74, or $- 


PROBLEM 52. 

78. There is a certain fiſhing rod conſifling of two parts, 
whereof the upper part is to the lower as 5107; an 
moreover 9 times the upper part, together with 13 
times the _ is equal to 11 times the whole rod and 
36 inches over: I demand the length of the two parts. 


\ SOLUTION. 


Put x for the length of the upper part in inches, 
and y for the lower; then will x+y be the length of 
the whole rod, and ſince x is to y as 5 to 7, ex hypo- 
the/i, by multiplying extremes and means according 
to art. 15, you will have 7x=5y for a fundamental 
equation: again, as 9 times the upper part, together 
with 13 times the lower, is equal to 11 times the 
whole rod, and 36 inches over, you have gx +14y= 
I11x+11y+36 for a ſecond fundamental equation: 
the latter of theſe two equations gives x=y— 18, and 
conſequently 7x=7y—126; ſubſtitute this value in- 
ſtead of 7x, in the firſt fundamental equation, where 
x = zy, and you will have 7 126 f; whence 
563; and y- 18, or x=45, 

The upper part therefore was 45 inches, and the 
lower 63, as will appear upon trial. 


PROBLEM 53. 


79. One lays out 2 ſhillings and fixpence in apples and 
Fears, buying bis apples at four, and his pears at five, 
a penny; and afterwards accommodates his neighbour 
with half his apples and one third part of bis pears 

L 2 for 
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1 thirteen pence, which was the price he bought them 
] demand how many he bought of each ſorl ? 


SOLUTION. 


Put x for the number of apples, and y for the number 
C pears ; then if 4 apples coſt one penny, x will coſt 


= pence ; and for the ſame reaſon y will coſt 5 pence, 


and you will have 47 75 30 for a firſt fundamen- 


tal equation: again, the price of 7. half of his ap- 


ples will be 5 and the price of 7 a third part of his 


pears, will be 85 and you will have 5 + 255 13 
for a ſecond fundamental equation. Hence, 
| Equ. 1ſt, 5x+4y S OO. 

Equ. 2d, 15x +8y= 1 560. 
Subtra® the ſecond equation from three times the firſt, 
according to art. 70, and you will have, 

Equ. 3d, * 4 240; whence 

Equ. 4th, 5 =. 
Snbſtitute now 60 for y, that is, 240 for 4y in the 
firſt equation 5x +4y=6o00, and you will have 5x + 
240 = 600 ; whence | 

Equ, 5th, = 72» 

Therefore the number of apples was 72, and the 

number of Pears bo, as will pen upon trial. 


PROBLEM 57. 


83. A certain company at a tavern found, when they 
came Io pay their reckoning, that if they had bien 
three more in company to the fame reckoning, they 
might have paid one Shilling apiece leſs than they did; 
and that, had they been two ferver in company, they 
mu/t have paid one ſhilling apiece more than they did: 
1 * the number of per ſous, and their quota? 

5 S0LUrTION. 


Art. 83, 88. producing Simple Equations. 165 


SOLUTION. 


Put x for the number of perſons, and y for the 
number of ſhillings every one actually paid; now if 
4 perſons are to pay 5 ſhillings apiece, the whole 
reckoning mult be 4 x 5, or 20 ſhilliugs; therefore if 
x perſons are to pay y ſhillings apiece, the whole 
reckoning muſt be y x x or xy ſhillings : this being laid 
down, ſuppoſe them now to be three more in com- 
pany ; then will the number of perſons be ++ 3; and 
to find what every particular perſon ought to pay in 
this caſe, the whole reckoning xy muſt be divided 
by «+2, the number of perſons, and the quotient 


2h will be every one's particular reckoning ; but, 
according to the problem, every one's particular 
reckoning in this caſe would have been one ſhilling 


leſs than it actually was, that is, y—1; therefore—— 
=y—1; in like manner the ſecond condition of the 
problem furniſhes this equation, — =y+1:; the firſt 


4 — 
of theſe equations, to wit, 725 ==, being re- 
duced, gives x 35 - 3; and the ſecond equation, to 
3 ; 6 | 
wit, — =y+1 being reduced gives x = 2y+ 2; there- 


fore 3y—3 = 2y +2, and y 5; whence 2y +2,0rx=12, 

Sa there were 12 perſons in company, their reckon- 
ing 5 ſhillings apiece, and their whole reckoning 3 
pounds, cr 60 ſhillings ; which anſwers the conditions 
of the queſtion : for $2.=4, and 73 . 


PROBLEM 61. 


88. What two numbers are thoſe, whoſe ſum is twice, 
and the product of whoſe multiplication is twelve times 
their difference ? X 

L 3 SOLUTION, 
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SOLUTION. 


Put x for the greater number, and y for the leſs; 
then will their difference be x —y, their ſum x +y, 
and the product of their multiplication xy or yx ; and 
the equations will be x +y=2x - 2y, and y X 
12y ; Whence 

Equ. iſt, x—-gy=0. 

Egqu. 2d, 12x=9x=12y=0 
Multiply the firſt equation by 12 -, which, by art. 
70, is the coefficient of x in the ſecond, and the pro- 
duct will be 12x—yx— 36y+33y=0 ; ſubtract this 
equation from the ſecond, and you will have, 

Equ. zd, 245 3 So; whence 
Equ. 4th, y=8; and 
Equ. gth, x=24. . 
And the numbers 24 and 8 will anſwer the conditions, 

Otherwiſe thus: by the firſt equation x = 3y, and 
4x=12y; ſubſtitute 4x for 12y in the ſecond equa» 
tion, and you will have 12x —yx —4x=0; divide by 
x, and you will have 12 —y—4=0, and y=8, and x 
or 2) 24, as before. 


PROBLEM 62. 


89. What two numbers are thoſe, whoſe difference, ſum 
and product are to each other as are the numbers two, 
three, and five, reſpectively; that is, whoſe difference 
is to their ſum as two to three, and whoſe ſum is to 
their product as three to five ? 


SOLUTION. 


Put x for the greater number, and y for the leſs ; 
then will their difference be x-, their ſum x +, 
and their product yx; and we ſhall have theſe two 
proportions productive of two equations, iſt, x —y is 
to x ＋ as 2 to 3, whence 3x—gy=2x+2y; 2d, x+y 
is to yx as 3 to 5, whence 3yx= 5x-|5y : the refolu- 
tion follows : | 

h Equ. 
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Equ. iſt, - g go. 

Equ. 2d, g3yx= 5 gy go. 
Multiply the firſt equation by 3y— 5, the coefficient 
of x in the ſecond, and the product will be 2yx— 5x 
- 1599-253 o; ſubtract this from the ſecond equa» 
tion, and you will have, 

Equ. zd, 15yy—30y=0; whence 

Equ. 4th, y==2, and 

Equ. th, 'x==10. 

And the numbers 10 and 2 will anſwer the conditions 
of the problem, ; 

Otherwiſe thus: by the firſt equation x=5y ; ſub- 
ſtitute therefore x inſtead of 5y in the ſecond, and 
you will have gyx — 5x o; divide by x, and you 
will have y- 5 = 1=0, and y==2, as before. 


PROBLEM 63. 


go. It is required to find two numbers ſuch, that if 
their difference be multiplied into their ſum, the pro- 
duct Twill be five; but if the difference of their ſquares 
be multiplied into the ſum of their ſquares, the pro- 


duct will be fixty-five. 
SOLUTION. 


Put x for.the greater number, and y for the leſs ; 
then will their difference be x -, the ſum AN, 
and the product of their ſum and difference multiplied 
together will be x* -*, by art. 11; then will £—-® 
=5 by the ſuppoſition, and x*=25-þyy ; ſquare both 
ſides, and you will have K =S FI : again, 
the difference of the ſquares of the two numbers 
ſought is & -*, and the ſum of their ſquares & ＋ *, 
and the product of theſe two x*—y* ; therefore - 
=65 by the ſuppoſition, and x*=65+9* ; but x* was 
before found equal to 25+109*þ* therefore 25+ 
10 +1y*=654+y*; whence y* 224, and y=2 ; ſubſti- 
tute now 4 for y* in the firſt fundamental equation, 
which was x*—y*=5, and you will have x*—4=5, 
and x=3; therefore the numbers ſought are 3 and 2, 
which will anſwer the conditions, 

L 4 PROBLEM 


moudG— en —— — — — 
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PROBLEM 65. 


„. Three perſons, A, B, and C, were talting of their 
money; ſays A to B and C, Give me half of your 
money, and | ſhall have d; ſays Bro A and C, Give 

me a third part of your money, and 1 ſhall have d; 
ſuys C to A and B, Give me à fourth part of your mo- 
ney, and I ſhall have d. How much money had each? 
N. B. The letter d is here ſuppoſed to ſupply the 

lace of ſome known quantity, which 1s left undeter- 
mined till rhe calculation 1s over. 


SOLUTION. 


Let a, B, and c, repreſent the money of A, B, and C, 
reſpectively. ard we ſhall have theſe three fundamen- 
tal equations: 


N and 
＋ 5 
+= 3 
Theſe equations, after due preparations according 
to art. 70, will ſtand thus: 
Eaqu. iſt, 2a Tc d. 
Equ. 2d, a - , c zd. 
Equ. 3d, a TAC Ad. 


Equ. 4th, * gcb+c=4d. 
Suhtract the third equation from the ſecond, and you 
will have, 4 

Equ. th, * 2b—3c=—d, 
Subtract five times the fifth equation from twice the 
fourth, and you will have, 

Equ. 6th, * 17c==134. 


Equ. 7th, * * c —. 


Art. 9 3. Producing Simple Equations: 169 
Put this value for c in the fourth equation, and you 
will have 55-Tc, that is, 7 =4d; therefore 8 55 


| d 11d 
+134=684, therefore 854=554, and 1c N ="; 


therefore $ 
Equ. 8th, „ 3 = 


Put now the two values of þ and e already found, in- 
ſtead of & and c in the firſt equation, and you will 


44134 
have 2a+b+c, that is, 26+ = — „ or 2+ 


=2d4; whence 344+24d4= 34d; and 344=10d, and 


4 
62 —— — therefore 


34 17 
Equ. gth, a * # =, 
So that the numbers are at laſt found to be a= 


4 134 
54 VEE: and ===; whence it follows, that if 


W's ; 

any number be put for d, that will admit of the num- 
ber 17 for a diviſor, the quantities a, &, and c, will 
come out in whole numbers: as it d be made equal to 
17, the quantities a, &, and c, will be, 5, 11, and 13, re- 
ſpectively; and the numbers will anſwer the conditions 


223 or 12217; 11 


2 

+=, or 11+6=17; = or 13 ＋4 217. 
Advertiſement. I hope the readet does not need to 
be told, that the numbers a, b, and c, muſt always be 
underſtood to be of the ſame denomination with the 
number 4; as, if the number d ſignifies ſo many gut- 
neas, the numbers a, b, and c, muſt alſo fignify gui- 

neas ; if ſhillings, ſhillings ; if pence, pence; | 
Equ, iſt, 2a+b+c=24. | 
zd, a-3b+c=3d., 


of the problem : for 2 


wa. 


. . . ˖—Ä—— . K —— > —— — hes 
— — — — 
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Equ. 3 d a- -A. = 4d, . 
ach, * 5 c Ad. 
sth, 26 3c - cd. 
6th, 1 gd. 


5th, 2 * — 
7 

8th, 5 ae 
_— 


eth, a * » —— 


A Schorr u. 


94. Of the foregoing equations, the firſt, ſecond, 
and third, wherein the quantity à is concerned, may 
be called equations of the firſt rank; the fourth and 
fifth, wherein the quantity 6 is concerned, and out 
of which the quantity @ is excluded, may be called 
equations of the ſecond rank; the ſixth, wherein c is 
concerned, and out of which both à and 6b are exclu- 
ded, may be called an equation of the third rank ; and 
ſo on, were there ever ſo many unknown quantities. 

Whenever the equations of any particular rank are 
given or found, in order to derive from thence equa- 
tions of an inferior rank, the Analyſt is at liberty to 
combine theſe firſt equations by pairs, as he pleaſes, 
provided he does but obſerve theſe two things ; firſt, 
that every equation of the given rank be ſome time 
or other coupled with ſome other equation of the ſame 
ſer, ſo as that no equation be left out of the account; 
ſecondly, that in every particular combination, one of 
the equations be ſuch as was never made uſe of in any 
combination before, and the other ſuch as hath been 
concerned in ſome combination before, excepting the 
firlt pair. It is not to be denied but that the artiſt 
may, it he pleales, vary ſometimes from this laſt pre- 
cept ; bur it he always obſerves it, it will be altoge- 


- ther as well, 


THE 


THE 


Of the Compeſition and Reſolution of a Square raiſed 
from a Binomial Root. 


tor. ITHERTO ve have been chiefly con- 

cerned in {imple equations: it is now 
high time to apply ourſelves to the reſolution of qua- 
dratics; in order to which, ſomething muſt. be ſaid 
concerning the nature of a binomial, upon which 
that reſolution entirely depends. 

Now a binomial (at leaſt as it is here uſed) is a 
quantity conſiſting of two parts or members, connected 
together by the ſign + or —, as xa, * 4, & 

b 5 


b = . 
Fen-. and a ſquare raiſed from a binomial root 
is nothing elſe but the ſquare of ſuch a quantity: thus 


bb 
the ſquare of 1 is ar- bx and that of x = 


1 
7 IS Xx — * 


4 ＋ 
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b b 
wr tree 
b b 
2 — 3 
OE ' be bb 
TIES * 
N * 
T2 2 
$ be - bb : 
** — 3 that is, — 2 1 that is, 
bb bb 
ett "W * —bx +—, 


The difference betwixt theſe two ſquares ariſes from 
the different ſign of b; and that only affects the ſe- 


cond member; for the third member = will be the 


- ſame, whether the quantity ô be affirmative or nega- 
tive ; therefore, if thoſe caſes be thrown into one, it 


bb 
will ſtand thus: The ſquare of 15 is ax=bac—3 
to wit, ＋ bx when the root is x = and — bs when 


b. 
the root is 9 Now of the three members that 


compoſe this ſquare, the firſt xx is the ſquare of x, 
the ſecond = bx is the root of that ſquare multiplied 
into the coefficient æ ; for the root of xx is x, and x 


x Kb = hu; the third and laſt member = is the 


ſquare of =, that is, the ſquare of half the coef- 


ficient of the ſecond member; whence may be deduced. 
the two following obſervations. | | 


OBsER- 


Art. 101. raiſed from a Binomial Root. 173 
OBSERVATION 1. 

Whenever we meet with a quantity conſiſting of two 
members, as xx = bx, whereof one, as xx, is a ſquare, 
and the other = bx is the root of that ſquare multiplied 
into ſome given coefficient b; whenever, I ſay, we 


meet with ſuch a quantity, it may be conſidered as an im- 
perfect ſquare raiſed from a binomial root, and may ea- 


fily be compleated by adding =, that is, by adding the 


ſquare of half the coefficient of x in the ſecond term: 
thus xx r when compleated becomes xx GX Y; 
xx — 8x when compleated becomes xx — 8x +16 ; 
ax zx when compleated becomes xx AAA; for 
here the coefficient being 3, its half will be 4, and 


the ſquare of this will be 2 : again, aan when 
compleated becomes nx ＋5 for here the ſe- 


cond term is =, and therefore the coefficient of x is 
2 by art. 70; but the half of 5 is , and the ſquare 


of this is + : again, 4 — when compleated be- 


* 2 2 2h, 
comes ** ; for here the coefficient is — 


5, Whoſe half is — , and the ſquare of this is ＋ 
— laſtly, xx ——= when compleated becomes æ — 
1 7 70 b 
. for here the coefficient is — —, its half — 
a 44 a 


5 
, and the ſquare of this is — 
24 | 478 


OrsER- 


W — — - ———— — — 


— — — — - 
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OBSERVATION 2. 


In the ſecond place it may be obſerved, that the root 
of ſuch a ſquare when compleated, that is, the root of 


b JF 2 
xx =xbx+ ill alꝛuays be X=E>, that is, it will 


always be the ſquare root of the firſt member, together 
with half the coefficient of the ſecond: thus the ſquare 
root of xx -O will be x+3 ; that of *x— 1. 
16 will be & 4; that of xx4-3x+23 will be x 


2, that of * ＋ mob will be a+ > that of xx 


2 
b 
a | zag ” 28 


The common Form to which all Quadratic Equations 
ought to be reduced in order to be reſolved. 


102. Since an affected quadratic equation, as we 
have elſewhere defined it (art. 23), is an equation 
conſiſting of three different ſorts of quantities; one 
ſort wherein the ſquare of the unknown quantity is 
concerned, another fort wherein the unknown quan- 
tity is ſimply concerned, and a third fort wherein it 
is not concerned at all; it follows, that all quadratic 
equations whatever may be reduced to this form, 
Viz. Axx=Bx4-C; wherein 4, B, and C, denote 
known integral quantities whether affirmative or ne- 
gative, and & the quantity unknown, the fign + 
on the latter fide of the equation Bx , ſignifying 
no more than that the two quantities Bæ and C are to 
be added together according to the common rules of 
addition, whether they be both affirmative or both ne- 

ative, or one affirmative and the other negative: this 
will eaſily be allowed, if it be conſidered, that quadra- 
uc 


ſ 


Art. 102, 103. Quadratic Equations. as 
tic equations, like all others, may be freed from frac- 
tions after the ſame manner as ſimple equations; and 
when that is done, there needs no more at moſt, than 
a bare tranſpoſition of the terms to reduce them to 
the form above deſcribed : we ſhall however give ſome 
examples of the reduction of quadratic equations to 
this form, amongſt thoſe that follow. 


A general Theorem for reſolving all Quadratic Equa- 


lions. 


103. This preparation being made, let now ſome 
general quadratic equation be propoſed to be reſolved, 
with which all particular equations may afterwards be 
compared, and by means whereof thoſe equations 
may be more readily reſolved ; as for example, tet 
the general equation in the laſt article be propoſed, 
to wit Axx r Bx C; and let it be propoſed to find 
the value or values of x in this equation; here, tranſ- 
poſing Bx, I have Axx - Bx=C; and then dividing 
by 4 in order to free xx, the higheſt power of x, from 


its coefficient, I have * ——＋ = 73 this done, I con- 


fider the firſt fide xx — 7 as an imperfect ſquare raiſed 


from a binomial root; and accordingly I complear 
that ſquare by art. 101, to wit, by adding FL 
that is, by adding the ſquare of half the coefficient 


of the ſecond term; but if an muſt be added 
444 


to the firſt ſide of the equation to compleat the 
ſquare, it muſt alſo be added to the other ſide to pre- 
ſerve the equality ; otherwiſe, by an unequal addi- 
tion, the equation would be deſtroyed : this equal 
addition then being made, the equation will ſtand 
thus, 


| 
| 
| 


| 
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. Re 
thus, WIT IAA VF | but the two frac- 


; BB C f 24 
tions —77 and IT, when thrown into one, give 


BB A | 
ED, which, dividing by 4, gives 
BB+44 . B x BB 
rr therefore * * — IT FEY = 
zz, therefore the ſquare root of one fide 
will be equal to the ſquare wm of the other ; but the 
ſquare root of the fraction — — „at leaſt as it 


here ſtands in letters, cannot be extracted, becauſe, 
though the denominator 444 be a ſquare, yet there 
is no literal quantity whatever which being multiplied 
into itſelf will produce BB f-4AC; therefore, to put 
this numerator into the form of a ſquare, let us 
ſuppoſe BBTHAAC Is; and then the equation will 


ſtand thus, xx TH H 3 


| BB 2 
ſquare root of xx — — 3 A » by art. 


but the 


101; and the ſquare root tof A is =— _ for a rea- 


35 
444 
ſon formerly given, to wit, becauſe 1 when multi- 


＋· 


plied into itſelf will produce WF ko well as _ ; and 


therefore, by the very definition of the ſquare root, 
the former ny * as good a right to be ſtiled 


the ſquare root of ——; : — Is the latter; therefore this 


equation will now be reduced to a ſimple one, and 
2 will 


Art. 13. Quadratic Equations, 177 
50 
24 


= B s 
will ſtand thus, x ——= =; therefore #= 


; Bs B-s 
that is, = , and a=——>. 2, E. J. 


Thus we ſee that every quadratic equation neceſ- 
farily admits of two numbers or roots (as they are 
called) which will equally anſwer the condition of the 
equation, that is, either of which being put equal to 
x, will make the two ſides of the equation equal one 
to the other; and theſe two roots, in all arts aud ſci- 
ences where quadratic equations are concerned, are of 
equal eſtimation, whether, they be affirmative or nega- 
tive, or one be affirmative and the other negative: as 
for example, in Geometry, it a line drawn trom any 
point towards the right hand be conſidered as affirma- 
tive, a line drawn from the ſame point to the left 
hand ought to be conſidered as negative; for let AB 
be any line drawn from the fixt point A to the point 
B on the right hand, and then imagine the point B to 
move towards 4; here then it is plain that the nearer 
B approaches towards A, the leſs will be the affirma- 
tive line AZ; when. the point B coincides with 4, the 
line AB muſt be looked upon as nothing, and theres 
fore, when the point B by a continuation of its mo- 
tion has paſſed through A, ſo as to lie on the- left 
hand of A, the line 4B ought now to be looked upon 
as negative, having paſſed trom ſomething through 
nothing into negation ; and yet a line of this nega- 
tive kind is as true a Jine as any of the affirmative 
kind; and therefore the negative roots of quadratic 
equations, Which exhibit negative lines, ought to be 
of equal eſtimation with the affirmative roots that ex- 
hibit affirmative lines; and the ſame will be the caſe 
(I ſay) of all other arts and ſciences where quadratic 
equations are concerned : but in common life, where 
negative quantities have no place, the affirmative roots 
of quadratic equations are only allowed of in the reſo- 
lution 
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lution of problems, the negative ones being for the 
moſt part excluded. 75 

N. B. 1½, The root of any quantity whether in 
numbers ar letters, that cannot be expreſſed, is called 


a ſurd: thus 4/3 is a ſurd, and ſo alſo is YBB AAC; 


and it was for this reaſon, that I made /BB4-44C 
4, or, Which is all one, BB+-4A4C= ss. 

2dly, The quantity C, and conſequently 4AC will 
ſometimes be negative; in which caſe the quantity 5s, 
or BB-j-4 AC muſt be looked upon as the ſum of the 
affirmative quantity BB and the negative one 4AC, 
when added together according to the common rules 
of addition. 8 

3aly, In many of the following examples, the 
learner muſt be very careful to form a right eſtima- 
tion of negative quantities: thus for inſtance, if x, 
that is, Tx = —3, he muſt make 4x, or +4 x - 3= 
—12 ; but he muſt make —4x, or —-4 x - 3=-+12 ; 
ſo likewiſe —x, or — Ix, or —1 x z muſt be made 
equal to +3, c. 


A. Hnibetical Demonſiration of the foregoing Theorem. 


104. In the laſt article it was demonſtrated analy- 
tically, that if Axx be equal to Bx, then x muſt 
neceſſarily be equal both to Iz, and to =, ſup- 
poſing 5s to be equal to BB4-44C. Now it may 
not be improbable but that the learner, eſpecially if 
he has any taſte or genius, may have a curioſity to 
ſee the ſame demonſtrated again ſynthetically, that 
is, to ſee it demonſtrated, that if x be made equal to 
Bhs B-s eee 
— ——-, then Axx muſt neceſſarily be equal to 
2A | 
Bx+C: it is therefore to gratify the learner in this 
particular, that I have added the following demon- 
ſtration. 5 | 

| CasE 


Art. 14. Quadratic Equations, 179 


CASE iſt. 


225 


Let » = 


24 
B 
bo ATW, $ multiply" both ſides by A, and you 


will have Axx (or one fide of the general equation) 


equal to TS; for a fraction may be mul- 


; then you will have æ = 


tiplied by dividing the denominator, as well 7 by 
multiplying the numerator : again, ſince x = —, 


9 double both the nu- 
merator and denominator of this laſt fraction, which 
will not affect the value of the fraction, and you will 


BB 2 BB 
have Bx == _ of therefore Br CC = — 


BAT BAHN BB ＋-2 BBL 
— 3 44 | 44 ” 
* becauſe BB-4qA4C= 5s by the ſuppo- 


ſition; therefore Axx= Bx-C, ſince each ſide i is __ 


to the ſame quantity Ca” Zia 


you will have Bx= 


. C A8 E a | 


Let now x = - =, and you will have ** = 


BB- 
— 22 and Axx (or the firſt ide of the general 


444 3 
equation) = — — again, ——— . 
E n 2352. 


| . y 46 , —— 
M 2 189 5 


a4 
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255-235 i 255 2B 440 
Ss therefore Bx C 74 = 


— 2 Bs | 
BB — +55 ; therefore Axx = Bx C, becauſe each 


BB 2 Bi-+-s5 
44 0 


fide is equal to the ſame quantity 


Various Examples of the Reſolution of affefled Quadra- 


tic Equations, both with and without the general 
Theorem. 


Example 1. 


105. Let the equation propoſed to be refolved be 
6xx=5x— 1. This particular equation, as well as 
ail thoſe that follow, may be reſolyed after the ſame 
manner as the general one in art. 103: but as theſe 
reſolutions are very often attended with fractions very 
troubleſome to the young Analyft, and as thefe par- 
ticular equations are nothing elſe but partieular caſes 
of the general one, it follows, that the reſolution of 
theſe equations muſt neeeſſarily be included in the re- 
folution of the general one; and conſequently, that 
theſe equations will be much more eaſily and readily 
refolved by referring them to the general one: how- 
ever, for the ſatisfaGtion of the learner, I ſhall refolve 
ſome of theſe equations both with and without the 
general theorem: and firſt J ſhall reſolve the equa- 
tion propoſed by the help of the general theorem thus; 
in the general equation, art. 103, we have Axz=Bs 

C; in the particular one already propoſed, we have 
rx gr -I; therefore A in the general equation an- 
ſwers to 6 in the particular one, B anſwers to 5, and 
C to —1; therefore, if the particular equation be re- 
ferred to the general one, its reſolution will be as 
follows: 4=6, B;, C=-1, BB=25, AAC =- 24 
therefore 4 or BB-j-44C, will be the ſum of 25 and 


= 24 
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_ 
-24=1 : therefore , Ht = 7 2 


i == therefore the two roots of this equation 


6rx= 5 1 are and 3. The reſolution “ of this equa» 
tion in numbers, without the general theorem, is as 
follows: Equation, 6xx = 5x — 1 ; therefore 6xx = 5x 


t, and w= S 81 where ar — = may be 


confidered as the two firſt members of a ſquare 
raiſed from a binonual root; the coefficient of the ſe- 


- cond term is =2, its half 5 and the ſquare of this 


6, which expreſſion I chooſe to make uſe of ra- 


ther than 5 for a reaſon that will preſently be ſeen; 


add now to both fides, that is, to one 


5 
12 * 12 
ſide to compleat the ſquare, and to the other to 


preſerve the equality, and wu will have xx = — 


25 — OY 25 
12x12” 6 122 12 


the fractions * and . muſt be reduced to the 


12 Xx 12 
ſame denomination in order to be added together into 
one ſum; but if this be done the common way, it 
will be impoſſible to obtain the ſquare root of that 
ſum without a further reduction; therefore, to avoid 
this, I enquire what number the denominator 6 muſt 
be multiplied by to make it 12 x 12 the ſame with the 


» here now it is certain that 


This method, of compleating the ſquare and extracting the 
root ot each particular equat:on as it occurs, 1 doubt not, will 
ſeem eaſier, and prove more ſatisfactory to the learner, than the 
ule of the general theorem. 


M 3 other 
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other denominator, and the anſwer in this caſe, as well 
as in all others of this kind, will be very eaſy ; for 2 x 
6=12, and therefore 12 x 2 * 6, or 24 Xx 6=12 x 12; 
therefore I multiply both the numerator and denomi- 


, f . 9 14 b — 2 
nator on the fraction N iuto 24, and ſo have Nr 
1 * 
and this added to the other fradion . gives 
12 * 12 
T1 N 17 
12 and now the equation will be xx — Jas 


25 
— 2 
119 12 12x12 


; extract the root of both ſides, and 


8 — 5&1 


ou will have x—- S ., whence x = 2-—— : 
you | 12 12? "SR 
+1 1 614 1 1 1 
but 5 and —— therefore x =—, or —. 
1 12 2 


This may alſo be proved ſynthetically thus: let 
* , then you will have xx=4, and 6xx=®, or 1 : 
again, rA = 213 therefore 5x—1=14; therefore 
6xx=5x—1, ſince each equals 11. | 
Let us now ſuppoſe x=+4, and you will have xx 
, and Gxx , or 4: on the other hand you will 
have 5x=+ or 13; therefore 5x—1=2; therefore 
Bxx=5x—1; theſe two fractions therefore will an- 


ſwer the condition of the equation; and there are no 


bother numbers beſide theſe, whether whole numbers 


or fractions, that will do it. 


EXAMPLE 2, 


Let the equation to be reſolved be 245 2xx=xx 

＋ 45. Here tranſpoſing — 2xx we have 'gxx+ 45= 
24x, whence 2xz=24y—45; and thus we have re- 
duced the equation propoſed to the form ot the ge- 
neral one in art. 102; wherefore applying that gene- 
ral equation to this particular one, the refolution, by 
art. 103, will be as tollows: A=3, B=2;, CS 45, 
BB 
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BB= 576, 440 = = 540, g= 576 - 5640 36, 5=6, 
B+s 37 For) 
5, TT =35 therefore x=5, or 3; and this 
will further eaſily appear by ſubſtituting 5 or 3 for x 
in the original equation thus; x =5; therefore 24x= 
120; #X=25 ; therefore 24x — 2xx=120 —50=70, 
which is one fide of the equation: on the other fide 
we have ax +45 =25+45=70; therefore 24x = 2xx 
=xx +45. Again, let x=3, then we ſhall have 24x 
=72, and xx=9, and 24x —2xx=54: on the other 
hand, xx+45=54 therefore 24x —2xx =xx +45. 
N. B. This lait equation when reduced to the form 
of the general one in art. 102, ſtood thus: gux= 
24x—45 : but this equation might have been re- 
duced * to a more ſimple one of the ſame form by di- 
viding the whole by 3, and then the equation would 
have ſtood thus; xx=8x—15: in which caſe we 
ſhould have had A=1, B=8, C= - 15, BB=64, 
3＋ 6527 
440 = — bo, 4, S=2, 5, I 23, 28 
before. The ſolution of the foregoing equation in 
the common way is this, az—8x=—15 ; therefore 
compleating the ſquare, xx - 8&+16=1 ; therefore 
extraCting the ſquare root, x — 4 = =1 ; therefore x = 


+4=1=5, or 3. 
ExAMPLE z. 


Let the equation to be reſol ved be 72x = 2xx +144 
=3xx— 8x+444+ Hence by tranſpoſitions we have 
72x--144 = 5xx - 8x-444, and 80 144 = 5gxx+ 
444, and gx = 80x — zoo, and xx=16x— 60; which 
equation being reſolved like that in the laſt example, 
gives x=1o, or 6; which may alſo be eaſily ſeen 


* This reduction, when it can be made without introdugng 
fractions into the equation, ſhould never be omitted, * _ 
| M 4 by 
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by ſubſtituting 10 or 6 for x in the original equa» 
tion #, 

EXAMPLE "= 


Let the equation to be reſolved be 28x - xx =115, 
Here we have #x-115=28x, and xx=28x—115; 
which equation being reſolved like that in the ſecond 
2 gives x 23, or 5; the proof whereof is 

y. 


EXAMPLE g. 


120 120 

h ion to be reſolved be : = — 

Lett e equation to reſo mY hart 
120 


therefore 120 5x= 5 therefore 100x — 5xx-4+ 


4%0=120x; therefore xx T 120x= 100x ＋ 480 z 
therefore gxx = — 20x-+480; therefore(dividing by 5) ' 
Er = — 4x96 ; therefore in this caſe, A=1, B= = 4, 
C=96, BB 16, 44C= 384, 55 = 16-+384 2400, 5= 


Bhs _ —-4+20_ B-s —4-20_ 
e e i AA, op 


therefore in this equation, x=8, or — 12; the proof 


g 120 
is thus; let x- +8; then 2 15, and — 55 10: 


. 120 120 
again, «4g 12, and 8 * 10; therefore 8 


120 in. 1 120 
2 Again, let x 12, then * 10 3 


„ 
therefore, Ss 10 -= 15: on the other 


120 120 
hand, A4 = 2＋44 8; therefore 53k 


„or in the final equation xx =16x—60. This remark extends 
to quadratic equations in general, and to thoſe of higher powers. 
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120 


K 153 therefore © —— s - The reſolution 


in the common way 5 this: xx —4x4+-96 ; there- 

_ xx--4x= 96; therefore xx+4x4-4 ioo; there» 
fore x-+2==10; therefore #5 = 2+ 195=+8, or 
1 2. ; 


EXAMPLE 6. 


Let the equation to be reſolved be 2xx4+4xz=65 ; 
therefore 2xx = — 3x65 ; therefore in this caſe, 
A=2, B -3) C=65, BB=9, 4AC= 520, $5 = 529, 
- SITY > £2 SIE 
$223, 7D 4 = 53 r 4... 4 | 


675 therefore in this equation, x= +5, or - 6: 


that x= +5 will eaſily be ſeen; and that K 2 - 64: 
or that — 64 being ſubſtituted for x will make 2xx 


+3x==65, I thus demonſtrate : x= —6— =—; 
| 6 
therefore ax =D : therefore 2xx= — ; and + 
3 . _—_— : therefore 2x#x + 3x = 
£2239 22 — 265. The reſolution in numbers ; 
=6; : theref — 

2E ＋ zx 65: therefore wx . FINS == + 
„ therefore x + 42 c 
4X4 4X4 4X4" 4 4 


=23 
therefore 1 5 —— +5, or 622 


EXAMPLE. 7. 


Let the equation to be reſolved be 9xx—x=140; 


therefore gag 1 ＋ 140. Here 48 9, B=1, C= 8 
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B 


BB=1, 4AC= 5040, $5= 5041, $=71, — 


24 
= _ 35 therefore x = +4, or — 355 the lat · 


ter caſe I thus demonſtrate ; x= 3 


9 2 
£255; therefore gx * again, 


3 435 
9 


therefore xx = 


—1x, that is, =1 x —-— therefore ger — x 


6 | 
— . - a6 140. In numbers thus; 
9 9 - 
IX 140 


gxx —1x=140; therefore xx — T I" 3 there- 


3 Ix. 1 2 1 
_— 8 7 104” 


SE = = ; extract the root of both ſides, 


, Ir 1 | 
that is, of 4 5 cad on one ſide, and of 


15875 2 the other, and you will have 1 


18 


= =: whence x = +4, Or 33. 
W 8. 


Let che equation to be reſolved be —— 25 4 


2K ＋3 
116 2 2321 4248 
TM 8 45 + ra = 14x + 


21; therefore 18or +225 +232x og rag = 560xx +154 
+105 ; that is, 412x+573=56xx+154x+105z 
therefore 258x + 573= =56xx +105; therefore 56xx= 
258K ＋ 468 therefore (dividing by 2) you have 28 
= wan 234; which equation, beiag compared 2 
1 the 
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the general one exhibited in art. 103, gives A=28, 
B=129, C=234, BB=16641, 44CU=26208, 5== 


B+s Bs 11 | 
42849, $=207, 2 1 28 3 there» 


fore in this equation #= +6, or — 1280 both which 
I thus demonſtrate : firſt x=6; therefore 22 3=15; 


45 _ * — * 8 
therefore 7 1333 ; moreover, 4x+5=29; there 
an oh. + RE Ne. 
rs therefore . 3 +4 

a3 ox 288 
=7 : ſecondly, x= —1 = 


| - 2, therefore 2 * + 12 
14 


fore 


therefore 2 x 


285 
1 


F 


8 SIP | 377 
therefore 8 is the quotient of i divided * 


A but this quotient, according to the rules of frac- 


6 

tional diviſion, is == = 210; therefore 2 

3 0 2K ＋ 3 
= 210: again, 4* = — . therefore 4x + 5= 
15 1 therefore 3 is the mo of 
—= divided by I but this quotient is —— 

| 1 
or — 203 therefore = N 3 ; therefore 2=+2 
+ = Wie 203 
r BI 


The reſolution of this equation in rhe common 
way is as follows; 56xx—258x=408 ; therefore 


xx — — ; here the coefficient of the ſecond 
56 56 


term 
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term is = its half 0 and the ſquare of 


16641 


56 66 add this ſquare to both ſides, and you 


this 

f 25%x 16641 468 16641 
will have xx — 56 756 * 56-56 56 55 
ü 26208 + 16641 _ 42849 1 


root of both fides, that is, of xx =. og 


$6 | 56x56 
n one fide, and of . on the other, and you 
of : 56 x 56 : ) 


will have x - = . = = whence x = + 6, 


II 


| 3 
3 28˙ 


EXAMPLE 9. 


Let the equation be 15x —xx=56; then this equa» 
tion being reſolved by the general theorem gives 
kg, or 7: and in the common way it is thus re- 
ſolved ; 15x —x#x==56 ; change all the ſigns to make 
xx affirmative, and you will have xx 15x=— 56 ; 


225 .-- =. 
ence xx—15x%þ —== — — = —; therefo 

wh | + yr 7 eretore 
* — — = * 5 and x = 8, or 7; but what 
I chiefly intend by this example is, to ſhew, that in 
reſolving a quadratic equation by the general theorem 
there is no neceſſity of making any tranſpoſition to 
exhibit xx affirmative when it would otherwiſe have 
been negative; as for inſtance, in the equation here 
propoſed we had 15x * 56; tranſpoſe 15x and 
you will have — xx, that is — 1xx = —1 5x56 ; let 
this equation be referred to the general one in art. 102, 
and reſolved by the general theorem in att. 103, and 
| you 
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you will have A= 1, B=—15, C= 56, BB 225, 
B+ 80 IS F | 77 


44C= — 224, 1 21, 11 2 
B-s —15—1 
Mint dar! den 


How the Learner is to proceed when the Roots of a 
Quadratic Equation are inexpreſſible. | 


106. As there are but few ſquare numbers in 
compariſon of the reſt, and as all quadratic equations 
are reſolved by extracting the ſquare root, it follows, 
that there are but few quadratic equations capable of 
an exact numeral ſolution in compariſon of thoſe that 
are not: but as the ſquare root may be extracted to 
any degree of exactneſs we pleaſe, the reſolution of a 
quadratic equation, which depends upon it, may alſo 
be performed to any degree of accuracy whatever ; 

as Will appear by the following example. 


EXAMPLE 10. 


Let the equation be xx — 4x1 õ, or xx=4x— 1, 
Here 4=1, B=4, C=—1, BB=16, 4AC=—4, 


Bs a4+x#i2 3 
rr ES 
122, therefore =, 222 : but 


Jet us enquire in the next place, whether theſe two 
fractions are not capable of being reduced to more 


fimple terms: firſt then, it is plain that 2 = 25 


and I fay further that N; for 1223 * 43 
therefore Y 12 N NAS VZ x 2; therefore 
N whence it follows, that x=2 +4/3, or 


2 — 
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2—a/3; but 4/3 extracted to three decimal places 
gives 1*732: therefore 24+4/3 = 3*732, and 2—4/3 
=*268; therefore x = (nearly) 3'732, or 268, as 
will be further evident from the proof following : 
firſt x= 3*732 ; therefore xx=1 2927824; and 4 
14%y28 ; therefore 4x xx =1*009176 therefore 
xx — 4x = — 1'000176 ; therefore xx 4x ＋ 1 
*D00176=0 very nearly ; ſecondly, ler x =:268 ol 
you will have-xx=1071824 and 4x = 1072, and 4x — 
X#X= 1000176 ; therefore xx —4x= —1*000176 ; 
therefore xx = 4x + 1 = —:000176 o / very nearly; 
therefore, in both caſes, the condition of the equation 
is anſwered to as many figures or cyphers as are equal 
to the number of decimal places to which the — 
root of 3 was extracted. 10 

It may ſeem to ſome perhaps a paradox to aſſert, that 
though the two ſurd values of the unknown quantity 
found in this and the like caſes are not to be expreſſed, 
in numbers, yet they may be demoaſtrated to be 
juſt : Thus I ſhall demonſtrate, that if either of the h 
two values of x found in the laſt caſe, to wit, 
2+4/3, or 2— V3, be ſubſtituted for x, we ſhall 
have this equation æ —4x+1=0, which was the 
equation there propoſed : in order to this, make 
a/3=5; and firſt, let x=24+4/3, or 2+5; and we 
ſhall have w=4+4:+4, and —4'= —8—45;3- and. 
xx —4X=4 +45 +55 —8—45=55—4; but if 5s=4/3, 
$5=3, andss —4= —1; therefore, xx—4x= = 1, and 
* = Ax TTS: ſecondly, let x=2—4/3, or 2=5, 
and we ſhall have 'x=4=— 45 +55, 'and 4x2 - 8＋ 
45, and xx ae EEE — 1, as — whence xx- 


L 
„ 
1 
* 
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Of impoſſible Roots in a Quadratic Equation, and 55 
whence they ariſe &. A |: 


107. The roots of quadratic equations are not 
only very often inexpreffible, but ſometimes even 
impoſſible, as will appear by the following example. 


EXAMPLE 11. 


Let the equation be xx — 41 +6 =0, or xx =4x—6, 
Here A=1, B=4, C= -6, BB=16, 44C= = 24, 


e- d ee T5; 0 


me (FHV an e 
8 eb 415 ec 
—— but s, and -=8= —2 x +4; there- 
fore /—8 = 2 x Fa =4N<2x2; therefore 
V—8 1 3 


— Vz; therefore in this equation, x=2+ 
Gn 1 


— — 9 


V2, or 22912. but as no quantity whatever, 
either affirmative or negative, being multiplied into 
itſelf, will produce a negative, it follows that 2 
is not only an inexpreſſible quantity, but alſo an im- 
poſſible one; and conſequently, that the two values 


of x in this equation 27 - 2 and 2 -=- 2 will 
both be impoſſible. | 8 
N. B. Though the roots of this laſt equation be 
impoſſible in their own natures, yet they may be ab- 
ſtractedly demonſtrated to be juſt, as in the laſt ar- 
ticle, by making V- 2, and conſequently s = = 2, 
From what has been ſaid concerning impoſſible 
roots, it appears that one root of a quadratic equation 


* At his firſt going over theſe inſtitutes, the learner may omit 
the four following articles, and go on to art. 111, in which he 
is alſo to paſs over obſervation 2d and zd. When he arrives at 
the end of Book III. he will be better prepared to underſtand 
what Dr. Saunderſon hath here delivered about impoſſible roots. 

| can 
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can never be impoſſible alone, but that they muſt 

either be both poſſible or both impoſſible : for it ap- 
pears from the reſolution of the laſt equation, that 
the impoſſibility of the roots flows from the impoſſi- 
bility of the quantity s, or of the ſquare root of 5s 
when it is negative; now when ; is poſſible, both the 
roots of the equation 2 and = will be poſſible; 
on the other hand, when 5 is impoſſible, both the 
roots muſt neceſſarily be impoſſible. 

Since the poſſibility or impoſſibility of the two roots 
of a quadratic equation depends upon the quantity 5s 
being affirmative or negative, it follows, that when 
4, and conſequently s, equals nothing, the roots will 
be in the limit _—_— poſſible and impoſſible : now 
0 | +s B B-s B 
if o, we ſhall have — == and 2 

therefore the two unequal roots of a quadratic equa - 
| tion grow nearer and nearer to a ſtate of equality as 
they grow nearer and nearer to a ſtate of impoſſibility, 
but do not come to be equal till they come to the li- 
mit between poſſibility and impoſſibility, 


# How to find the Sum and Produ of two Roots of a 
Quadratic Equation without reſolving it: alſo how 
= t generate a Quadratic Equation that ſhall have any 
two given Numbers whatever for its Roots. 


108. In a quadratic equation of this general form, 
to wit, Axx=Bx+C, the ſum of the roots will always 


be 4 and the product of their multiplication = for 


. 8 B+s B-sy 
the roots of ſuch an equation were „ 


the ſum whereof is 27. or 7 z and if theſe two roots 


be multiplied together, their product will amount to 
7 B31 


4.44 
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-- but 55=BB +4 AC as was formerly ſup- 
poſed, art. 103 ; therefore ss — BB = 44C, and 


| BB — f 
BB —-5s:= - 44; therefore _ or the product 


ans. 

Therefore if A=1, that is, if the equation be 
xx= Bx+C, the ſum of the roots will be B, and their 
product C; that is, as the equation now ſtands, 
the ſum of the roots will be the coefficient of the 
unknown quantity on the ſecond fide of the equation, 
and their product what we call the abſolute term, 
with its ſign changed. 

Hence we have an eaſy way to form a quadratic equa» 
tion whoſe roots ſhall be any two given numbers what- 
ever: as for inſtance, ſuppoſe I would have a quadratic 
equation, whoſe roots ſhall be two, the numbers 3 and 
4; here it is plain that the ſum of the two numbers 
3 and 4 is 7, and that the product of their multipli- 
cation is 12; therefore I form an equation whereof 
one fide is xx, and the other fide is 7x = 12, to wit, xx 
=7x—12; and the roots of this equation will be the 
given numbers 3 and 4, as will appear from the re- 
ſolution : if I intend the two roots to be 3 and — 4, 
their ſum will be — 1, and the produ@ of their mul- 
tiplication — 12, and the equation xx=—x+12: 
if the roots are to be — 3 and +4, their ſum will be 
+1, the product of their multiplication — 12, and 
the equation xx =x+12 : laſtly, if the roots are to 
be —3 and —4, their ſum will be - 7, the product 
of their multiplication + 12, and the equation xx = 
-7x—12, I ſhall demonſtrate one general caſe ac- 
cording to the reſolution given in art. 103, which will 
be ſufficient to ſhew the way to all the reſt : let then 
the roots propoſed be p and g, whoſe ſum is p+94, 
and the product of whoſe multiplication is 2; and 


the equation will be * x x pr; now if this 
| equa- 


of the two roots, equals 


7 — — 
. 


— —— — — 
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equation be referred to the general one, we ſhall have 


=1, B=p+4q,C=-7q, oder, a th Hp 
2 — 
451, $S=PP = 2p, K ff, P-, — == 7 — 
2 P, = g; therefore the 
two roots of this equation are ↄ and g. &. E. D. 

I think I ought not to omit here, that if any one 
has a mind to form a quadratic equation with any 
two given impoſſible roots whatever (if I may be al. 
lowed the expreſſion), it may be done by the forego- 
ing rule, provided that theſe impoſſible roots be in 
ſuch a form as is proper for a quadratic equation : 
as for example, ſuppoſe I would form a quadratic 
equation with theſe two impoſhble roots, to wit, 
2+4/—3and2—+/— 3, I putss for - 3; for though 
no poſſible quantity multiplied into itſelf can produce 
a negative, yct an impoſſible one may, that being the 
very thing wherein the impoſhbility conſiſts ; making 


then 55=— 3, I have s=+/— 3, and fo the two roots 


of the equation will now be 2+s, and 2—s; the 
ſum of theſe two roots is 4, and the product of their 
multiplication 4 -; but if := — 3, -= +23, and 
4—$5=4+3=7; therefore the equation with theſe 
roots will be xx=4x—7: and this will be further 
evident by the reſolution ; for if xx =4x— 7, that is, 
if xx —4x= — 7, we ſhall have xr —4r+4= - 3, and 


xX—2= 23, and v2 423, or 2-3. 


How to determine the Signs of the poſſible Roots of a 


Duadratic Equation without reſolving it. 


109. If all the terms of a quadratic equation be 
thrown on one ſide of the equation, ſo as to be made 
equal to nothing; and if the term wherein x, the 
ſquare of the unknown quantity is concerned, be 


made the firſt, that wherein x, the ſimple power is 
con- 
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concerned, be made the ſecond, and the abſolute 
term, as it is called, be made the third; the number 
of affirmative and negative roots in ſuch an equation 
may be found by the following rule, to wit, As often 
as the ſigns are changed in paſſing through all the terms 
from the firſt to the laſt, of ſo many affirmative roots 
will the equation conſiſt ; but as often as the ſigns are 
the' ſame, ſo many negative roots will be found in the 
equation. This is true in. all equations whatever, 
though at preſent we ſhall only demonſtrate it in the 
caſe of a quadratic equation : but firſt we ſhall give 
the following explication of the rule. 


Gen 


Let the equation be axr—bx+c=0. Here there 
are two changes in paſſing through the terms from 
the firſt to the laſt, to wit, from +axx to — bx, and 
from - & to e; therefore the roots of this equa- 
tion are both affirmative. 


CAS 2, 


Let the equation be axx —bx—c=0, Here from 
+axx to — bx is one change, and from — bx to - 
is none ; therefore this equation conſiſts of an affir- 
mative and a negative root. 


CASE 3. 


Let the equation be axx+bx—c=0, Here in paſ- 
ſing from +axx to +bx, there is no change of ſign, 
but in paſſing from +bx to —c there is a change; 
therefore this equation alſo conſiſts of an affirmative 
and a negative root. | | 


CASE 4. 


Laſtly, let the equation be axx Y O. Here 
there are no changes, and conſequently the roots of 
this equation are both negative. All theſe caſes I 


ſhall demonſtrate in the following manner, | 
| | N 2 CASE 
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CASE 1. 
Let the equation be axx - bx o, oraxx =bx = 
Here the product of the two roots is - by the laſt 


article, that is, the product of the two roots is an 
affirmative quantity, and therefore thoſe roots muſt 
either be both affirmative, or both negative; but they 


b 
cannot be both negative, becauſe their ſum is — by 


the ſame article; therefore they muſt both be affir- 
mative. 


CASE 2. 
Let the equation be axx — bx co, or axx =bx c. 
Here the product of the two roots is — =, and con- 


ſequently thoſe roots muſt be of different kinds, one 
affirmative, and the other negative; and becauſe their 


3 f SRL 
fum, +—, is an affirmative quantity, it is an argu- 
ment that the greater root is affirmative. 


ASP EN 


Let the equation be axx+ bx -c g, or axx= = bx 
+c. Here again the product of the two roots is 


=, which argues one root to be affirmative and the 


other negative : and becauſe their ſum = is a nega- 


tive quantity, it is an indication that of theſe two 
roots, the greater is the negative one. 


| CASE 4 
Laſtly, let the equation be axx+br+c =o, or ax 


Sc. Here the product of the two roots is 
| + 


7 
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+ _ an affirmative quantity ; therefore the roots are 
either both affirmative, or both negative; but they 


cannot be both affirmative, becauſe their ſum * 
is negative; therefore they muſt both be negative. 


Impoſſible Roots excluded out of the foregoing Rule. 


The rule here given for determining the number 
of affirmative and negative roots relates only to poſ- 
ſible roots; for impoſſible ones cannot be ſaid to be- 
long to any claſs, either of affirmatives or negatives; 
nay, ſo capricious are they in this reſpect, that, in one 
and the ſame equation, the very ſame impoſſible roots 
ſnall ſometimes appear under one form, and ſome- 
times under the other: as for example, this equation 
xx-|-3=0 may be filled up two ways without affect- 
ing eicher the equation or its roots; to wit, either 
thus, xx — ox-3 go, the roots of which equation 
according to the foregoing rule are both affirmative; 
or thus, xx-ox--3 =o, the roots of which equation, 
though it be the ſame with the other, and differs only 
in form, are both negative: the reaſon of this abſur- 
dity is, that the two roots of the equation æx , =0 
are impoſſible, and occaſion this confuſion by put- 
ting on one ſhape in one equation, and another ſhape 
in the other: this will further appear from the reſo- 
lution ; for if +x+ 3 =0, we have xx = z, and x = + 
4 —3, or -V —3, which are both impoſſible quanti- 
ties. Again, the equation & - 3 S may be filled up 
various ways; as thus, & O + ox— 3 =o, in which 
equation, according to the foregoing rule, there are 
three affirmative roots; or thus, x* = or* = 07 — 3=0, 
in which equation, there is but one affirmative root 
and rwo negative ones: hence an experienced analyſt 
would immediately conclude (as is really the caſe) 
that two of the roots of the equation x* 3 g were 
impoſſible, and that they ſtood for affirmative quan · 

Ng - tities 


A... 
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tities in the former way of putting the equation, and 
for negative ones in the latter. This will further ap- 
pear, when we come to treat of cubic equations. 


Of Biquadratics, and other Equations, in the Form of 
Duadratics. 


110. Thus much for the reſolution, nature, and 
properties of a quadratic equation : I ſhall only add 
an example or two more of other equations that ſome- 
times put on the form of quadratics, and have done, 


FLALWNPLY . 


1600 
＋ xx= 


Let the equation to be reſolved be, 


116 ; therefore 16004-x*=116x ; therefore & 
I16xx 1600. This equation is, properly ſpeaking, 
a biquadratic, that is, an equation wherein the fourth 
power of the unknown quantity is concerned: now 
as every poſſible quadratic equation has two roots, 
which will equally anſwer the condition thereof, ſo 
a cubic equation, that is, an equation that riſes to the 
third power of the unknown quantity, may have three 
ſuch roots, a biquadratic four, &c.: but the equa» 
tion n= 116 1600, though it be a biquadratic, 
and admits of four roots, yet it is in the form of a 
quadratic, if we conſider xx as the unknown quan- 
tity ; in which caſe & muſt be looked upon as the 
ſquare of the unknown quantity, and the equation 
muſt be referred to the general one in art. 103, thus; 
A=1, B=116, C= = 1600, BB=13456, 440 — 
1 Bs Bs 
6400, $5=7056, $=84, © =100, — = 16; 


therefore in this equation, xx =100, or 16: now if 
xx = 100, we ſhall have x= + or - 10; if x*=16, 
we ſhall have x= + or — 4 ; therefore the four roots 


of this biquadratic equation are, +10, — 10, +4, 
and 
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and —4 : but though in this equation & has four 
ſignifications, xx has but two, viz. 100 and 16, 
either of which being ſubſtituted inſtead of xx in the 
original equation, will anſwer that equality, as may 
eaſily be tried. O | 

N. B. Whenever of the four roots of a biquadratic 
equation any two are equal and contrary to the other 
two, the equation will be in form of a quadratic, and 


may be reſolved accordingly. 


EXAMPLE 13. 


Let the equation be — Xx 255: here we have 
576 -* = 55xx, and x* + 55xx = 576, and & = - 5587 
+576 ; therefore, according to the general equation 
in art. 103, A=1, B=— 55, C= 576, BB=3o02g, 

5 TY 5 347 'B=s 
440 2304, 16 5329, 873, 1 ED TT E = 
64; therefore in this equation, xx=+9, or - 64: if 
xx=+9,x=+ or —3; if xx= — 64, x will be equal 
to +x/—64, or- V- 64, both which values are im- 
poſſible : ſo that in this equation x has but two values, 
+ or — 3, the other two being impoſſible ; and xx 
has two values, to wit, +9 and — 64, which are 
both poſſible, and which, being ſubſtituted inſtead of 
xx into the original equation, will anſwer that equa- 
lity. From this example it is eaſy to ſee, that a bi- 
quadratic equation may have four roots, and never 
can have more; yet it may ſometimes have fewer, 
upon the account of ſome of its roots becoming im- 
poſlible ; nay, inſtances might eaſily be given wherein 
all the roots of a biquadratic equation are impoſſible. 

If any one diſapproves of the reſolutions here given, 
he may perhaps reliſh the following better: let the 
equation be Ax*=Bx*+C; here putting z for xx, 
and conſequently zz for x*, the equation will be 
changed into this common quadratic, Aa = Bz+C; 
which being reſolved, z or xx, and conſequently x it- 

N 4 ſelf, 
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ſelf, will be known: ſuppoſe the equation to be Ax* = 
Bx*+C; here putting x for *, the equation will be 
changed into a quadratic, as before, to wit, Azz= 
Bz+C, the reſolution whereof will give z for x3, and 
conſequently x by an extraction of the cube root: 
laitly, let the equation be Ax =B x /x +C; here put- 
ting 22 for x, and 2 for 4/x, the equation will be 
Azz BZ C, as before; whence z, and conſequently 
zz Or x, will be known, 


The Solution of ſome Problems producing Quadratic 


Equations, 


PROBLEM 69. 


111. It is required to divide the number 60 into two 


ſuch parts, that the product of their multiplication may 
amount 10 864. 


SOLUTION, 


Put x for one of the parts; then will the other 
part be 60— x, and the product of their multiplica- 
tion will be Go - *; whence the equation will be 
60x — xx = 864 : therefore xx 864 = 60x, and xx= 
6ox - 864: this equation, compared with the general 
one in art. 103, gives A=1, B=60, C= —864, 

| "Ws 

BB = 3600, 44C= — 3456, 144, 12, — 
B — | 

2 36, — =24; therefore the parts ſought are 


24 and 36; which, upon trial, will anſwer the condi 
tions of the problem, 
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Obſervations upon the foregoing Problem. 


OBSERVATION iſt 


In this problem we may clearly ſee the neceſſity of 
the unknown quantity's having ſometimes two diſtinct 
values in one and the ſame equation: for here, if I 
put x for the greater part of 60, the leſs will be 60 
-x, and the equation will be 60x— xx=864 : ſup- 

ſe now I put x for the leſs part; then the greater 
will be 60—x, and the equation will {till be 60x — xx 
=864 ; therefore, whether x be put for the greater 
or the leſs part, we ſtill fall into the ſame equation 
60x = xx= 864 ; whence I infer, that this equation 
muſt either give us both the parts ſought, or neither; 
ſince no reaſon can be ſhewn why it ſhould give us 
one part rather than the other, 


OBSERVATION 2d. 


Hence alſo we ſee the neceſſity ſometimes of im- 
poſſible roots, to wit, when the caſes of problems to 
be ſolved by them become impoſſible: as for inſtance, 
if any number, as 60, be divided into two parts, the 
nearer the two parts approach towards an equality, 
the greater will be the product of their multiplica- 
tion; and therefore, if the parts be equal, the product 
will be the greateſt poſſible: thus if the parts be 24 
and 36, the product will be 864; if they be 25 and 
35, the product will be 875; if 30 and go, the 
product will be 900, which will be the greateſt poſ- 
ſible. Let us now for once put an impoſſible caſe, and 
let it be required to divide the number 60 into two 
ſuch parts that the product of their multiplication may 
amount to 901; here the equation will be Go = xx 
=9o1 ; which being reſolved according to art. 103, 
gives 22 — 25 or - . but theſe values 


of 


— 


”— — — — x D — ſ— — 
9 


—— — 
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of x may be reduced to more ſimple terms thus; 

—4=—Ix +4; therefore AN —I x4/+4= 

1x2; therefore \=4— —1; but = = i: 
2 | 

therefore the two parts ſought are 30+4/ = 1, and 30 

—+/— 1, both which are impoſſible upon the account 


of the impoſſibility of / —1 3 and yet theſe two parts 
abſtractedly conſidered will anſwer the conditions of 


the problem; for if / —1. be made equal to s, the 


two parts will be 30 ＋ and 30—s whole ſum is 60, 
and the product of whole multiplication is 900 -s; 


but if 2 V1, we ſhall have 5 = —1, and — 5 
+1, and go0—5ss=9ol ; therefore the product of 


the two parts, 39+4/—1, and 30-1, amount to 
901, as was required. 


OBSERVATION 3d. 


Laſtly, we here alſo ſee the neceſſity of both the 
roots of a quadratic equation becoming impoſſible at 
once. Two impoſſible quantities added together 
may ſometimes make a poſſible one, becauſe one 
quantity may be as much impoſſible one way as the 
other is the contrary way: thus the two impoſſible 


quantities 30 /i and 30-1 being added to- 


gether make 60, the impoſſible ſurds T1 and 


—4/—1 deſtroying one another; but a poſſible and 
an impoſſible quantity when added together can never 
make a poſſible one; and therefore the two parts of 
60 in this problem muſt either be both poſſible, or 
both impoſſible. ö | 


PROBLEM 750. 


112. There are three numbers in continual proportion, 
whereof the middle term is ſixty, and the ſum of the 
extremes one hundred twenty-five : What are the ex- 

fremes © 
SOLUTION» 
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SOLUTION. 


For the extremes put x and 125 —x, and you will 
have this proportion; x is to 60 as 60 is to 125 &, 
u hence, by multiplying extremes and means, you 


have this equation, 12 5 —xx= 36-0, or xx+ 3600 


=125x, or x*=125x— 3600: here then A=1, 5 
125, C= — 3600, BB=15625, 44C= — 14400, 55= 

. 3—5 
1225, J 35, "IF = 00, 7 7 
this equation, x=45, or 80; but, x repreſents either 
extreme, becauſe, which extreme ſoever x is put for, 
the other will be 125 — x, and the ſame equation will 
ariſe, to wit, 125y —xx= 3600; therefore the two 
extremes are 45 and 80; and they will anſwer the 
conditions of the problem; for 43 is to 60 as 4+ is to 
73, that is, as 3 to 4; and 60 is to 80 as 28 is to 48, 
which is allo as 3 to 4. 


= 45, therefore in 


PROBLEM 7I. 


113. It is required, having given the ſum, or the differ- 
ence of tebo numbers, together with the ſum of their 
ſquares, to find the numbers. 


SOLUTION. 


Caſe 1ſt. Let the ſum of the numbers ſought be 
28, and the ſum of their ſquares 400; then putting 
x and 28 —x for the two numbers ſought, the ſquare 
of the former will be xx, the ſquare of the latter 
784 - 56x+xx, and the ſum of their ſquares 2xx— 
5 X＋7 4 = 400; and the ſame equation will ariſe, 
whether x be made to ſtand for one number or the 
other; therefore the two values of x in this equation 
will be the two numbers ſought; but if 2xx— 56x + 
784 = 400, we ſhall have 2xx— 56x= - 384; divide 
the whole by 2 for a more hmple equation, and you 
will have xx —28x= — 192 3 and xx=28x—192 3 


which 


— — a - — — 


3 — 
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which equation being reſolved according to art. 103, 
gives X=12,0r 16; therefore 12 and 16 are the two 

numbers ſought. 1 
Caſe 2d. Let now the difference of two numbers 
be given, ſuppoſe 4, and let the ſum of their ſquares 
be 400, as before; then, putting x for the leſs num- 
ber, and x + 4 for the greater, the ſum of their ſquares 
will be 2xx+8x+16=400; whence 2xx+8x= 384, 
xx ＋ 4 g 192, xx +4x+4=196,x+2==14,x= + 
12 Or — 16; now it cannot be ſuppoſed that +12 and 
- 16 are the two numbers required in the problem, 
for their difference is 30, not 4; neither ought it to 
be expected ; for when x was put for the leſs num- 
ber, and x+ 4 for the greater, the equation was 2xx + 
8x+16=400; but if x be put for the greater num- 
ber, and conſequently x — 4 for the leſs, the equation 
will be 2xx— 8x+16 = 400, different from the for- 
mer; ſince then a different equation ariſes according 
as x Is put for the greater or leſs number, it cannot 
be expected that one and the ſame equation ſhould 
give both: the true ſtate of the caſe is this; there are 
two pairs of numbers which will equally ſolve this 
queſtion, and the equation 2xx +8x+16= 400 gives 
the leſſer number of each pair; for if we make x= 12, 
and x +4 = 16, the numbers 12 and 16 will ſolve 
the problem; on the other hand, if we make x= - 16, 
we ſhall havex+4 = — 12, and the numbers — 16 and 
- 12 will equally ſolve the problem; for their dif- 
ference is +4, and the ſum of their ſquares + 400: 
here then we may obſerve, that affirmative and nega- 
tive ſolutions of problems are of equal eſtimation 
in the nature of things, though perhaps not amongſt 
men, the narrownels of our minds contracting our 
views; but truth does juſtice alike to all: certainly 
negative numbers difter no more from affirmative ones, 
than affirmative ones do from one another, which is 
in degree, not in Kind ; and therefore, in the nature 
of things, negative quantities ought no more to be 
excluded 
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excluded out of the ſcale of number than affirmative 
ones, though in common life they are ſet aſide. 


PROBLEM #72. 


114. What two numbers are thoſe, whoſe ſum is ſeven- 
teen, and the ſum of their cubes one thouſand three 
hundred ferty-three ? 


SOLUTION. 


For the two numbers ſought put x and 17 -, and 
the cube of the former will be xxx, and the cube of 
the latter 4913 = 867x + 51xx — xxx, as appears from 
the following computation : 


17 * 
17 -K 
289 17 +xx 
— 17x 
289 — 34x + xx 
7 5 
4913 578x + 17xx — &3 
— 289x + 34xx 


4913 = 867x + 5lxx—% 


Therefore the ſum of theſe two cubes will be 51xz— 
867x+4913=1343, and the equations will be the 
ſame, whichſoever of the two numbers ſought x is 
made to ſtand for; but if 51x - 8667x+4913=1343, 
we ſhall have $1x»+—867z=—3570 ; divide the 
whole by 51, which, though not neceſfary, is how- 
ever convenient, to render the equation more ſimple, 
fince it may be done without fractions, and you will 
have, xx—17x= - 70; which, being reduced as in 
art. 103, gives x=7, or 10; therefore 7 and 10 are 
the two numbers ſought. 


PROBLEM 
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PROBLEM 73. 


115. Let there be a ſquare whoſe fide is a hundred and 
ten inches; it is required to aſſign the length and 
breadth of a reftangled parallelagram, or long ſquare, 
whoſe perimeter jhall be greater than that of the ſquare 
by four inches, but whoſe area ſhall be leſs than the 
area of the fan are by four ſquare inches. | 
N. B. By the perimeter of a plain figure is meant 

the length of a line that will encompaſs it round; ſo 
that the perimeter of a ſquare is equal to four times 
its fide ; and the perimeter of a rectangled parallelo- 
gram is equal to twice its Jength and twice its breadth 
added together. 


SOLUTION. 


Since the ſide of the given ſquare is 110 inches, 
its area will be 12100 ſquare inches; therefore the 
area of the parallelogram ſought will be 12096 ſquare 
inches: again, the perimeter "of the given ſquare 1s 
440 inches; therefore the perimeter of the parallelo- 
gram ſought muſt be 444 inches; therefore half its 
perimeter, or its length and breadth added together, 
mult be 222 inches ; therefore, if either the length 
or breadth be called x, the other will be 222 —x, and 
the area will be 222x—xx=12096 ; which equation 
reſolved according to art. 103, will give x=96, or 
126; therefore the breadth of the parallelogram 
ſought mult be 96 inches, and the length 1 26 inches: 
and theſe numbers will anſwer the conditions of the 
queſtion ; for twice the length will be 252, twice the 
breadth 192, and the whole perimeter 444 ; more- 
over 126 x 96, or .the area, will be 12096, as the 
problem requires, 


SCHOLIUM. 


This problem ſhews how groſsly they are miſtaken 


who think to eſtimate the areas or magnitudes of plain 
4 | figures 
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figures by their perimeters, as if ſuch figures were 
greater or leſs in proportion as their perimeters were 
10; whereas here we ſee, that the perimeter of one 
figure may be greater than that of another by four 
inches, and at the ſame time its area may be leſs than 
the area of that other by four ſquare inches. This 
error, it is true, does not obtain but in low and vul- 
gar minds, nor there neither any longer than whilſt 
it continues to be a matter of mere ſpeculation, and 
truth and falſhood are equally indiſferent to them: 
for whenever men come to apply their notions, and 
find it their intereſt not to be miſtaken, then it is, and 
frequently not till then, that they begin to look about 
them, correct their errors, and entertain more juſt 
and accurate notions of things. The greateſt part of 
mankind have a natural averſion to abſtract think- 
ing, and, where their intereſt is not concerned, will 
rather ſubmir their opinions to humour, caprice, and 
cuſtom, or be content to be without any opinions at 
all, than they will examine ſtrictly into the nature of 
things. 
PROBLEM 74. 


116, One buys a certain number of oxen for eighty 
guineas; where it muſt be obſerved, that if he had 
bought four more for the ſame money, they would have 
come to him a guinea apiece cheaper: What was the 
number of oxen ? 


8 OAUTION, 
For the number 2 put x; then to find the 
price of a ſingle ox, ſay, if x oxen coſt 80 guineas, 


what will one ox coſt? and the anſwer 1s =; and for 


the ſame reaſon, if he had bought four more, that 1s, 
x +4 for the ſame money, the price of an ox would 


; but, according to the problem, the 
latter 


2 
have b 
een = IT 
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latter price is leſs than the former by one guinea; 


: 5 x3 80 
whence we have this equation —— 1 * * there- 


therefore 80—x x 4+x or 320 


| 8ox 
fore 80— pours 


+ 76x xx gor; therefore xx + 80x= 76x + 320 ; 
therefore xx = —4x + 320. Here then A=1, B=. —4, 
C=320, BB=16, 4AC= 1280, 1296, = 36, 


B +5 B—s 
A =16, = —20; therefore x= +16, or 


—20; therefore the number of oxen was 16, the ne- 
gative root —20 having no place in this problem ; 
and this number 16 anſwers the condition of the pro- 
blem; for if 16 oxen coſt 80 guineas, one will coſt 
5 guineas; but if 20 oxen colt 80 guineas, one will 
colt 4 guineas. 

| "pf £ 
== gave x= + 
16 or - 20, not becauſe the number 20 would 
ſolve the problem, but becauſe it would ſolve the 
equation; for if we make x - 20, we ſhall have 


80 80 


4, and ——1=—5; on the other ſide, we 


N. B. The equation 7 — 1 


ſhalkhave x4 = - 16, and * = z; therefore 


if x be made equal to — 20, we ſhall have _ — 1 


90 
22 becauſe both ſides are l to - 5; and ſo in 


all other caſes we ſhall always Hnd, that the ſeveral 
roots of an equation will be ſuch as will equally ſolve 
that equation, though perhaps they may not be 
equally proper to ſolve the problem from whence the 


equation was deduced : but of this more in another 
place, 


PROBLEM 
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PxOBLEBM 75. 


117. A certain company at à tavern had à reckoning 
of ſeven pounds four ſhillings to pay; upon which, two 
of the company ſneaking of obliged the reſt to pay one 
ſhilling apiece more than they ſhould have done: What 
was the number of perſons ? 


SOLUTION. 


For the number of perſons put x ; then, to find the 
number of ſhillings every man ſhould have paid, ſay, 
if x perſons were to have paid 144 ſhillings, what muſt 


one man have paid? and the anſwer is = therefore 


144 


an the number of ſhillings every man ſhould 


1 
— is the number 


have paid; and for the ſame reaſon 


of ſhillings every man did pay; but, according to 
the problem, this latter reckoning is greater than the 
former by one ſhilling ; whence the equation will be 


144, 144 | = 
+1 a ; therefore 144 TI therefore 


4 - 2 X 144 7, or xx + 142x — 288 = 144x; therefore 
ax - 288 ; therefore xx =2x +288. Here then 
A=1,B=2,C=288, BB=4,q4C=1152,55=1156, 
-34 iB, = —16; therefore #= +18 
$234 T7 ALY Kat. 5 tore x + Id, 
or - 16; but negative roots have no place in this ſort 
of problems; therefore the number of perſons was 


18, which anſyers the condition; for As, and 


144 
16 9 


. ProBLEM 


[ 
? 
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PROBLEM 76. 


18. What number is that, which being added to its 
© ſquare root will make two hundred and ten? 


SOLUTION, 


For the number ſought put xx; then will its ſquare 
root be x, and the equation will be xx-+-x=210, or 
* = —x+110 ; where A=1, B=—1, C=210, 
BB=1, 4AC=840, 55=841, 5=29, . 26 


i —15 ; therefore x=+14, or —15; there- 


fore xx or the number ſought equals 196 or 225, 
ſuppoſing the ſquare root of 225 to be - 15; and 
either of theſe two numbers will anſwer the condition; 


for 196-14 =210, and 225—15=210. 


PROBLEM 77. 


119. What two numbers are thoſe, the product of whoſe 
multiplication is one hundred ninety-ttuo, and the ſum 


of whoſe ſquares is fix hundred and forty ? 
SOLUTION. 


For the two numbers ſought put x and — then will 


the ſquare of the former be xx, and that of the latter 
1 and the ſum of their ſquares will be xx + 2000s 


r 
640; which equation will be the ſame, whichſoever 
of the two numbers ſought x is made to ſtand for; 


36864 _ 
but if xx + _ = 640, we ſhall have & ＋36864 = 


 640xx ; and * = 640x* — 36864: here then Ag 1, 
B= 640, C= - 36864, B B=4o09600, 44 C 
2 I 147456, 
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| | Bhs 3277 
147456, 5$5=262144, 251, 5s, . 
=64 ; therefore xx=576, or 64; therefore ũ 2 
or — 24, or + or - 8; therefore the two numbers 

ſought are 8 and 24. 


PROBLEM 78. 


120. One lays out à certain ſum of money in goods, 
which be ſold again for twenty-four pounds, and 
gained as much per cent. as the goods coft him: I de. 
mand what they coſt him? 

N. B. One's gain per cent. is fo much as he gains, 
every hundred pounds he lays out; or if he does not 
lay out fo much as a hundred pounds, his gain per 
cent. however, is ſo much as he would have gained if 
he had laid out a hundred pounds with the ſame ad- 
vantage: thus if he lays out 20 pounds and gains 2 
pounds, he is ſaid to make 10 per cent, of his money, 
becauſe 20 pounds 1s to 2 pounds as 100 pounds is 
to 10 pounds. 


SOLUTION. 


Pat x for the money laid out, and the gain will be 
24—zx; ſay then, by the golden rule, if in laying out 
x he gained 24 —x, what would he have gained if he 
had laid out 100 pounds to the ſame advantage ? and 


2400 — 100x 2400 ioo 
7 —; therefore 


the anſwer will be 


will be his gain per cent.; but, according to the pro- 
blem, this gain is equal to x, the money laid out; 
therefore n. on , and xx = 2400 = loox: 
here then A==1, B== = 100, C=2400, BB==10000, 
| Bts B=s 

44C=g600, 55=19600, 140, 0, IT 
 =-120; therefore the money laid out was 20 pounds 
therefore his gain per 20 was 4 pounds; therefore his 
O 2 gain 


212 . The Solution of Problems Book III. 


gain per cent, Was 20 pounds, equal to the money taid 
Out. | 


PROBLEM 79. 


121. One lays out thirty-three pounds fifteen ſhillings in 
cloth, which he ſold again for forty-eight ſhillings per 
piece, and gained as much in the whole as a fingle 
piece coſt : I demand how he bought in his cloth per 
piece? 


SOLUTION. 


Put x for the number of ſhillings every ſingle piece 
was bought for, and the gain per piece will be 48 —x ; 
fay then, by the rule of proportion, if in laying out x 
he gained 48 — x, what did he gain in laying out 33 
pounds 15 ſhillings, or 675 ſhillings? and the anſwer 
will be 2 ub 


his whole gain; but, according to the problem, the 
whole gain was equal to x, the money given for a fingle 


32400 — 675 
* 


- therefore 


piece; therefore x = z therefore xx= 


32400 = 675x; therefore 4=1, B. - 675,C= 32400, 
BB=4g5 502.5, 4AC=1 29600, $5=585225, $=765, 
45, —= — 720 ; therefore x =+45, or 
720; therefore the money every ſingle piece was bought 
for was 45 ſhillings, and the gain per piece was 3 


| ſhillings ; but if 45 ſhillings gains 3 illings, 33 


pounds 15 ſhillings, or 675 ſhillings, will gain 45 
millings; therefore the whole gain was 45 Killings, 
equal to the money given for a ſingle piece. 

N. B. It is not impoſſible but that ſometimes two 
different problems may produce one and the ſame 
equation; and then the equation muſt provide equally 
for both: therefore, in ſuch a caſe, though the equa- 


tion has two roots, and both affirmative, yet it muſt 


not 
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not be expected that both roots ſhould equally ſerve 
for the ſolution of one problem, and that there ſhould 
be no ſolucion left for the other; we ought rather to 
conclude, whenever an equation gives two roots, and 
both affirmative, whereof one only will ſolve the 
problem that produced the equation; we ought, I 
ſay, rather to conclude, that the other root is for the 
ſolution of ſome other problem producing the ſame 
equation ; a curious inſtance whereof we have in the 
two following problems. 


PROBLEM 80. 

122. To travellers, A and B, ſet out from to places 
C and D at the ſame time, A from C bound for D, 
and B from D bound for C; when they met and had 

computed their travels, it was found, that A bad 
travelled thirty miles more than B, and that, at their 
rate of travelling, A expetied to reach D in four days, 
and B to reach C in nine days: I demand the diſtance 
between the two places C and D? 


SOLUTION. 
Put & for the number of miles between C and D, 
then it is plain that A and B both together had travel- 
ied x miles when they met; therefore as much as the 


miles travelled by A exceeded -, juſt ſo much did the 


miles travelled by B come ſhort of - ; but, by the ſup- 
poſition, 4's miles exceeded thoſe of B by 30; there- 


fore A muſt have travelled a+ 5 or —2 miles; 


and E muſt have travelled 215 or — miles ; 
therefore the remainining * of A's journey is 
_ miles, which he expects to perform in four 
days, and the remaining part of B's journey is 
COR miles, which he expects to perform in 9 


: 03 days: 


— — — — 
ũ—— — — — 


days ; therefore 
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days: theſe things being allowed, let us now enquire 


into the number of days each hath travelled Ks j 


and firſt for 4 ſay, if 4 expects to travel —.— 
miles in 4 days, in how many rt did he travel 


\ #39 
: 8 2 4 * * 30 
* miles? and the anſwer is — 1 20 c 305 


chen for B ſay, if B expects to travel ” miles in 


x—30 


9 days, in how many days did he travel 


9 * = 30 

*＋30 
x a+30 22 

bath travelled £ = days, and B 2 58 


days from the firſt time of their ſetting out : but as 
they both ſet out at the fame time, and are now met, 


therefore A 


. and the anſwer is 


they muſt both have travelled the ſame number of 


4 X #+30 _9xx—30 
x — 30 . * 30 
both ſides of the equation into x — * — 30, and you will 


— 0 30 
have 4 x X30 = = 2 again multi- 


multiply 


ply by & 30, and you will have 4xx+30 x 
x+30=9 x Xx = 30 x = 30; extract the ſquare 
root of both ſides, and you will have =2 x x+ 30 


==3xx—30: this general equation reſolves itſelf 
into four particular ones, viz, 


1ſt, +2 X A +3 XX — zo. 
2d, +2 x #+30= —3 * * 30. 
3d, —2 x xÞ20=+3 * x 30. 
4th, -Z x ＋3O S E- ZzXx- zo. 


00 
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But as the two laſt of theſe equations give but the 
ſame values as the two former, I ſhall only make uſe 
of the two former, thus : 


iſt, Suppoſe +2 x x +390= +3 x x— 3o, then we 
ſhall have 2x60 - 90, and x= 1 50. 

2dly, Suppoſe +2 x x + 30=—3 x x— 3o, then 
we ſhall have 2x +60= - 3x +90, and x=6; there- 
fore the diſtance between the two places C and D muſt 
either be 150 miles, or 6 miles; but 6 miles it can- 
not be, becauſe when A came up to B, he had tra- 
yelled 3o miles more than B, and had not yet reached 
D; therefore the diſtance between the two places C 
and D muſt be 150 miles; which will ſatisfy the 
problem; for then A muſt have travelled 75+15, 
or 90 miles, and B 75 — 15, or 60 miles, from the 
time of their ſetting out; therefore 4 has 60 miles, 
and B go, to travel; but if A could travel 60 miles 
in 4 days, he muſt, at the ſame rate, have travelled 
go miles in 6 days; and if I could travel go miles in 
9 days, he muſt have travelled 60 miles alſo in 6 
days; therefore they both travelled the ſame number 
of days from the time of their firſt ſetting out to 
the time of their meeting, as the problem requires. 


PROBLEM 81. 


123. Two travellers A and B ſet out from two places 
CandD at the ſame time; A from C with a dejign to 
paſs through D, and B from D with a deſign to 
travel the ſame way: after A had overtaken B, and 
they had computed their travels, it was found, 
that they had both together travelled thirty miles, that 
A had paſſed through D four days before, and that B, 
at his rate of travelling, was a nine days journey 
diftant from C: I demand the diſtance between the 


ſvbo places C and D. 


O04 SOLUTION. 
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SOLUTION. 


Put x for the number of miles from C to D; then 
it is plain, that 4 muſt have travelled more miles 
than B by x; but they both together travelled 30 
miles, by the ſuppoſition ; therefore as much as 4's 
miles exceeded 15, juſt ſo much B's miles came ſhort 
of 15: but the whole difference was x, as above; 


therefore 4 muſt have travelled 1 5+ or 2 


miles, and B muſt have travelled 15 — or —.— 


miles; therefore A's diſtance from D, after he had 


overtaken B, was 22 miles, which he had tra- 


2 
velled in 4 days, and B's diſtance from C was 
30 ＋ * 


miles, which by the problem he could travel 


in 9 days; therefore, to find how many days each 
had travelled already, ſay, if 4 hath travelled 
30 K 


* 


miles from D in 4 days, in how many days 


did he trave we: miles fince his departure from 
| 4 x ES 4 
C? and the anſwer is A* 3 
x 96. Bb. e again 
2 
go: | 


ſay, if B could travel miles, the whole diſtance 


2 
from C, in 9 days, in how many days did he travel 
30 — K* | 


miles ſince his ſetting out from D? and the 


anſwer is 2 — but as they both ſet out at the 


ſame 
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ſame time, and 4 has now overtaken B, they muſt 
both have travelled the ſame number of days; there» 


fore we have this equation, . L. 32>, 
30—x 30--x 
multiply both ſides into 30 —x, and you will have 
93 3H =2 Xx I9=# 1 a 
4* 30 ＋ 5 again multiply 


by 30 Tx, and you will have 4 * 30 ＋ x 30 ＋ 1 
=9 Xx 30—x * 30—x; but the product of 30— x 
30 — x differs nothing from the product of x— 30 * 
x — 30, as will appear upon tryal, and will be fur. 
ther evident from hence, that 30 —x and x zo differ 
no more from one another than an affirmative 
quantity does from an equal negative one, and there- 
fore each multiplied into itſelf muſt give the ſame 
product, therefore the equation, as it now ſtands, ie, 
4x x+30xx+30=9 xx—30xx—30; but this 
equation is the ſame with the equation deduced from 
the laſt problem, which juſtifies what I obſerved be- 
fore, art. 121, that different problems may produce 
the ſame equation; therefore the two roots of this equa- 
tion will be 6 and 150, as in the laſt article; therefore 
the diſtance between the two places C and D muſt either 
be 6 miles, or 150 miles; Hut 1 50 miles it cannot be, 
becauſe, after A had paſſed from C beyond D, and at 
laſt had overtaken B, they had both travelled but 30 
miles: therefore the diſtance from C to D muſt be 6 
miles; and this number will anſwer the conditions of 
the problem; for then 4, when he had overtaken B, 
had travelled 15-3 or 18 miles, and B 15—3 or 12 
miles; therefore A had got 12 miles beyond D in 4 
days time, and B was 18 miles diſtant from C, which 
he could travel in 9 days; but at the rate of 12 miles 
in 4 days, 4 muſt have performed his 18 miles jour- 
ney in 6 days; and at the rate of 18 miles in 9 days, 
B muſt have performed his 12 miles journey alſo in 
6 days; therefore, from the time of their firſt ſecting 
2 out 
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out to the time of A's overtaking B, they had both 
travelled the ſame number of days, as the problem 
requires; therefore the ſuppoſition whereupon this 
calculation was founded, to wit, that the diſtance of 
C from D was 6 miles, is juſt. 

N. B. The ſolutions here given of the two laſt 
problems are, in my opinion, the moſt natural, 
though ſomewhat different from the reſt, 


A LE MMA. 


124. The ſum of a ſeries of quantities in arithmetical 
progreſſion may be had by adding the greateſt and leaſt 
terms together, and then multiplying either half that 

um by the whole number of terms, or the whole ſum by 
Half the number of terms ; or, laſily, by multiplying the 
zohole ſum into the whole number of terms, and then 
taking half the product: thus in the ſeries 2, 4, 6, 
8, 10, 12, where the leaſt term is 2, the greateſt 12, 
their ſum 14, and the number of terms 6; the ſum 
of all the terms taken together will be 7 x 6, or 14 

14 * 6 


* 3, or —— 42. This will beſt appear by wri- 


ting down the {ſeries 2, 4, 6, 8, 10, 12, and then by 
writing down over it the ſame {cries inverted, 12, 10, 
8, 6, 4, 2 : for, if this be done, 2, the firſt term of 
the lower ſeries, added to 12, the firſt term of the up- 
per ſeries (which is the ſame as the greateſt and leaſt 


terms of the ſame ſeries added together) will make 
14; in like manner, every term of the lower ſeries 


added to the next above it will make 14; therefore 
both the ſerieſes together will be equal to 14 as often 


taken as there are terms in either ſeries, that is, 6 


times 14, or 84; therefore either ſeries taken alone 
will be equal to 42. 


10 6 4 2 
2 $ 6 e 


16 © $47 214 „14 
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The deſign of this lemma is, to add the terms of 
a ſeries together, where only the greateſt and leaſt 
terms and the number of terms are known, or ſup- 
poſed to be known; the intermediate terms being 
either not aſſigned, or too many to be ſummed up by 
a continual addition. 


PROBLEM $2. 


125. A traveller, as A, ſets out from a certain place, 
and travels one mile the firſt day, two miles the ſecond 
day, three the third, four the fourth, &c.; and five 
days after, another, as B, ſets out from the ſame 
place, and travels the ſame road cÞthe rate of twelve 
miles every day : I demand how long and how far A 
muſt travel before he is overtaken by B. 


SOLUTION. 


Pat x for the number of days A travelled before he 
was overtaken by B; then, to find an expreſſion for 
the number ot miles travelled by him in that time, 
I obſerve that in three days A travelled over in z 
miles, that is, he travels over a ſeries of miles in 
arithmetical progreſſion, whereof the number of terms 
is 3, the greateſt term 3, and the leaſt term 1; in 
four days he travels over a ſeries whereof the number 
of terms is 4, the greateſt term 4, and the leaſt 1; 
therefore, univerſally, in any number x of days, he 
muſt travel over a ſeries of miles in arithmetical pro- 
preſſion, whereof the number of terms is x, the 
greateſt term x, and the leaſt term 1; but the ſum of 
the extremes of this ſeries is x + 1, which, multiplied 
by x, the number of terms, gives xx Tx, the half 


whereof js —— therefore, by the lemma foregoing, 


xx+x 


* will be the ſum of this ſeries, and conſequently 


the miles travelled by 4 before he was overtaken : 
again, 


— — — — — — - A 
Ee mn ee —. 


— A = — A — 
— — — — ſ——— — — wo oo ——ä—j—ää4ä—ũö — — — 


: 11, op 
this equation, 
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again, if 4 travel x days, B muſt have travelled 
1 - 5 days, which at the rate of 12 miles a day, gives 
12x — 60 for the miles travelled by B when he over- 
took A; but as they both fet out from the ſame 
place, and are now got together, they muſt have 
travelled the ſame number of miles ; whence we have 


x 
4 =12x—60 ; therefore xx-|-x= 


24x —120; therefore xx =23x 120; compare this 
equation with the general one in art. 103, and you 
will have A=1, B=23, EY — 120, PI. 44C 


B+ 6 
= — 480, $5= 49, 5=7, — 215, s; there · 


fore x=8, or 15; now, for the — 5 8 of 
theſe roots to the ſolution of this problem, it muſt be 
obſerved, that the problem is more limited than the 
equation deduced from it; juſt as if, in tranſlating 
out of one language into another, rhe terms of the 
latter, inſtead of being adequate to thoſe of the for- 
mer, ſhouid be found to be of a more extenſive ſigni- 
fication : in the problem it is only ſuppoſed that B 
oveatakes A, whereas in the equation it is ſuppoſed 
that A and B are got both together by having travelled 
the ſame number of miles from their firſt ſetting out, 
without ſpecifying whether this ariſes from B's over- 
taking 4, or from A's overtaking B; both which 
in this caſe muſt neceſlarily happen in the courſe of 
their travels, provided they be but continucd long 


enough for that purpoſe : for fince at firſt B is the 


ſwifter traveller, whenever they come together, it 
muſt ariſe from B' overtaking A, which happens 
after A has travelled 8 days; then, if we ſuppoſe them 
ſill to continue their travels, Þ paſles by 4, and con- 

tinues before him for ſome time; but after 12 days, 
A becomes the ſwiſter traveller, and muſt necetlarily 
come up to Þ again after he has travelled 15 days: 

therefore though the two roots, 8 and 15, will both 
anſwer the condition of the equation, yer but one of 


them, 
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them, to wit, 8, will anſwer the condition of the 
problem; and that both of them will anſwer the con- 
dition of the equation, will be evident as follows. 

In 8 days A travels over a ſeries of miles whereof 
the number of terms is 8, the greateſt 8, and the 
leaſt 1; the ſum of which ſeries is 36 miles; but 
when 4 has travelled 8 days, B muſt have travelled 
3 days, during which time, at the rate of 12 miles a 
day, he alſo muſt have travelled 36 miles; therefore 
after A bath travelled 8 days, A and I muſt neceſſarily 
find themſelves together : again, in 15 days, A muſt 
have travelled over a ſeries of miles, whereof the 
number of terms is 15, the greateſt 1 5, the leaſt r, and 
the ſum 120 miles; but when 4 had travelled 15 
days, B muſt have travelled 10 days, which at 12 
miles a day gives alſo 120 miles; therefore now again 
A and B muſt find themſelves together; and conſe- 
quently 8 and 17 equally anſwer the ſuppoſition con- 
tained in the equation. 

N. B. If we ſuppoſe B after 5 days to have begun 
to ſollow A, and to have travelled only 10 miles a 
day, he could never have overtaken 4, nor 4 him, 
ſo that in this caſe both the roots would have be- 
come impoſſible, as will be found by the reſolution 
of an equation founded upon this ſuppoſition. 


PROBLEM 83. 


126, It is required to divide the number ten into tro 
ſuch parts, that the produtt of their multiplication 
being added to the ſum of their ſquares, may make 
ſeventy-/ix. 


SOLUTION. 


The two parts ſought, x and 10 - x. 
The product of their multiplication, 10x - xx. 
The ſum of their ſquares, 2xx — 20x-þ1 00. 
The product of their n | 
plication added to the ſum px* — 10x-|-100= 76, 
of their ſquares, | 
Whence 
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Whence x=4, or 6; but this equation will be the | 
ſame, which part ſoever x is put for; therefore the 
two parts ſought are 4 and 6. 


PROBLEM 84. 


127. It is required to find tevo numbers with the follow- 
ing properties, to wit, that twice the firſt with three 
times the ſecond may make fixty, and moreover, that 
twice the ſquare of the firſt with three times the ſquare 
of the ſecond may make eight hundred and forty. 


SOLUTION. 


For the two numbers ſought put x and y, and we 
ſhall have | 

Equ. iſt, 2x ＋ 3y = Go, and 

| Equ. 2d, 2x* +3 } = 840. 
From the firſt equation, 2x +3y= 60, we have 
8 

Equ. 3d, * — 2 

both ſides we have 


Equ. 4th, xx = 


and by ſquaring 


3600 — 360y + 955 


4 
From the ſecond equation, 2xx-+3yy=840, we have, 
Equ. 5th, axx= 4 


Compare the two values of xx in the fourth and 
fifth equations, which muſt neceſſarily be equal one 


600 — 
to the other, and you will have — _ — 


= N, multiply both ſides into 2, by halving the 


3600 - 360y +99 


7 


denominators, and you will have 


2 
= 840 - 3; therefore 2600 360 e 1680 — 
6yy ; therefore 3600 - 360y4-15y= 1680; there- 
fore 15yy 3600 = — 1920; therefore 1 5yy = 360y — 
19203 
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1920 ; divide by 15 for a more ſimple equation, and 
you will have yy=24y — 128; whence y=8, or 16: 
ſuppoſe y=8, then ſince by the third equation x = 
— „we ſhall have x=18; ſuppoſe 5g 16, then 


— 
2 


=6; therefore there are 


we ſhall have x or 


two pair of numbers that will equally anſwer the con- 
ditions of this problem, to wit, 18 and 8, and alſo 6 
and 16: for a proof, let us firſt ſuppoſe the numbers 
to be 18 and 8; and we ſhall have twice the firſt 
number with three times the ſecond = 36-24 = 60; 
and twice the ſquare of the firſt together with three 
times the ſquare of the ſecond equal to 648192 = 
840 : ſecondly, let us ſuppoſe the numbers to be 6 
and 16; and we ſhall have twice the firſt with three 
times the ſecond equal to 12-4-48=60; and twice 
the ſquare of the firſt with three times the ſquare of 


the ſecond equal to 72--768=840, 


PROBLEM 85. 


128. To find four numbers in continual proportion, and 
ſuch, that the ſum of the two middle terms may be 
eighteen, and that of the extremes twenty-ſeven. 
Note, Four numbers are ſaid to be in continual 

proportion, when the firſt is to the ſecond as the 

ſecond is to the third, and the ſecond is to the third as 
the third is to the fourth. 


SOLUTION. 


a For the two middle terms put & and y, without 
intending which is to be the greater; then the ex- 
treme next to x may be found by ſaying, as y is to x 


ſo is x to 75 and the extreme next to y may be 


found by ſaying, as x is to y, fo is y 10 2 ; therefore 
the 
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3 3 
the extremes are == and =, and their ſum — ; 


therefore the fundamental equations are iſt, x +y 
3 


==18, or x=18—y; and 2dly, 


—33=27xy; inſtead of x in this equation put 18 —y, 
its value in the laſt, and you will have x*= 5832— 
g972y+54y* =; therefore & H = 5832 = 9729+ 
54yy; you will alſo have 27% or 27y x 18 —y = 486y 
— 27; therefore 5832 —g72y--543y=486y— 27); 
tranſpoſe 486y—27yy, and you will have 81% — 
14583-5832 ,; divide all by 81, which may be 
done without a fraction, and you will have yy— 183+ 
72=0; which equation being reſolved, either by the 
general theorem, or any other way, gives y=6, or 12; 
and ſince the equation will be the ſame, whichſoever 
of the two middle terms y ſtands for, it follows, that 
the two middle terms are 6 and 12 ; whence the ex- 
treme next to 6 is 3, and that next to 12 is 24 and 
the numbers are either 3, 6, 12, and 24, or 24, 12, 
6, and 3, for either way they will anſwer the condi- 
tions of the problem. 


=27, or 


PROBLEM 86. 


129. There are three numbers in continual proportion, 
whoſe ſum is nineteen, and the ſum of their ſquares 
one hundred thirty-three : What are the numbers? 


SOLUTION, 


For the three numbers ſought put x, y, and z; then 
fince, by the firſt condition, w is to y as y is to x, by 
multiplying extremes and means we have yy=xz; 
again, by the ſecond condition of the problem, we 
have x+y--z=19, and 19—y=x-þ2, and (ſquaring 
both ſides) 361 38y-þy=xx+z2x2 +2x ; ſubtract 
from one fide of the equation, and its equal »z 
from the other, and you will have 36138) =x*+ 
| x% 
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xz +2*=ax* +y*+2* =133 by the third condition of 
the problem : having thus expunged both x and z at 
once, reſolve the equation 361 38 = 133, and you 
will have y the middle term equal to 6, and 19—z, 
or the ſum of the extremes, = 13; therefore the pro- 
blem produced is now reduced to this, viz. Of three 
numbers in continual proportion, whereof fix, the middle 
term, and thirteen, the ſum of the extremes, are given 
to find the extremes: this problem is of the ſame na- 
ture with that in art. 112, and, being ref,lved, gives 
4 and 9g for the extremes; therefore the three num- 
bers ſought, are 4, 6, and 9, or 9, 6, and 4+ 


PrROBLEM 87. 


130. To find two numbers ſuch, that their difference 
multiplied into the difference of their ſquares ſhall make 


thirty-two, but their ſum multiplied into the ſum of 


ther fjuares Pall make two hundred. ſeventy-two. 


SOLUTION 


For the two numbers ſought put x and y; and the 
feſt fundamental equation will be -y x x* =, or 
' x =} KN , + 3, OD a*— 29 . x TI 32; there- 
ore 


32 
+7 __ 
The ſecond fundamental equation is, x49 x * +5" = 
272; therefore 


Equ. 1ſt, * SIREN 


272 

E . d, ** 22 —., 

8 
rom twice the ſecon equation — 544 
ſubraC the bit, that is, from 27 + 2; 5 
ſubtract a* — = 239 += 25 
and you will have x ＋ 29 ＋ 2 5 


P that 


| 
| 
| 
| 
| 
[ 
| 
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512 
& ＋ 5 


5s, or the cube root of 512 2 8: thus we have 
got the ſum of the two numbers ſought, to wit, 8; 
. whence their difference may be found by the firſt 
32 — 


4 therefore x —y, or the difference of the 


two numbers ſonght, equals 2 ; therefore the problem 
Propoſed is now reduced to this : Having given eight 
the ſum, and two the difference of the two numbers x and 
y, to find thoſe numbers; and by art. 26 we ſhall have 
x=5, and y=3; which numbers will anſwer the 
conditions of the queſtion. | 
N. B. After we had found x +y, the ſum of the 
numbers equal to 8, we might have found the ſum of 
their ſquares by the ſecond equation, which gave & 
2 
8 
have been reduced to this: What two numbers are thoſe, 
whoſe ſum is eight, and the ſum of their ſquares thirty- 
four? which would have produced a quadratic equa- 
tion, as in art. 113, whoſe two roots would have been 


5 and 3, as before. 


| 3 — 
that is, x T ; therefore x+y= 512, and x 4 


equation, thus; x* 2 +3y = 


234; and then the problem would 


PROBLEM 88, 


131. To find two numbers ab, that their difference 
added to the difference of their ſquares may make. four- 


teen, and their ſum added to the ſum of their ſquares 
may make twenty-ſix. 0 ä 


SOLUTION. 


For the two numbers ſought put x and y, and you 
will have the two following equations; 
Equ. 1ſt, - Y ,- 14. 
Equ. 2d, x+y+x*+5*=26. 
I | Add 
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Add theſe two equations together, and you will have 
2xx4-2x = 40, x: +x=20, and x 4, or — 53 
again, ſubtract the firſt equation from the ſecond, 
and you will have 2) FY = 2, yy+3=6, and y= 
2, or —3; and as theſe two values of y were ob- 
tained without any manner of dependence upon thoſe 
of x, it is plain that either of the values of x» may 
be joined with either of the values of y; and ſo we 
have no fewer than four pairs of numbers which will 
equally ſatisfy the conditions of the equations, to wit, 
4 and +2, +4 and —3, - 5 and +2, — 5 and = 3; 
but it is the firſt pair only, which, conſiſting of af- 
firmative numbers, is proper for the ſolution of the 
problem, thus: the difference of 4 and 2 is 2, the 
difference of their ſquares 12, and 2+12 =14; again, 
the ſum of 4 and 2 is 6, the ſum of their ſquares 20, 
and 6-20 = 26. Let us ſee however how the other 
pairs will ſatisfy the conditions of the equations; make 
then x equal to 4, y, that is, +y= — 3, and you will 
have —y= +3; whence x—y=445+3=7, 7 2 
16-9=7, and 7 +7 =14.; again, xy =4—3=1, 
and x*+y* = 164-9 =25, and 1+25=26: in the 
next place, make x —5, and y=+2, then we ſhall 
have x - Y == 52 7, x*—y*=25—4=21, and 


—175-21=14; again, #+y= —5+2=—3, and 


x*by* =25+4=29, and = 3429 = 26: laſtly, make 
x=—5, and y=—, and you will have x—y= - 
+3=—2, and x*—y*=25—9=16, and —-2+16 
=14; again, x+9= —5—3==8, and x*+3y*=25 
+9= 34, and —=8+34=26, 


PROBLEM 89. 


132. What two numbers are thoſe, whoſe ſum, when 
added together, is equal to their product when multi» 


plied together ; and this ſum or produ, when added 


to the fum of iheir ſquares, makes twelve ? 


P 2 SOLUTIOV. 


| 
| 
| 
| 
| 
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SOLUTION. 


For the two numbers fought put x and y, and the 
ſundamental equations will be 1ſt, xy; and 
ſecondly,x+ t Y +9 =12 : in the firit of theſe fun- 
damental equations, where y =yx, we have yx— 


* ; but h- x is the product of y—1 x x, or of 
x * -I; therefore x x y— i =y, and *: but 


if inſtead of x, this value be ſubſtituted into the ſecond 
fundamental equation, the equation will riſe to a bi— 
quadratic, for the reſolution whereof no rules have 
hitherto been given; therefore, to extricate ourſelves 
out of this difficulty, it will be proper to have re— 
coarle to [ome other artifice, by trying other poſitions, 
as thus ; for che lum of the tuo numbers ſought put 
z; then will 2 be alſo the product of their mulipli- 
cation, by the ſuppoſition ; and ſince this product x 
added to the ſum ot their tquares gives 12, the ſum of 
their ſquares will be 12—z; but every one knows, 
chat if to the ſum of the ſquares of any two numbers 
be added their double product, there will ariſe the 
ſquare of their ſum; therefore-12 — 2+ 22, or 12 +2 
=2* ; which equation being reſolved, gives 2= +4, 
£2c,; and therefore the queſtion is now reduced to 
this: What two numbers are thoſe, whoſe ſum is four, 
and the product of whoſe multiplication is four? for tlie 
numbers fought, pur x aud 4—x, and you will have 
Ax—XX=4; and changing the ſigns, &= A —43 
and compleating the ſquare, xx —qgx+4=0; and 
extracting the ſquare root, x 2 g o; whence #=2, 
or 2, for. the roots of this equation are equal; there- 
fore 2 and 2 are the numbers defired in the queſtion; 
and they will anſwer the conditions; ſor in the frlt 
place, 2+2=4=2x2; and in the next place, 4 the 
tum of 2 and 2, being added to 8, the ſum of their 
ſquares, gives 12. : 255 
Cool · 
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G 020455 43 


From our firit atterapt ro ſolve this problem we 
may learn thus much however, that if auy number 
whatever be made equal to y, then theſe two num— 


4 
bers y and —_ will always have this property, that 


their ſum when added together will be equal to their 
product when multiplies together; thus if 3 , and 


conſequently e we ſhall have 4+ 4=44, 


and 3x3 or 2=44; whence it follows, that this 
problem cannot be ſolved in whole numbers in any 
other caſe than that we have here put, 


PROBLEM 90. 


132. What two numbers are thoſe, whoſe ſum added to 
the product of their mu'tiplication makes thirty-four, 
and the ſume ſum ſubtracted from the ſum of their 
[quares leaves forty-two ? 


SOLUTION. 


Here, to avoid all difficulties that would orherwiſe 
ariſe, put 2 for the ſum of the two numbers ſought ; 
then, ſince this ſum added to the product of their 
multiplication makes 34, the product of their multi- 
plication will be 34—2; but this ſum z ſubtracted 
from the ſum of their {quares, leaves 42 ; therefore 
the ſum of their {quares is 42 4-2; to this add their 
double product 68 — 2z, and you will have 110 -z 
z'; whence z= + 105 Sc. and 34 - 2 24; there- 
fore now the queſtion is, What tes numbers are thoſe, 
whoſe ſum is ten, and the product of their multiplication 
twenty-four ? and by art. 111, the two numbers {ought 
are 4 and 6. 

Whoever would ſee more queſtions of this nature, 
may conſult Bachel comment apon the 23d queſtion 
of the firſt book of Diophantias's Arithmetics, 

P 3 N. B. 


— —— — — 


— — 
— — — — — — 
— ͤ ¶—kͥʒw'—— à·w— — — 1 
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N. B. Having now done with quadratic equations, 
at leaſt for a ume, it may perhaps be expected that, 
according to order of method I ſhould praceed on to 
equations of higher forms: but I ſhall take the liberty 
for once to diſpenſe with that method; not but that 
I intend (God willing) to treat fully and diſtinctly of 
theſe equations hereafter ; but in the mean time TI 
think it more adviſeable to employ the reader's 
thoughts in ſome other things, which I take to be of 


much greater importance, and more proper for his 
information. | 


THE 


THE 


ELEMENTS or ALGEBRA, 


* 
u "_—_—_ 2 = —_—— 


— 
6 


100 0 


Of general Problems, and general Theorems deduced. 
from them ; together with the Manner of applying 
and demonſtrating theſe Theorems ſynt betically. 


— —ů— 
3 * T — — i eu — — — —_ 4 9 — „ 


The Deſign of this fourth Book more fully explained. 


Art. 134. ITHERTO my young Analyſt has 

WR been indulged for the moſt part in a 
ſort of mixt Algebra, where letters were put only for 
unknown quantities; but if he would reaſon abſtract- 
edly upon his problems, and draw general concluſions 
from them, he muſt put letters not only for his un- 
known quantities, but alſo for ſuch as are known 
and fo propoſe and ſolve his problems indefinitely. By 
this means, in the firſt place, he will obtain indefinite 
anſwers, which in many caſes are much preferable to 
more particular ones, as they ſuit and ſolve all parti» 
cular caſes to which they are applicable; and in the 
next place he will be able to prove his work ſynthe» 


tically; which will not only eonſirm his former analyſis, 
| P 4 but 
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but will alſo further inure and reconcile him to the 
operations of ſymbolical or ſpecious Arithmetic; and 
ſo render him entire maſter of this fort of computa- 
tion. A ſufficient ſpecimen of this ſort of reaſoning, 
both in the analytical and ſynthetical way, has al- 
ready been given in our general theorem for the reſo- 
lution of a quadratic equation, ſo that no more needs 
be ſaid by way of preparation ; it remains therefore 
now, that we look back upon ſome of the problems 
already ſolved, and ſhew how ta ſolve them over 
again in general terms, as follows : 


PROBLEM 1. (Sceart. 26.) 


135. What two numbers are thoſe, whoſe ſum is a, and 
difference b? 


SOLUTION, 
Put x for the leſs number; then will the greater be 
x +6, and their ſum 2x46=a; whence 2K -, 
7 2 3 
and x (the leſs number) will be — whence x-|-b, 


—b 6 3 3 
(che greater number) will be rr - I 2 


ar- == 


= —— ſo the greater number 1s found to be 


2 — 6 
and the len © — where a and þ are left undeter- 


mined till ſome particular caſe of this problem is pro- 
poſed to be compared with the general one; and 
then the quantities a and þ will not only be determined 
ia that caſe, but the problem may be ſolved by the 
general theorem without any further analy/ts. As for 
example, let it be propoled, as in art. 26, to find 
two numbers whoſe ſum is 48, and difference 14 
here it is plain that @ in the general problem anſwers 
to 48 in the particular caſe, and to 14; whence 


A (or the greater number) ed 41. 


2 
| and 
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17; ſo that the numbers ſought are 31 and 17; 
which will anſwer the conditions of the queſt on. 
Again, ſuppoſe we were to find two numbers whoſe 
ſum is 35, and whoſe difference is 9: in this caſe it is 
plain that @ and & have other ſignifications; for here 


a + 
s (or the greater 


a=35, and b=g, and therefore 


—b 
number) will be 22, and — (or the leſs number) 


will be 13. | 

Theſe theorems are capable of being tranſlated out 
of Algebraic language into any other; though to no 
great purpoſe that I know of, to ſuch as underſtand 
any thing of ſymbolical Arithmetic ; for, in my opi- 
nion, they appear much more dit inct as they are, 
and leſs liable to ambiguity. . The foreg ing problem, 
together with the anlwer belonging to it, being tranſ- 
lated into common Engliſh, will ſtand thus: 


PROBLEM. | 
It is required, having given the ſum and difference of 


any two numbers, to find the numbers themſelves. 
Anf. 1ſt. Aad the difference io the ſum, and half 
the aggregate will be the greater number. 2dly, Sub- 
tract the difference from the ſum, and half the remainder 
will be the leſs number. 
That this is a true tranſlation, is plain: for what is 


— but half the aggregate of the ſum and difference 


3 
added together? and what is — but half the re- 


mainder, aſter the difference is ſubtracted from the 

ſum ? 
We come now, in the laſt place, to examine this 
theorem as it ſtands in general terms, and to try whe- 
ther 
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ther it will anſwer the conditions of the problem in 
the letters themſelves. It was propoſed to find two 
numbers, whoſe ſum is a, and whoſe difference is 3; 


ab-b 


and the anſwer was, that the greater number was . 


and the leſs — : now that this is a true anſwer, 


will be evident from a bare addition and ſubtraction 
of the numbers themſelves, without any other prin» 


b —b 
ciples ; for if 215 be added to —, their ſum will 


be —or 4, which anſwers the firſt condition of the 


problem; and if £22 be ſubtracted from 25 l 
2 2 


the remainder will be 2 or ö, which anſwers the ſe- 


cond condition, | 
I bis is that which is called a ſynthetical demon- 
tration, and doubtleſs ſhews the truth of the theo- 
rem to Which it belongs, as well as the analyſis whereby 
that theorem was inveſtigated ; but not ſo much to the 
ſatisfaction of the mind: for a ſynthetical demonſtra- 
tion only ſhews that a propoſition is true; whereas an 
analytical one ſhews not only that a propoſition is true, 
but why it is ſo; places you in the condition of the 
inventor himſelf, and unveils the whole myſtery, Syn- 
thetical demonſtrations uſually require fewer principles 
than analytical ones, as will evidently appear, by com- 
aring both, in this very example; and this I rake to 
be the reaſon why the ancients, generally ſpeaking, 
choſe to demonſtrate their propoſitions this way; not 
with a defign to conceal their analyſis, as ſome have, 
unjuſtly enough, imagined ; but becauſe this ſort of 
demonſtration required fewer principles to proceed 
upon, and thoſe too ſuch as were commonly known, 


2 PROBLEM 


Art. 136. and Theorems deduced from them. 235 


PROBLEM 2, 


136. What three numbers are thoſe, whereof the ſum of 


the firſt and ſecond is a, that of the firſt and third b, 
and that of the ſecond and third c? . 


SOLUTION. 


Put x for the firſt number ſought; then will the 
ſecond number be a- x, becauſe the firſt and ſecond 
numbers together make 4; for a like reaſon the third 
number will be þ— x, becauſe the firſt aud third to- 
gether make b add now the ſecond and third num- 
bers together, and you will have a+4— 2x=c; there- 
fore 2x+c=8a+86; therefore 2x=a+b—c; and x 


(or the firſt number) = I; ſubtract now the firſt 


a+b—c 


number 
—a—b+e 


from a, or which is all one, add 


to 4, and you will have the ſecond num- 


—S—#+6: e 
ber equal to — 2 r 2 


2 1 2 nh, 
=, again, ſubtract the firſt number * 
from b, and you will have the third number equal to 
wan 5 5 —a+b+#c 


- T= 3 and thus we have all 


the three numbers ſought, to wit, 


The firſt, 22 = 
The ſecond, | 23 


2 
The third, , 


To apply this general ſolution to ſome particulag 
caſe, I ſhall make uſe of that in art, 42, where it was 


required 
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required to find three ſuch numbers, that the ſum of 
the firſt and ſecond may make 60, that of the firſt and 
third 50, and that of the ſecond and third 92: in 
this cale it is plain that a=60, 6=80, and c g; 


5d — 
therefore * or the firſt number will be 24; 


a- bee 


or the ſccond number will be 36; and 


. or the third number will be 56; which 


numbers upon trial will be found to be ſuch as the 
problem requires. But that the theorems here given 
are not only true in this particular cafe, but are uni- 
verſally ſo, will beſt appear from the ſynthetical de- 


monſt ration following. 


iſt, The firſt number 4 
a—b+c 


1 
„ and the ſecond num- 


ber 


cording to the firſt condition, the other quantities de- 
ſtroy ing one another. 
a --= 


2dly, The firſt number : and the third 


-A- - 20 
number 5 being added together make * 


8 24 
being added together make or a, ac- 
2 


or b, according to the ſecond condition. 


Laſtly, The ſecond number lute: and the third 


-a. bc 
f 8 being added together make 5 


number 


or c, accord ing to the third condition, 

This problem may alſo be ſolved ſomewhat more 
elegantly thus: pur s for the unknown ſum of al 
the three numbers fought : then if c, the ſum of the 
ſecond and third numbers, be ſubtracted from s, the 
ſum of all three, there will remain the firlt number 

equal 
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equal to 5—c; in like manner &, the ſum of the firſt 
and third numbers, ſubtracted from s, the ſum of all 
three, leaves the ſecond number equal tos- b; and 
a, the ſum of the firſt and ſecond numbers, ſubtracted 
from 5s, the ſum of all three, leaves the third number 
equal to =- ; add now all theſe three num bers to- 
gether, to wit, c, 4-1, and - a, and the ſum 
will be 35—a—6b—c; but the ſum is 5, by the ſup- 


: abe 
poſition; therefore, 364 c; and 3 


whence we have the following theorem: 
| b 
Make = 2 
b: taken backwards, and ſubtracted ſeverally from s, the 
three remainders s -c, s b, and - a, ill be the 
three numbers ſought, in order as they are ſuppoſed inthe 
problem. Thus it a=60, b=80, and c=92, as 


a -H 


* or 116; whence the 


is; then if the numbers a, b, and e, 


before, we ſhall have 


firſt number will be 116-92 or 24, the ſecond 116 
— 89 or 36, and the third 116 - 60 or 56, 


SCHOLIUM. 


What three numbers are thoſe, whereof the product of 
the firſt and jecond is a, that of the jirjft and ibird b, 
and that of the ſecond and third c 
| SOLUTION. 


Put p for the product of all the three numbers; 
then fince c is the product of the two laſt, we ſhall 


have the firſt number equal to 7 ; for a like reaſon the 


4 and the third equals 5 and the 
3 


product of all three equals _— ; therefore p*= 


ſecond equals 


abc, and p=wabc. 
Drucx- 
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DEMONSTRATION. 


2, Z or the product of the firſt and ſecond num- 


c 
abe 


bers, is, 5 Sa: and ſo of the reſt, 
PROBLEM 3. 
137. 1 is required to find two numbers whoſe difference 
is b, and the difference of whoſe ſquares is a, 
SOLUTION. 


Pat & for the leſs number, and conſequently x +6 
for the greater; then will the ſquare of the leſs num- 


ber be xx, that of the greater xx-2bx-]-bb, and the 


difference of their ſquares zb -b ga; therefore 


2bx=a=—bb, and x (the leſs number) = —— z whence 


x#+6 (the greater) = 5 ＋ . 2 72 =: 
a+bb | 
20 | 
To apply this general ſolution, let it be required to 
find two numbers whoſe difference is 4, and the dif- 


ference of whoſe ſquares is 112: here a=112, b=4, 


a—bb +bb 
bb=16, r = 12, — = 16; therefore the 


numbers are 12 and 16, The general demonſtration 

. . 4 — 60 

is as follows: if the leſs number be ſubtracted 
* | 

from the greater — „their difference will be 27 


or 6, according to the firſt condition of the pro- 


a — 


blem; again, the ſquare of the leſs number == is 
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— 2abbJ-b+ x 
= 7 7 —, and the ſquare of the greater 


bb 543 
== 5 0 ; ſubtract the ſquare of the 


leſs from that of the greater, and you will have the 


difference of their ſquares — as the ſecond 
condition requires. 8 
PROBLEM 4. 


138. Let r and s be two given multiplicators, whereof 
r is the greater; it is required to divide a given num- 
ber as a into two ſuch parts, that the greater part 

when multiplied into the leſs multiplicator may be equal 
to the leſs part when multiplied by the greater multi- 
plicator. 
SoLuriox. 


Put x for the greater part, and a & for the leſs; 
then will the greater part multiplied into the leſs 
multiplicator be *, and the leſs part multiplied into 
the greater multiplicator will be ar rx: but accords 
ing to the problem, theſe products are to be equal; 
therefore 5x = ar — rx, and rxþ5x Sar, but rx-+sx is 


x x r +2; therefore x x r +5 = ar; and x (the 
ar 
greater of the two parts fought) =— 8 whence 


8=x (the leſs part) equal = = = _ ar TELL 


as a” 


SA,; lo the greater part ſought is JET» and 
as 
the leſs or 


The APPLICATION. 


To apply this canon, let it be required to divide 
84 into two ſuch parts, that five times one part ow 


So (/ general Problems Book IV. 


be equal to ſeven times the other: here a=84, r the 


- oh ar x 8 
greater multiplicator =7, S=5, F E %, 


as $5 x04 3 1 95 
LE — = 353z therefore the greater part is 


49, and the leſs 35; and they will anſwer the condi- 
tions; for firſt, 49435 2 843 and ſecondly, 49 x 
5 2 245 = 35 x7. Again, let it be required to divide 
99 into two ſuch parts, that 4 of one part may be equal 
to + of the other: herea=gg, r=4,5=4,r+5=22, 


4 2 
as 


, = 99 * 11 243; ſo the two parts are 54 


and 45; which is true; for firſt, 544-45 =9g ; and 
ſecondly, 4 of 54=36=4 of 45+ 

As to the demonſtration of this general ſolution, 
it muſt be obſerved that in this problem there are to 
conditions; firſt, that the two parts, when added 
together, muſt make @; and ſecondly, that the 
greater part multiplied into the leis multiplicator muſt 
de equal to the lefs part multiplied into the greater 
multplicator : as to the firſt of the conditions, it is 


ar as 
certain that the parts 5 ＋ and = 7 when added 


ar Tat 


f F i . 

together will make ; but ar +as =a x r+5, 
ar as * 

h ——— » =4x1=4:4t0 

therefore = . — as the ſe 


| ar : 
cond condition, if the greater part 7 be multi- 
plied into 5, the leſs multiplicator, the product will 


ars ae 
be r and again, if the leſs part 


7 be multi- 
plied into r, the greater multiplicator, the py 
; #28 WI 
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will alſo be — therefore the two products are 


equal, as . . requires; and ſo the conditions 
are both ſatisfied. Q. E. D. 

N. B. If any one has a mind to throw the forego- 
ing theorem into words, it may eaſily be done, and 
in ſuch a manner as almoſt to carry its own evidence 
along with it; for by the rule of proportion, r-+s is 


ar as 
to r as à to I and r- is to 5s as 4 n 


fore, As the fm of the two muliplicators is to the 
greater or l:ſs multiplicator, fo is the ſum of the two 
parts ſought to the greater or leſs part: and this, I fay, 


is pretty evident; for had I been the number to 
be divided, the parts would certainly have been 
r and 5; therefore if a greater or Jeſs number than 


is to be divided, the parts ought to be greater 
or leſs than r and vs in the ſame proportion. 


PROBLEM 5. 


139. Let rand s be two given mulliplicators, whetcof r 
is the greater; it is required to divide a given number 
as a into two ſuch parts, that r times one part being 
added to s times the other may make ſome other given 
number, as b. 


SoLuUTtIioN. 


Put x for the part that is to be multiplied by r, 
and conſequently a= x for the other part that is to be 
multiplied by 3, and the products will be rx and 
85 sx, and their ſum will be rx Ta =5x=b; there- 


fore rx —=sx = b=as, that is, x xr = ba; theres» 
— as 


fore x (the part to be multiplied by r) = _4 
therefore 4 * (the part to be multiplied by 3) = 


a b+as ar - 4 = b+as ar — => 
= 
"Hg 127 7 


Q The 
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The APPLICATION. 


Let it be required to divide 20 into two ſuch parts, 
that three times one part being added to five times 
the other may make 84 : here a=20, 6 84, r=5, 
b —as, 
15 

be multiplied by 5) = *f = 12, ar = 100, ar- 5216 
ar—b | 
1 | 
therefore the parts ſought are 8 and 12; for firſt, 
8+12=20; and ſecondly, three times 8 + five times 
12284. 
Again, let it be required to divide 100 into two 
ſuch parts, that à of one part being ſubtracted from 
5 of the other, may leave 39: here it muſt be obſer- 


ved, that io ſubtract 5 of any one quantity from 


another, is the ſame as to add of it; therefore 


423, as=bo, b—-as=24, (or the part to 


(or the part to be multiplied by 3) = 5 =8; 


this problem when reduced to the form of the general 
one, will ſtand thus: To divide a hundred into iu 


ſuch parts, that ny of one part being added to 4+ 2 
of the other may make thirty-nine. Here a=100, 


b=39, r=, ==, PETS I ETD 4642 
— 300 b -as 114 
: = 75, b—as=39+]5=114, a 


oo 250 250 39 1 
272, === 8 * _2 == 


32 238 


==—=28; ſo the two parts are 28 and 


| 12 
72: for 284-72z100; and moreover 4 of 28, 
5 8 that 
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that is, 21, ſubtracted from 5 of 72, that is, from 
60, leaves 39. 


The GENERAL DEMONSTRATION: 


ED has 
The two parts — = Sr. — and — when added to- 
| ar — — ar —as Pits 
gether, make Uo —— Ä * 


again, the part == being multiplied into 7, its 


b 
K =, and the other 


proper multiplicator, gives 


part = multiplied into the other multiplicator 


ars 


5, gives = add theſe two products together, 


NE —bs br—b 
and they will make NIE — = 2 


15 15 
9. E. D. 

If any one hereafter ſhall think me too conciſe in 
the ſolution of theſe general problems, he muſt have 
recourſe to the particular ones in the articles I ſhall 
refer him to, which he will find explained more at 
large: and as to the application of theſe general 
ſolutions to thoſe particular caſes, it is to be preſumed 
thac by this time the learner will be able in ſome 
meaſure to perform that part himſelf ; and therefore 
I hall for the future leave it to him, except where L 
mall think my aſſiſtance may be of any uſe. 


PROBLEM 6. (See art. 35.) 


140. One meeting a company of beggars, gives to each 
' Pence, and has a pence over; but if he would have 
given them q pence apiece, be would have found he 
had — b pence for that purpoſe : What was the 
number of per ſons ? 


Q 2 SOLUT: ON. 
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SOLUTION. 


The number of perſons, x. 

Pence given; px. 

Pence in all, px ra. 

The pence that would have been given upon the 
other ſuppoſition, gx. 5 

Another expreſſion for the number of pence in all, 
x h. 
5 Equ. gx—b=px+Þa; therefore gx - -= a; 
therefore gx —px=a—+b; therefore x (the number of 
perſons) SY i 
F 44 


DEMONSTRATION. 


If the number of perſons be 1 then the pence 


o 


given will be 12 — , and the pence in all will be 


a LU 7 MI ap-tbpF-aq — ap _ 442-6p 


: again, 
EE 1 Bir 271 : 
the number of pence that would have been given 
aq + bq 
——; and therefore 


upon the ſecond ſuppoſition is 


fallible argument that the number of perſons was 
rightly aſſigned, 


PROBLEM 7. (See art. 64.) 


141. It is required to divide a given number as a int 
two ſuch parts, that one part may be to the other at 

r 10 s. 0 
SOLUTION, 
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SOLUTION. 


The two parts ſought, x and a -x. 
Proportion, x is to 2 as r tos. 
Equation, r ar- rx; therefore x gar; 


therefore x (or the firſt number) = T7" therefore 


a—x (or the ſecond number) = = — = X = 


ar as 
therefore the two numbers are — and . 
Oo MS ns 


DEMONSTRATION. 


ar as 
1ſt, The two numbers ＋ and == when added 


1 k ar as 
l make — Fa. 
together 2 


2dly, The firſt number 22 is to the ſecond num- 


as a n | 
ber 2x7 ar is to as; becauſe throwing away the 


eommon denominator is no more in reality than mul- 
tiplying both fractions by it; and every one knows, 
that the multiplication of two quantities by the 
ſame number, makes no alteration in the propor- 
tion they bore one to the other: again, ar is to as 
(dividing both by @) as r to; for it is wel! known 
that a common diviſion affects proportion no more 
than a common multiplication : fince then the firit 
number is to the ſecond as ar to as, and ar is to as 
as r to 3, it follows, that the firſt number is to the 
ſecond as r tos. Q. E. D. 


PROBLEM 8. (See art. 66.) 


142. What number is that, which being ſeverally added 
to two given numbers, a a greater number, and b a 
leſs, will make the former ſum to the latter as r to s 
therefore r muſt be greater than s ? 

Q 3 SOLUTION. 
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SOLUTI O Ne 


The number ſought, * 
Proportion, a+x is to Y as r tog. 
Equation, br re Sa; therefore r Tr — $8= 


as — br 
as; therefore *r =as—br; therefore x . 
DEMONSTRATION. 
as =br 9 
The number being added to a, gives 

15 PI 

: . as—bs 

and the ſame number being added to b, gives _— 
ar —by _ as—bs : 

now is to as ar br is to as — bs, that 


is, as 7Xa—b is to S$x@—b, that is, as 7 to 3, 


9. E. D. 


SCHOLIUM. 


This problem was to find a number, which, being 
ſeverally added to à and 6b, will make the former ſum 


to the latter as 7 to 5; let us now change the num- 


bers a and 6 one for another, as alſo the numbers 1 
and s one for another, and then the problem will 
ſtand thus: To find a number, which, being ſeverally 
added to b and a, wil make the former ſum to the latter 
48s tor; but the condition of this problem is exactly 
the ſame with that of the former, and therefore the 
anſwer ought ſtill ro be the ſame; that is, as changing 
a and þ one for another, and r and s one for ano- 
ther, had no effect upon the problem, but left it en- 
tirely the ſame as at firſt; ſo if the expreſſion of the 
number ſought be juſt, che changing of @ and 6 one 
for another, and of and s one for another, ought 
to make no alteration in that expreſſion, and the num- 
ber ſought ought ſtill to be the ſame ; for truth will 
always be conſiſtert with herſelf. Let us try this 
however, and ſee what will be the effect of ſuch a 

3 —＋ 
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change : now the number ſought was — but 
upon this change, as becomes br, and br becomes 
as, and r—s becomes S, and the whole expreſſion 


br = as by — as 


will be turned into this ——; but —— is the 
„Jer S—r 
—b 
ſame as _ 2 for changing the ſign of both the 


numerator and denominator of any fraction, no more 
afſects the value of that fraction, than in diviſion the 
changing of the ſign both of the divifor and dividend 
aſtects tlie value of the quotient : thus then we find, 
that he changing of @ and b one for another, and of 
r and 5 one for another, no more affects the theorem 
for determining the number ſought, than it did the 
problem from whence it was derived. 


PROBLEM 9. 


143. It is required to divide a given number as a into 
tzws ſuch parts, that the exceſs of one part above 
another given number as b, may be to what the other 
wants of b, as r tos; ſuppoſing r greater than s. 


SOLUTION. 


Put « for the greater part, and a—x for the leſs; 
then the exceſs of x above þ will be -; and the 


exceſs of h above a- will be x — a-þb, as appears 


by ſubtracting a — x from b; but by the problem, the 
former excels is to the latter as tos; therefore x = 
is tox—a+b asr to 5; multiply extremes and means, 
and you will have 5x —bs=rx—ar+br; therefore 
rx —sx =ar — br — bs, and x (the greater part) = 
ar — br - bs * 
: therefore a--x (the leſs part) = — 
—arbr +bs br +bs — as 
. 


; fo the greater part is 


24 21 


| 
I! 
Ii 
| 
| 
| 
| 
| 
: 
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3 br + — 
I _ and the leſs part — = 
14 125 


EX AM I. E. 


Let it be required (as in art. 41,) to divide the 
number 48 into two ſuch parts, that one part may 
be three times as much above 20 as the other wants 
of 20: here a=48, b=20, r=3, I; for to ſay 
that the exceſs muſt be three times the defect, is no 
other than to ſay, that the exceſs muſt be ig the de- 
fect as 3 to 1; the reſt is caſy. 


The GENERAL DEMONSTRATION. 


— br — 
aſt, The greater part 2—.— = and the lefs 


br-|-bs — 
part I - being added together make 


87” — &F 


12 
=8: again, the exceſs of the greater part above b, is 


ar —br—bs b ar—br-bs—br4+bs er—2br 

WEE r 75 OF [png 

and the exceſs of “ above the leſs part, which is 
20 82-0 

what the leſs part wants of 5, Is —— — = 


br — bs = br N- as as — 2bs 
— — a wh, therefore the exceſs of 


one part above þ is to what the other wants of 3, as 


ar — 2br as — 2bs a 
—_ that is, as ar — 2Þr is to as-2bs, 


that is, as rxa—2b is to S* A- 20, or as 1 tos. 


Q. E. D. 


PROBLEM 10. (See art. 55.) 


144. There are two places, whoſe diſtance from each 
other is a, and from whence two perſons ſet out at 
the ſame time with a deſan to meet, one travelling at 
the rate of p miles in q hours, and the other at the rate 
of r miles in s hours: I demand how long and how far 
eabb travelled before they met ? 


SOLUTIONs 


St. 144. and Theorems deduced from them. 249 


SOLUTION, 
The number of hours travelled by each, x. 


Miles travelled by the firſt, E 


By the ſecond, — 
By them both, 7 17. 


Equation, 7 7 ; therefore px bf — . 


therefore pix + rx =aqs; therefore x (or the pe 


of hours travelled by each) = : now to find 


pr gr 
how many miles the firſt travelled, ſay, if in q hours 
he travelled p miles, how many will he travel in a 


number of hours equal to = > for a fourth num- 
P59 


ber, I multip'y the third number 225 by the ſe- 
cond p, and the product 1s 722 75 this again J di- 


vide by the firſt number 2, and the quotient is 


aps 
77 qr 
for dividing the numerator divides the whole fraction; 
by the fame way of reaſoning, the number of miles 
aqr A 
PS gr © 
therefore the whole number of miles travelled by them 
both is 3 

ded of 


travelled by the other will be found to be 


Sa, which demonſtrates the ſolution, 


EXAMPLE. 


Let the diſtance of the two places be 154 miles; 
let the firſt travel at the rate of 3 milzs in 2 hours, 
and 


"= 
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and the ſecond after the rate of 5 miles in 4 hours; 
then we ſhall have a=154, P=3,q=2, r=5, 84, 
| ags 154 x 
P5=12, gr =10, po- er S 22, 22 2 2 — 
b _154X3X4_, 2 _154*2X5 
r 
=70 : therefore each travelled 56 hours; the firſt 
travelled 84 miles, and the other 70. 


SCHOLIU u. 


If in the foregoing problem we change 9 into r and 

into g, and vice verſa, the conſequence will be, that 
the firſt traveller will now travel at the ſame rate as 
the ſecond did before, and the ſecond at the ſame rate 
as the firſt did before; but the motion whereby theſe 
two travellers approach towards each other will ſtill be 
the ſame, and therefore the time this motion is per- 
formed in, that is, the time that each travelled, muſt 
fill be the ſame : let us then make the changes above- 
mentioned, firſt in the expreſſion of the time, and ſee 
whether that expreſſion will ſtill continue the ſame; 
then let us make the ſame changes in the two expreſ- 
ſions of the miles, and ſee whether by this means 
theſe expreſſions will not be converted each into the 
other: firſt then, the expreſſion of the time, which is 

ags 
PEST 


verſa, becomes 


„by changing p into r, and 9 into g, and vice 


eng which is the ſame as — 5 
therefore the expreſſion of the time ſufſers no altera- 
tion by theſe changes; ſecondly, the number of miles 


1 aps 
travelled by the firſt was aber waich, after the 


, which is 
* ＋ H 


the miles travelled by the ſecond; 


changes abovementioned, becomes 


aer 
the ſame as artgr 
and 
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and therefore, e converſo, the expreſhon 774 Fe will 


be changed into the expreſſion = ; and thus will 


the caſe of the firſt traveller be changed into that of 
the ſecond, and vice verſa. 


PROBLEM 15. (See art. 38.) 


149+ Mat two numbers are thoſe, whereof the greater 
ts to the leſs as p to q, and the product of their mul. 
tiplication is to their ſum as r tos? 


SOUaLUTLTIONe. 


Put for the leſs number, and the greater will be 
found by ſaying, as q is to p, ſo is x the leſs number to 


— the greater; whence their ſum will be + 


OTE : on the other hand, if the greater number 


| Bog 


be multiplied into x, the product will be 


nf ; therefore the product of theſe two numbers will 


px + qx 


: " , 
be to their ſum as = is to, that is, as ↄ to 


7 
r; but according to the problem, the n 
is to the ſum as 7 to 3; thereſore py is to p+q as 
to 5s; whence we have this equation, psx=pr-þgr ; 


and x (the leſs number fought) = 2 7 


1 


21 


therefore 


7 1 21 _ ; for dividing the denominator multiplies 


| the whole fraction; therefore - (or the greater num- 
ber) = N 
qs 


DxEMon- 


— — a 
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DzMonSTRATION. 


1ſt, The greater number is to the leſs as — 


A 


is to divide pr +gr by itſelf, and the quotient 


will be 1; ſo that we may now ſay, that the greater 


; N : I 
number is to the leſs as 77 is to —, that is, as 7 


PS 
is to =, that is, as f is to 1, that is, as p is to 9. 
P 7 4 
2dly, The greater number 5 7” and the leſs Z. * 
being added together make ney 2 — gre 
riÞ-2parsd-gors | _ 
— A =; but pp L 2 +97 =2+4 3 


therefore the ſum of the two numbers ſought is 
2 


rs x p 
* 7 775 . | 
3dly, The greater number — multiplied inte 


the leſs LM produces 7 
4thly, Therefore the product of the two numbers 


2 — 2 
| . WE rr X + 3 I X + 
ſought is to their ſum as — 7, 0 LLEES 


Pqss 
that is, ar 77 is to rs, or as r to 3. 2. E. Y. 


PROBLEM 17. 


151. What two numbers are theſe, the product of whoſe 
multiplication is p, ond the quotient of the greater 
divided by the leſs is q? 

| SOLUTION. 
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SOLUTION 
Put x for the greater number, and conſequently 


Z for the leſs; then will the quotient of the greater 
divided by the leſs be = but, according to the pro- 


blem, this quotient ought to be 3; therefore —_ 


and E (or the leſs number ſought) — ſo that 
the greater of the two numbers ſought is Vd, and 


the leſs * 4 


EXAMPLE, 


Let the product of the two numbers ſought be 
144, and the quotient of the greater divided by the 
leſs 16; then we ſhall have g 144, q=16, 2 144 


| P _144'.,2_ 12 
x 16, 4/pq=12 x4=48 TETT) 75 ＋ 23 


therefore the numbers are 48 and 3. 


DEMONSTRATION. 


iſt, pq multiplied into 5 gives 27 = pp; there- 


fore Vpꝗ multiplied into 15 gives p. 
2dly, ↄg being divided by 5 gives = gy; theres 
fore y/pg being divided by 12 gives 2. & E. D. 


PROBKEM 


{ 
i 
| 
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PROBLEM 21. (See art. 130.) 


. What two numbers are thoſe, whoſe d ifference 
hoe multiplied into the difference of their ſquares 
will make a, and whoſe ſum being multiplied into the 


ſum of their ſquares will make b? 


SOLUTION. 


For the two numbers ſought put x and 9; then 
according to the firſt ſuppoſition, x —y x x* —y*, or 
x—=Jxx—Jxx+y, or ax-2x9y + x x+y=a; 
therefore 


a 
Equ. iſt, = - 
Again, according to the ſecond. ſuppoſition, 


Kb; . 


a 


Equ. ad, 5 === 
From twice the ſecond equation ſubtraf the belt, 


26 
that is, from 247 27 = x I. y. 
£3 1 
ſubtract * — 209+ =7 92 
20 — 4 


and there will remain x + 2xy + y* == N 5 


b = 
that is, x+y= = ; therefore 2 26a; make 


2b—a=r", that is, put 7 for the cube root of 25 4, 
and you w in have 


Equ. 3d, & Tr. 
Ages, in the firſt __ we had a 5 


4: M2 
5 


* 
is, 
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a 
is, put 5 for the ſquare root of Y, and you will 


have 
Add the third and — equations together, ind 


you will have 2K N, and 12 ſubtract the 


fourth equation from the third, and you will have 
rs 


2y=r—s, and y ; whence we have the fol- 


lowing canon: 


Make 3 and = =, and the numbers 


(hrs. 


ſought will be —— and en 


DEMONSTRATION. 


5 4 


The difference of the numbers ** and e 


and the difference of their ſquares is rs, as is eaſily 
tried ; therefore the difference of the numbers mul- 
tiplied into the difference of their . ſquares is 146 
ra r+s 

Sa: again, the ſum of the numbers 


and 


= is r, and the ſum of their ſquazes is 5 * : 
therefore the ſum of the numbers multiplied into 


1 ＋ 744 


the ſum of their ſquares is ; but *=2b=a 


by the canon, and rg ea by the ſame; therefore the 
ſum of the numbers multiplied into the ſum of their 


$7 "26 
A, 9. E. D. 


ſquares is 


PROBLEM 


4 - —= | 
* 
ws 


— 
— — — 


i we? 
— — 


1 
þ 
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PROBLEM 22. 


156. Out of a common pack of fifty-two cards, let part 
be diſtributed into ſeveral diſtindt parcels or heaps in 
the manner following : upon the loweſt card of every 
Heap let as many others be laid as are ſufficient to make 
up its number twebve ; as, if four be the number of 
the loweſt card, let eight others be laid upon it; if 
five, let ſeven ; if a, let twelve — a, &c.: It tis re- 
quired, having given the number of heaps, which we 

Il call n, as alſo the number of cards ſtill remain. 
ing in the dealer's hand, which we ſhall call r, to find 
the ſum of the numbers of all the bottom cards put 
together. 


SOLUTION. 


Let a, h, c, &c. expreſs the number of the bottom 
card in the ſeveral heaps : then will 12 4 expreſs 
the number of all the cards lying upon the bottom 
card of the firſt heap, that is, the number of all the 
cards of the firſt heap except the loweſt, will be 124 
therefore 13-4 will be the number of all the cards 
in the firſt heap; for the ſame reaſon, 14 — 6 will be 
the number of all the cards in the ſecond heap ; and 
13 c the number of all thoſe in the third, and ſo on; 
therefore the number of all the cards in all the heaps 
will be 13 x » = a= b—c, &c.: make a c, &c. (or 
the ſum of the number of all the bottom cards) =x, 
and then we ſhall have the numbers of all the cards 
drawn out into heaps =137=—x; but theſe, together 
with r, the number of cards undrawn out, make up 
the whole pack 52; therefore we have this equation, 
131—x+r=52; therefore x+52 = 13n-+r ; there- 
fore x=13%# — 52-Fr ; but 52=13x4 ; therefore 
I32—52=13xn=4; therefore x ig -A- ＋r; in 
words thus: From the number of beaps ſubtract four; 
multiply the reſt by thirteen ; and this produft, added to 
the number of cards flill remaining in the dealer's 5 

a W 
7 
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zvill give the ſum of the numbers of all the bottom chrds 
put together: as for example, let there be three heaps, 


and thirty cards remaining; now 4 ſubtracted from 3 


leaves — 1; this multiplied by 13 gives — 13, and 
this product added to 30, the number of cards re- 
maining, gives 17 for the ſum of the numbers of all 
the bottom cards. 

A more univerſal theorem is as follows: 

Let n be the number of heaps as before, p the number of 
cards in a pack; let as many cards be laid upon the loweſt 
of every heap as are ſufficient to make up its number q; 
and la ſtly, let r be the number of remaining cards as be- 
fore; and the ſum of the numbers of all the bottom cards 


will be found i be q+1 x n+r =p. 


PROBLEM 24. (See art. 111.) 


158. What two numbers are thoſe, whoſe ſum is a, and 
the product of whoſe multiplication is b? 


SOLUTION, 


The two numbers ſought, x and @—x. 
The product of their multiplication, ax —xx=6 ; 
whence, changing the ſigns, xx — ax -b, and com- 


aa aa aa — 4b 
leting the ſquare, xx = ax +—=— 52 
pieting quare, * FR” 7 
SS 


_— ; extract the ſquare root of both ſides, that is, 


of x* — ax += on one ſide, and of T on the other, 


a=s 
3 


and you will have — = = , and = 
whence the following canon : 


Make aa — 4b =ss, and the greater number will be 


a 8 
—, and the leſs number . 


R 5 The 


| 
| 
| 
| 
fi 
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The SyNTHETICAL DEMONSTR ATION. 


a+s 2 — 4. 24 
iſt, — added to -— gives — or 4. 
2 2 2 


— 5 * 424 —44 
IVES = 
4 


2dly, —— multiplied into = 
aa —aa+4b 


(by ſubſtituting = aa+ 46 inſtead of —5s) 


4b 
=— . E, D. 
f 2, 


An Example to the foregoing Canon, 


What'two numbers are thoſe, whoſe ſum is twenty- 
five, and the product of whoſe multiplication is 144 ? 


Here a=25, b=144, aa—4b or $5=49, S=7, _ 


=16, —=9 ſo the numbers are 9 and 16, 


PROBLEM 25. (See art. 113.) 


159. What two numbers are thoſe, whoſe ſum is a, and 
the ſum of their ſquares b ? 


SoLVUT ION. 


The two numbers fought, x and à -x. 

The ſquare of the former, xx. 

The ſquare of the latter, aa - 2ax + xx. 

The ſum of their ſquares aa - 2ax +2xx ; there- 
b — aa 


fore 2xx —2ax =b— aa, and xx - ad , and 


%% h e 2b= 85: | ir 
gre I =p + = — cx 
BA 4 2 - 4 | 


aa 
the ſquare roots, that is, the root of a = 


5 on 


— 
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on one ſide, and of 7 on the other, and you will 


= 
have — 22 =—, and — whence the fol- 
lowing canon: 
Make 2b aa =ss, and you will jos? . - for the 


greater number, and — for the leſs. 


DEMONSTRATION. 


iſt, — added to = gives a. 


+5 18 aa + 246 +88 


2dly, The e of = the 
-. aa — — 


ſquare of © — ; and therefore the ſum 


2aa +255 aa 2 


of their ſquares is = (by the ca- 


aa ＋ 26 aa 


e =>. 4 


An Example to the foregoing Canon. 


What two numbers are thoſe, whoſe ſum is 28, 
and the ſum of their ſquares 400? Here a=28, 


b=400, 2b—aa or 5$5=16, 4184. ——=16, — 


=12 ; therefore the numbers are 12 and 16. 


PROBLEM 26. (See art. 114.) 


160. What two numbers are theſe, whoſe ſum is a, and 
the ſum of their cubes b? 


SOLUTION. 


The two numbers ſought, x and a—x, 


The cube of the former, x3?., 
R 2 The 
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The cube of the latter, a —ga*x+3ax? — x3, 
The ſum of their cubes, a* — ga*x+3az* =6; there- 
fore 3ax*— 3a -; divide by 3a, and you will 


| b— a* aa aa 
have xx = ax =- —_ and xx - a- =— 


b-a* ab—a I Souls? 38 
8 = . a . > —_ — extract the 
3a 124 3 os, 4 


ſquare root of both ſides, that is, of ear 


on one ſide, and of 5 on the other, and yon will 


a * 


1 ; "iſ 5 
have #—=—==-=—= and æ z Whence the fol- 
lowing canon: 


Make — ss, and you Till have _ for the 


EY 19 
greater number, and * for the leſs. 


D E MON STRAT TO. 


iſt, - added to _ gives a. 


a 3 2 2 WF: 
2dly, The cube of js =L _ = , and 


a=sS , 6 —J4s+3af —5* 
"a - 8 —— therefore, 
| | a 
the ſum of their cubes is 2a +bar _ a' 34 


_OÞ4ab a 
RES 


the cube of 


— by the canon, =b. 2, E. D. 


An Example io the foregoing Canon. 


What two numbers are thoſe, whoſe ſum is 7, and 
the ſum of their cubes 1337 Here 437, b=133, 
46 — 0 


3* 
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— 3 
— or $529, $=3, 233 —— 11 ſo the 


numbers are 5 and 2. 


PROBLEM 27. 

161. It is required to find two numbers whoſe difference 
is d, and which, dividing a given number as a, will 
have two quantities whoſe difference is b. 

SOLUTIQN. 


The two numbers ſought, x 2 85 * d. 


The two quotients — 2 — and —— 7 


Their difference, — 8 wy 7 7 =t e * there-· 


fore bxxÞ-bdx ad, and xx dx = =; therefore xx 


tract the ſquare root of n on one ſide, 


and of ＋ on the other, and you will have —＋ = 


Sad 235 


==, whence x = . or . 5 ſet aſide the nega- 


tive root, and you will have æ (the leſs diviſor) = 


— —4 4 
- ' e and x+d (the greater) , 
and we ſhall have the ſollowing canon: 
4ad $+-4d 
Make 7 T dd=ss, and = will have ——— Fa 


for the greater diviſor, and — _ FE the leſs, 
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N. B. That — is an affirmative quantity, is 


evident from hence, that 5s 47 +dd; therefore 5s 


is greater than dd, and 5s greater than 4; therefore 


sS—d ; 
3 is affirmative. 


The Demenſtration of the Canon. 


1ſt, If the leſs diviſor = be ſubtracted from the 


d 
greater It, the remainder will be d; therefore the 


difference of the diviſors is d. 
2dly, if the dividend à be ſeverally divided by the 


: 4 d 6 ; 
two diviſors — and _ the two quotients will be 
24 2 


—_— and arg reſpectively, whereof the former will 


be the greater, as having a leſs denominator ; there- 


; ; ys on 
fore the difference of the quotients is — = =7-— T7 


2as + 2ad — 24 +2ad _ 4ad _4ad 
ws $S—dd „ add 4d 


— — 


b 


by the canon, 


q. 2. E. D. 


An Example to the foregoing Canon. 


Let it be required to find two diviſors whoſe 
difference 1s 1, and which, dividing a given number 
as 144, Will have two quoticnts whoſe difference is 2. 


Here 4 — 144, P=2, d=1, 25 + dd or 462289, 
S=I7, 
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d — 4 
a. 29. — =8; therefore the diviſors 


3217, 
are 8 and 9, and the quotients 18 and 16. 


SCHOLIU u. 


If in this laſt problem we had put æ for the greater 
quantity, and x- d for the leſs, the equation would 


| 4 
have been I or — S, which is 


different from the former; — therefore it could 
not be expected that, in that equation, the two roots 
ſhould be the numbers ſought, but rather the two 
different values of x, the leſſer of them. 


PrRoBLEM 28. (See art. 118.) 


162. What number is that, which, being added to 'its 
ſquare root, will make a? 


 SorLvrTtioN. 


Put xx for the number ſought, and you will bave 
this equation, xx ＋ ix 4; therefore xx * Is + 
4, = in . == 5 therefore x + 2 —= 2 


therefore 12 or ee Ti If x be made 2 — 


you will have r — —.— 3 if x be made equal to 


— 1 ; $525 +1 
2 4 


„ you will have xxx z whence the 


following canon: 

Make 4a+1 ss, and the number ſought will be 
— == 0 2 , according to the ſquare root 
{9 be oY is taken affirmatively or negatively. 


R 4 DE MoN- 
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. needed md rg 


Caſe 1/4, If to the number - W = be added its 


$—T 25 — 
affirmative ſquare root or 


0 = the ſum will 


$5 — 


be . Sa, by the canon. 
$5 +2S+qI 


Caſe 2d, If to the number be added ig 


—$—1 —25—2 | 
negative ſquare root CES ETD. the ſum 


will again be i Sa, as before. Q: E. D. 


PROBLEM 31. 


165. What two numbers are thoſe, whoſe ſum added to 
the ſum of their ſquares is a, and whoſe di ifference 
added to the difference of their ſquares is b ? 


SOLUTION. 


Put x and y for the two numbers ſought, and the 
fundamental equations will be 1ſt, x+y+a* +y*=8; 
2dly, x—y+x*—y*=b; which equations when re- 
duced to order will ſtand thus ; 

Equ. iſt, xx TTV. 

Equ. 2d, xx+x—yy—y=b. 
Add theſe two, laſt equations together, and you 
will have 2xx * 21 = ab; whence xx + Is = 


a+b I a+b I 2 
2 and 7 2 = += 7 


rr I 
IT extract the root of xx + 1 x + - on one 


fide, and of IT on the other, and you will haye 


* + —== and * —— : again, ſubtract the 


ſecond 
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ſecond equation from the 11. 7 you will have 


2y T2 =a— —b; and 1 = , and * + 19 + | 
1 234 —26＋1 65 


ö 
==; - whence the following canon. 
Make 2a+2b+1 rr, and 2a-2b+1=ss, and 


you will have the greater number equal to — and the 


whence * == and y 


I 


leſs number =—, 


DEMONSTRATION. 


The ſam of —— and — is == or 
2r +25—4 
ö 
The ſquare of — is — . —. 


32 — 25 + I 


The ſquare of _ is 


therefore the ſum of their ſquare is 5 ; 


add to this the ſum of the numbers above found, to 
2r + 8 


wt, and you will have the ſum of the 


numbers 2224 to the ſum of their ſquares equal to 
* +S5S—2 


q but 42 4a ＋ 2 by the canon; there- 
* —2 


fore rr +55 — 2 4a, and „ or the ſum of 


the numbers added to the ſum . 22 ſquares, 
equals a: again, the difference of = — and — is 


* 
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„ and the difference of their ſquares 


18 — re therefore the difference of the num- 
bers added to the difference of their ſquares is 


5 — by the canon, =b, Q. E. D. 


An Example to the foregoing Canon. 


Let the ſum of the numbers added to the ſum of 
their ſquares be 26, and their difference added to the 
difference of their ſquares 14; and we ſhall have 
a = 26, b = 14, 2a +2b+1 orrr 81, r = 9, 


= =4, 2a — 26 +1 or 55=2.5, $= 5, —— Des; and 


ſo the numbers ſought will be 4 and 2. 


PROBLEM 32. 


166. What two numbers are thoſe, the ſum of whoſe 
ſquares is a, and the product of their multiplication b? 


SOLUTION. 


For the two numbers ſought put and 4 and the 


2 


b 
ſum of their ſquares will be & + 2; therefore 4 


+6b*=ax*; therefore - ax = — bb, and x- axx + 
aa OA — 4bb | 
Fa = 985 = i _ - : ORE the ſquare 


ad 5 5 44 
root of W on one ſide, and of 75 on the 


other, and you will have 2 = ==, and x* = 
a=s 
— and fince this equation will be the ſame, 


which» 
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whichſoever of the unknown quantities x is made to 
ſtand for, you will have the following canon: - 
Make aa Abb S ss, and you will baue the ſquare of 


the greater number equal to — and the ſquare of the 
leſs equal to —, 


DEMONSTRATION. 


If the ſquare of the greater number, which is 


2 „ be added to the ſquare of the leſs number, 


which is f, the ſum of their ſquares will be — 


or 4: again, if the ſquare of the greater number, 


which is — be multiplied into the ſquare of the 


leſs number, which is —— the product of theſe two 


— — b 
__ will be 1 ne, wa Be by the canon, 


4 

che, but if the ſquate of the greater num- 
ber multiplied into the ſquare of the leſs gives bb, 
then the greater number multiplied into the lefs will 
give 5. A E. D. 


An Example to the foregoing Canon. 


Let the ſum of the ſquares of the two numbers 
ſought be 400, and the product of their muitiplication 
192; then you will have 4 400, b= 192, 4 — 405 


2 ＋ 7 f 
or 4. 12544, $Z112, —— or the ſquare of the 


greater number S 256, _ or the ſquare of the leſs 


number = 144; therefore the greater number is 16, 
and the leſs 12. 
THE 


THE 


In what Caſes a Problem may admit of many Anſwers, 


Art. 168. TT has already been obſerved, that if in 

any problem the number of independent 
conditions be equal to the number of unknown quan- 
tities, ſuch a problem will admit but of one ſolution; 
or if it admits of more, they will however be ſo de- 
termined as to leave no room for arbitrary poſi- 
tions : but if the conditions be fewer in number than 
are the unknown quantities, thoſe that are wanting 
may then be ſupplied by the Analyſt himſelf at plea- 
ſare; and as there is infinite choice, it is no wonder 
if in ſuch a caſe a problem admits of an infinite num- 
ber of anſwers, eſpecially where fractions are taken 
into that number ; but if the problem relates to whole 
numbers only, then the number of auſwers will ſome- 
times be finite and ſometimes infinite, as the nature of 
the problem will bear. This will be ſufficiently il- 
luſtrated by the two following examples: 


Ex- 


Art. 168. Problems which admit of many Anſwers. 269 


EXAMPLE I. 


Let it be required to find two numbers, whoſe ſum is 
equal to ten times their difference. x 


Here putting x and y for the two numbers ſought, 
it is plain that in this caſe we have but one condi- 
tion, and conſequently but one equation, to wit, 
x+yJ=10x—10y, which equation being reduced, 


gives 8 and this is all the problem requires. 


Here then it is plain that the Analyſt is entirely at 
liberty to ſubſtitute whatever whole number, mixt 
number, or proper fraction, he pleaſes for y, provided 


he does but make x===; and the two quantities 


x and y will ſolve the problem. As for inſtance, let 
— be put for y; then will x or 75 be _ and thoſe 
two fractions ++ and & or 4 will ſolve the problem; 
for their difference is , and their ſum . But if it 
be. intended that x and y ſhall both be whole numbers, 
then ſuch a whole number muſt be ſubſtituted for y. 
as will admit of 9 for a diviſor without a remainder : 
but of ſuch whole numbers there is infinite choice, as 
9, 18, 27, 36, Sc.; therefore this queſtion is capa- 
ble of an infinite number of anſwers, both in whole 
numbers and fractions. 


EXAMPLE 2. 


Let it now be required to find two numbers x and y, the 
product of whoſe multiplication-is equal to ten times 
their difference. 


Here the equation will be yx= 16x — 10), which 


O 15 
2 Here it is plain 


: . 3 
being reduced, gives EE 


that y muſt be leſs than 10; for if y was equal to 10, 
the 
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the fraction = would be infinite, as will be ſhewn 


in another place; and if y be greater than 10, then 


19—y, and conſequently will be a negative 


10 — 
quantity, whereas the problem may be ſuppoſed to 
relate to affirmative quantities only: however, as 
there is infinite choice of fractions between o and 10, 
and as any of theſe may be ſubſtituted for y, the pro- 
blem will (till be capable of an infinite number of ſo- 
lutions, if fractions may be admitted; but if it be re- 
quired that x and y be both whole numbers, then 
there cannot be above nine ſuch numbers that can be 
put for y; nor perhaps all theſe neither, as remains 
in the next place to be ſhewn. Now to find what 
whole number being put for y will bring out x a whole 
LOy 
10 — 
fiplte one, by dividing 1cy by 10-9, or rather by 
—y+10, beginning with —y thus: roy divided by 
E) quotes —10o, which I put down in the quotient ; 
then multiplying the diviſor —y4+10 by — 10, the 
quotient, I find the product to be oy — 100, which 
being ſubtracted from 10y the dividend, leaves 100 
for a remainder ; but not intending to carry on the 
diviſion any farther, I repreſent the reſt of the quo- 


tient by the fraction By ; fo 4 


— — 


number alſo, I reduce the quantity to a more 


— 103 
therefore, that x may be a whole number, it is ne- 


be a whole number; but this will. 


100 
ceſſary that 
10— 95 


be impoſſible, unleſs 10 —y be ſome one of the divi- 
ſors of 109, 1 mean ſuch a number as will divide 109 
without remainder: 1 enquire therefore in the next 
place, how many fuch divifors 100 will admit of that 
are under 10; for fo long as y is any thing, 10-5 
muſt be leſs than 19; and I find four ſuch diviſors, 

0 
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to wit, I, 2, 4, and 5; therefore if 10—y be put 


100 
— 10 muſt come 


equal to any of theſe, x or 


out a whole number; and it muſt alſo come out affir- 
mative ; for ſo long as 10—y is greater than nothing 
100 


Io—y 


and leſs than 10, will always be greater than 


100 : 
41 that is, than 10, and conſequently — 10 


10 — 
or x will be affirmative. Let us then ſuppoſe firſt, 
1oy 
105 
x=go. 2dly, if 10—y=2, we ſhall have y g= 8, 
and x 40. 3dly, if 10-5 4, we ſhall have y=6, 
and x15. Laſtly, if 10—y=5, we ſhall have 
1=5, and x=10 : therefore this queſtion admits of 
4 ſolutions in whole numbers, to wit, 90 and 9, 
40 and 8, 15 and 6, and 10 and 5; all which equally 
anſwer the condition of the problem, as will appear 
won trial. 


10—y=1, and we ſhall have y=9g, and or 


THE 


12 


ELEMENTS OF ALGEBRA, 


B O O K VI. 
OF PROPORTION. 


Of the neceſſity of reſuming the Doctrine of Proportion, 
and removing ſome Difficulties which ſeem to attend 
it, as delivered in the Elements. | 


Art, 261, YN the 1 «th and 16th articles of this trea- 
tiſe I have laid down as clearly, and yet 

a8 ſaccinRtly, as I was able, the doctrine of proportion ſo 
far as it relates to numbers and commenſurable quanti- 
ties, whereof any one may be conſidered as ſome multi- 
ple, part, or parts, of another of the ſame kind; and 
it ſerved well enough all the purpoſes it was deſigned 
for. But being in the next book to apply Algebra 
to Geometry, and ſo to confider proportion as it re- 
lates to magnitudes in general, whether commenſurable 
or incommenſurable, I ſhould come ſhort of the 
dxeib peometrica, was I not to reſume this ſub- 
ject, and to conſider it now in its full extenr as it is 
laid down in the fifth book of the Elements of Geo- 
metry. 
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metry. I might indeed have excuſed myſelf from 
this part of my talk, and ſhould have been very glad 
to have done it, by referring the reader at once to the 
elements themſelves without any further afliſtance ; 
but I could not withſtand fome reaſons drawn from 
experience, which to me ſeemed to plead very pow- 
erfully to the contrary. 

I frequently obſerve, that moſt of thoſe who ſet 
themſelves to read Euclid, when they come at the 
fifth book, which treats of proportion, either entirely 
paſs it by as containing ſomething too ſubtil to be 
comprehended by young beginners, or elſe touch ſo 
yery ſlightly upon it as to be little the better for it ; 
and thus the doctrine of proportion (which is certainly 
the moſt extenſive, and conſequently the moſt uſeful, 
part of the Mathematics) is either taken for granted, 
or at beſt but partially underſtood by them. The 
ſchemes there made uſe of are ſcarce bold enough, I 
had almoſt faid, ſcarce complicated enough, to affect 
the imagination ſo ſtrongly as is neceſſary to fix the 
attention. | 

The firſt, ſecond, third, fifth, and ſixth, propoſitions 
are ſelf-evident, as well as ſome others, and upon 
that- very account create an impatient reader much 
greater uneaſineſs than if they were farther removed 
from common ſenſe; becauſe the truths from whence 
theſe propoſitions are deduced are not ſo diſtin& from 
the propoſitions themſelves as in many other caſes. 
But it ought to be conſidered, that the perfection of 
all arts and ſciences in general, and of Geometry in 
particular, is, to ſubſiſt upon as few firſt principles or 
axioms as is poſſible; and therefore, whenever a pro- 
poſition, how evident ſoever it may appear in itſelf, 
can be deduced from any that is gone before, it 
ought by all means to be ſo deduced, and not to be 
made a firſt principle, and ſo unneceſſarily to increaſe 
their number. 7 | 

The deſign of a geometrical demonſtration is nor 
ſo much to illuſtrate the propoſition to which ir is 
| annexed, 
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annexed, or to render it more evident than it would 
have been without it (though this ought certainly to 
be done wherever the nature of things will permit), 
as it is to ſhew the neceſſary connection the propoſi- 
tion to be demonſtrated has with ſome previous truth 
already admitted or proved, ſo as to ſtand and fall to- 
gether, whether ſuch previous truths be more or leſs 
evident than the propoſition to be demonſtrated : I fay 
more or leſs evident; for it is not uncommon in the 
courſe of Euclid's geometry to meet with propoſitions 
demonſtrated from others that are Jeſs evident than 
themſelves. For an inſtance of this we need go no 
farther than the twentieth propoſition of the firſt book, 
where it is demonſtrated that in every triangle any tzro 
ſides taken tegether are greater than the third: now 
it is certain that this propoſition is more evident than 
that the external angle is greater than either of the 
internal and oppoſite ones; and yet the former, by the 
help of the 19th propolition, is demonſtrated frem 
the latter. 

But there is another reaſon to be given for demon- 
ſtrating ſelf-evidevt propoſitious in many caſes, and 
particularly in this fifth book of the elements. A 
propoſition may ſometimes be taken to be ſelf-evident 
according to our narrow and ſcanty notions of things, 
which, when better underttood, will be found to be 
otherwiſe, Theſe propoſitions, to wit, that equal 
quantities will have the ſame proportion to a third, 
that of two unequal quantities the greater will have a 
greater proportion to a third than the leſs, and ſome 
others of the {ame ſtamp in the fifth book, are ſuch 
as will paſs with molt for ſelf-evident propoſitions; 
and ſo they are without all doubt according to the 
common conception of proportionality; but when 
they come to be examined according to the juſter and 
more extenſive idea Euclid has given of it, I fear 
they will both, and the latter more eſpecially, be 
found to want demonſtration. 


In 
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In a perfect and regular ſyſtem of elementary Geo- 
metry, ſuch a one as that of Euclid may be ſuppoſed 
to be, or at leaſt to have been, certain properties of 
lines, angles, and figures, are to be laid down, and 
thoſe of the ſimpleſt kind, for definitions; from 
whence, and from one another, all the reſt are to be 
derived with the utmoſt rigour, without the leaſt ap- 
peal even to common ſenſe. Common ſenſe is by no 
means to be made the ſtandard of any geometrical 
truths whatever, .except firſt principles: its province 
muſt be only to judge whether a propoſition be duly 
demonſtrated according to the rules already preſcribed, 
that is, whether the neceſſary connection it has with 
any previous truth be clearly and diſtinctly made out; 
when that is done, nothing remains but to paſs ſen- 
tence. Whilſt the ſcience continues thus circum- 
fcribed, no miſtakes, no diſputes, can ariſe concern- 
ing its boundaries; but whenever theſe come to be 
rranſgrefſed, ſuch a looſe will be given to Geometry 
that it would be impoſſible to agree upon any others 
whereby to reſtrain it. | 

Thus much I thought proper to lay down concern- 
ing the nature of a geometrical demonſtration, that 
young ſtudents may not ſometimes think themſelves 
diſappointed, or not proceed with that coolneſs and 
judgement abſolutely neceſſary to conduct them 
through the elements of Geometry. 

But as to the matter in hand, there is another dif- 
ficulty (till behind, which J believe is often a greater 
diſcouragement to young beginners in their entrance 
iato the doctrine of proportion, than any which have 
hitherto been alledged, and that is the difficulty of 
underſtanding and applying Euclid's definition of pro- 
portionable quantities. But, to take away all excuſe 
from this quatter, IJ have here annexed a ſmall diſſer- 
tation, conducing (as I take it) to clear up that defi- 
nition, It is an extract out of ſome looſe papers I 
have by me; and therefore the reader muſt not be 
lurprized if he finds ſome — repeated here 2 

2 ave 
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have already been mentioned in another part of this 
book. 


A Vindication of the fifth Definition of the fifth Book 
of EvcLip's Elements, 


262. N. B. For a more diſtin& underſtanding of 
what follows, it muſt be obſerved, that By a part, in 
* the ſenſe of the fifth book of Euclid, is meant an aliquot 
part, and not a part as part related to ſome whole. Thus 
3 is a part of 12 in Euclid's ſenſe, as being juſt four 
times contained in it; and though 9 be a part of 12 
in the ſame ſenſe as the part is diſtinguiſhed from 
the whole, yet 9 in Euchd's ſenſe is not a part, but 
parts of 12, as being three fourth parts of it. 

iſt. F two quantities A and B be commenſurable, 
then A muſt neceſſarily be either ſome multiple, or ſome 
part, or ſome parts, of B. For if A and Þ be com- 
menſurable, then either B muſt meaſure A, or A mui 
meaſure B, or they muſt both be meaſured by ſome 
third quantity: if B meaſures A any number of times, 
ſuppoſe 3 times, then A will be equal to 3 times B, 
and conſequently will be a multiple of B: if 4 mea- 
ſures B any number of times, ſuppoſe 3 times, then 
A will be a third part of B, and conſequently will be 
a part of B: if A and B do not meaſure one the other, 
let C meaſure them both, -and let C be contained ex- 
actly in A 3 times and in B 4 times: then will a third 
part of A be equal to a fourth part of B, as being 
both equal to C; woltiply both ſides of the equation 
by 3, and you will have 4 of A, or A equal to 4 of 6; 
therefore in this caſe A is ſaid to be parts of B. 

2dly. F two quantities A and B are incommenſurable, 
then A can neither be any multiple of B, nor any part 
or parts of it. For if A was any multiple of B, then 
B would meaſure both itſelf and 4, which contradids 
the ſuppoſition of their incommenſurability : in like 
manner, if A was any part of B, then 4 would mea- 


{ure both iifelf and B: inthe laſt place I ſay that ow 
ther 
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ther can A be any parts of B; for if A was any parts 
of B, ſuppoſe à of , then à of B would meaſure 
both A and B, which (till contradicts the ſuppoſition : 
A indeed may be greater or leſs than ſome part or 
parts of B, but can never be equal to any; fo ſubtil 
is the compoſition of continued quantity. As for in- 
{tance ; it is demonſtrated in art. 201, that the fide 
and diagonal line of a ſquare are incommenſurable to 
each other : let then A be the diagonal of a ſquare 
whoſe fide is B, and the ſquare of A will be to the 
ſquare of B as 2 to 1, as is evident from the 47th of 
the firſt book of Euclid; therefore A will be to B as 
the ſquare root of 2 is to 1; but the ſquare root of 2 


141 


a 3 4 
is 1. 414, Sc. that is, r Or more nearly —=» or 


more nearly ſtill 1800 : whence it follows, that if the 


fide of a ſquare be divided into 10 equal parts, the 
diagonal will contain more than 14 of thefe parts, 
but not ſo much as 15; of them; if the fide be divided 
into 100 equal parts, the diagonal will contain above 
141 of ſuch parts, but not 142; if the fide be divided, 
into 1000 equal parts, the diagonal will contain above 
1414 of ſuch parts, but not 1415 ; and fo on ad infi- 
nitum : therefore the diagonal of a ſquare can never 
be exactly expreſſed by parts of the tide, any more 
than the ſide can by parts of the diagonal. The ſide 
may indeed be ſet off upon the diagonal, and ſo be 
conſidered as part of it, ſo far as part of the whole; 
but the ſide can never be exactly expreſſed by any 
number of aliquot parts of the diagonal, be theſe 
parts ever ſo ſmall. Limits may be found and ex- 
preſſed by parts of the diagonal as near as poſſible to 
each other, between which the fide ſhall always con- 
filt, and by which it may be expreſſed to any degree 
of exactneis except perfect exactneſs *. And thus alfo 
may approximations be made in the expreſſions of 


* See the Quarto Edition, p. 306. 
8 3 many 
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many other incommenſurable quantities one by ano- 
ther. 

3dly, From the laſt ſection it appears, that IF tz, 
quantities A aud B be incommenſerable, no multiple of 
one can ever be equal to any multiple of the other. For 
if, for inſtance, 4.4 could be equal to 3B, then (di- 


viding by 4) A would be found to be juſt + of B, con- 


trary to what has been above demonitrated. 

4thly, If four quantities A, B, C, and D, be ſuch, 
that A is the ſame part or parts of B that C is of D, 
then are thoſe four quantities A, B, C, and D, ſaid to 
be proportionable, or A is ſaid to have the ſame propor- 


tion to B that C hath 10 D. Thus if 4 be a fourth 


part of B, and C a fourth part of D, then A will be 
the ſame part of B that C is of D, and they will be 


proportionable. Thus again, if 4 == B, and C= 


20, On, or 2B, and . D or 2D, or 
4 4 * 


if 4=— B, and 0 ＋ D, in all theſe inſtances 


(comprehending multiples under the notion of parts) 
A may be ſaid to be the ſame parts of B that C is of 
D; and therefore, according to this definition, A hath 
the ſame proportion to B that C hath to D, which is 
true, and the mark of proportionality here given is 
infallible, but not adequate to our idea of it ; for 
though this mark be never found without proportion« 
ality, yet proportionality is often found without this 
mark. Proportionality is often found among incom- 


menſurables; but it can never be tried or proved by 


the marks here given. | believe nobody ever doubted 
that the fide of one ſquare hath the ſame proportion to 
its diagonal that the fide of any other ſquare hath to 
its diagonal; and therefore 4 may have the ſame 
proportion to B that C hath to D, though A be in- 
commenſurable to B, and C to D: yet who can ſay 
in this caſe, that A is the ſame part or parts of chat C 

is 
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is of D, when it has already been ſhewn, that A is no 
part or parts of B, nor Cof D? This way therefore 
of defining proportionable quantities by a fimilitude 
of aliquot parts, cannot (in ſt rictneſs of Geometry) 
be laid down as a proper foundation, fo as from 
thence to derive all the other properties of proportio- 
nality : for ſince theſe properties are to be applied to 
incommenſurable as well as commenſurable quantities, 
it is fit they ſhould be deduced from a fundamental 
property that relates equally to both, 

sthly, In order then to eſtabliſh a more general 
character of proportionality, I ſtall aſſume the follow- 
ing principle, which equally relates to commenſurable 
and incommenſurable quantities; and which, I be- 
lieve, there is no one who has a juſt idea of propor- 
tionality, which way ſoever he may chooſe to ex- 
preſs it, or whether he can expreſs it or not, but will 
eaſily allow me, which is, that If four quantities. A, 
B, C, and D, be preportionable, that is, if A has the 
ſame proportion to B that C hath to D, it will then be 
impoſſible for A to be greater than any part or parts of 
B, but C muſt alſo be greater than a like part or parts 
of D; or for A to be equal to any part or parts of B, 
but that C muſt alſo be equal to a like part or parts of 
D; or for A to be leſs than any part or parts of B, but 
that C muſt alſo be leſs than à like part or parts of D. 
Thus if A hath the ſame proportion to B that C hath 
to D, it will then be impoſſible for 4 to be greater 


than, equal to, or leſs than, of B, but C muſt alſo 


be greater than, equal to, or leſs than, 75 of D. This 


principle, I ſay, is ſo very clear that nothing more needs 
to be ſaid of it, either by way of explication or demon- 
ſtration : and if by che help hereof I can demonſtrate 
the converſe, we ſhall then have a general mark of pro- 
portionality as extenſive as proportionality itſelf, Now 
the converſe of the foregoing proportion is this; I there 


S 4 2 
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be four quantities A, B, C, and D, and if the nature of 
theſe quantities be ſuch, that A cannot paſſibly be greater 
than, equal to, or leſs than, any part or ports of B, but 
at the ſame time C muſt neceſſarily 6c greater than, equal 
to, or leſs than, a like part or parts of D, let the num- 
ber or denomination of the/e parts be what they will; I 
ſay then, that A muſt neceſſarily have the ſame propor- 
tion to B that C hath to D. If this be denied, let 
ſome other quantity E have the ſame proportion to D 
that A hath to B, that is, let 4, B, E, and D, be pro- 
portionable quantities; then imagining the quantity 
D to be divided into any number of equal parts, ſup- 
pole 10, let E be greater than 14 of theſe parts and 


lefs than 15, that is, let E be greater than I and 


leſs than 28 of P; then muſt 4 neceſſarily be greater 


10 
the conceſſion already made, fince A is ſuppoſed to 
have the ſame proportion to B that E hath to D. But 


than 15 and leſs than T5 of B: this is evident from 


if A be greater than = and leſs than 15 of B, then 


C muſt be greater than 175 and leſs than 75 of D by 
the hypotheſis; the relation between A, B, C, and D, 
being ſuppoſed to be ſuch, that 4 cannot be greater 
or leſs than any part or parts of B, but C accordingly 
muſt be greater or leſs than a like part or parts of D. 


Therefore we are now advanced thus far, that if E 


lies between 75 and 18 of D, C muſt alſo neceſfarily 


lie betwixt the ſame limits; now the diſſerence betwixt 
14 15 


ni =2 of Dis — of D; chereſore the difference 
10 10 IO 


betwixt C and ZL, which lie both between theſe two 
limits, 
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limits, muſt be leſs than 75 of D. This is upon a 
ſuppoſition that the quantity D was at firſt divided into 


10 equal parts; but if inſtead of 10 we had ſuppoſed 
it to have been divided into 100, or 1000, or 10000, 
equal parts (which ſuppoſitions could not have af- 
fected the quantities C and E,, the concluſion would 
then have been, that the difference betwixt C and E 
would have been leſs than the hundredth, or thou- 
ſandth, or ten thouſandth, part of D; and ſo on ad 
infinitum : therefore the difference between C and E 
(if there be any difference) muſt be leſs than any part 
of D whatever; therefore the difference between C 
and E is only imaginary, and not real; therefore in 
reality C 1s equal to E. Since then C is equal to E, 
and that A is to B as E is to D, the conſequence muſt 
be that A is to B as C is to D. O. E. D. 

Here then we have a proper characteriſtic of pro- 


portionality which always accompanies it, and, on the 


other hand, it is never to be found without it, to wit, 
that four quantities may be ſaid to be proportionable, 
the firſt to the ſecond as the third is to the fourth, 
when the firſt cannot be greater than, equal to, or 
leſs than, any part or parts of the ſecond, but the third 
muſt accordingly be greater than, equal to, or leſs 


than, a like part or parts of the fourth: or thus; 


Four quantities may be ſaid to be proportionable as above, 
when the firſt cannot be contained between two limits ex- 
preſſed by any parts of the ſecend, how near ſoever theſe 
limits may approach to each other, but the third muſt ne- 
ceſſarily be contained between the limits expreſſed by like 
arts of the fourth. 

6thly, Had Euclid ſtopped here, without refining 
any further upon the criterion of proportionality deli- 
vered in the laſt ſection (for I dare venture to affirm, 
he was no ſtranger to it), I doubt not but it would 
have given much greater ſatisfaction to the generality 
of his diſciples, eſpecially thoſe of a leſs delicate taſte, 
| | 1855 | than 


' 
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[ 
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than that which he advances in the fifth book cf his 
Elements, as being more cloſely connected with the 
common idea of proportionality : but it was eaſy to 
ſee, that in demonſtrating ſeveral other affections of 
proportionable quantities upon this ſcheme, there 
would then be frequent occaſion for taking ſuch and 
ſuch parts of magnitudes, as there is now for taking 
ſuch and ſuch multiples of them, the praxis of which 
partition had no where as yet been taught by Euclid; 
nay, he rather ſeems to have determined, as far as 
poſhble, to avoid it, and that upon no ill grounds 
neither ; for the uſe of whole numbers is in all caſes 
juſtly eſteemed more natural and more elegant than 
that of fractions, and the multiplication of quantities 
has always been looked upon as more fimple in the 
conception than the reſolution of them into their ali- 
quot parts. It is for this reaſon that Euclid never 
ſhews how to multiply a line or any other quantity 
whatever, aſſuming the praxis thereof as a ſort of 
poſtulatum; whereas in the ninth propoſition of the 
fixth book of his Elements he ſhews how to cut off 
any aliquot part of any given line whatever. Upon 
"theſe and ſuch like confiderations it was that ZEuclid 
reſolved to advance his charaQteriſtic property of pro- 
portionality one ſtep higher, by ſubſtituting multiples 
inſtead of aliquot parts in ſuch a manner as we ſhall 
now deſcribe ; and we ſhall at the ſame time demon- 
ſtrate the juſtneſs of his definition from what has been 
already laid down in the laſt ſection. The propoſition 
to be demonſtrated ſhall be this: F there be four quan- 
tities, A, B, C, and D, whereof EA and EC are any 
equimultiples of the firſt and third, and FB and FD ate 
any other equimultiples of the ſecond and fourth ; and if 
now theſe quantities are of ſuch a nature, that EA can- 
not be greater than, equal to, or leſs than, FB, but at 
the ſame time EC muft neceſſarily be greater than, equal 
to, or leſs than, FD, when compared reſpectively, be the 
multiplicators E and F what they will : I ſay then that 
A muſt neceſſarily have the ſame proportion ta B _ 8 
1 
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bath to D. Now that four quantities may be under 
ſuch circumſtances as are here deſcribed, can be 
queſtioned by no one who has with any attention con- 
ſidered the nature of proportionable quantities: for 
ſuppoſe A to be the diameter and B the circumference 
of any circle, and C to be the diameter and D the 
circumference of any other circle; who doubts but 
that twenty · two times the diameter of one circle will 
be greater than, equal to, or leſs than, ſeven times 
the circumference, according as twenty-two times the 
diameter of the other circle is greater than, equal to, 
or leſs than, ſeven times the circumference of that 
circle > I now proceed to the demonſtration of the 
propoſition. | 

It it be denied that A is to B as C is to D, let A be 
to Bas G is to D; and then, ſuppoſing D to be di- 
vided into 10 equal parts, let G be greater than 14 
of theſe parts, and leſs than 15: then ſince by the ſup- 
poſition A is to B as G is to D, we ſhall have A greater 
than > and leſs than 0 of Z; therefore 104 will be 
greater than 145 and leſs than 155; but by the by. 
Pat heſis, no multiple of A can be greater or leſs than 
any multiple of B, but the fame multiple of C mult be 
greater or leſs than the ſame multiple of D; therefore 
100 is greater than 14D and lels than 15D; there- 


fore C is greater than 10 and leſs than 5 of D; 


therefore if G be a quantity between 70 and 5 of D, 


C muſt alſo be a quantity between the ſame limits; there- 
fore the difference betwixt C and & muſt be leſs than 


1 
— of D. This is upon a ſuppoſition that D was divided 


into 10 equal parts; but C and G will be the ſame, 
into what number of parts ſoever we ſuppoſe D to be 


divided; therefore if we ſuppoſe O to be divided into 
1co, 
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100, 1000, or 10000, equal parts, Sc. the difference 
betwixt C and G might have been ſhewn to be leſs 
than the hundredth, or the thouſandth, or the ten 
thouſandth, part of D; and ſo on ed infinitum ; there- 
fore C and G are equal, as was ſhewn in the 5th 
ſection. Since then A cannot be greater than, equa} 


to, or leſs than, any part or parts of N, but & muſt be 


greater than, equal to, or leſs than, a like part or parts 
of D, becauſe A is to B as G is to D; and ſince G 
cannot be greater than, equal to, or leſs than, any 
part or parts of D, but C muſt be greater than, equal 
to, or leſs than, the ſame part or parts of O, becauſe 
G and C are equal; it follows ex gu, that A cannot 
be greater than, equal to, or leſs than, any part or 
parts of B, but that C muſt accordingly be greater 
than, equal to, or leſs than, a like part or parts of 
D; and confequently that A is to B asCis to D, ac- 
cording to the mark of proportionality given in the 
laſt ſection. 2. E. D. 

Four quantities then may be ſaid to be prepertionable, 
the firſt to the ſecond as the third to the fourth, when 
no equimultiples whatever can be taken of the firſt and 
third, but what muſt either be both greater than, or 
both equal lo, or both leſs than, any other equimullipies 
that can poſſibiy be taken of the ſecond and fourth, when 
compared reſpectively. 

7thly, As a number is a diſcrete, and not a con- 
tinued quantity, there is ſuch a thing as a Minimum in 
the parts of number, whereas in thoſe of extenſion 
there is none; whence it follows, that the parts of 
number muſt neceſſarily be more diſtinct, and for 


that reaſon more aſſignable, than are the parts of ex- 


tenſion. Again, as all numbers are commenſurable 
by unity, every number may be conceived either as 
ſome multiple, or ſome part, or ſome parts, ot every 
other. Hence it is that Euclid, defining propor- 
rionable numbers, makes uſe of the definition given 
in the 4th ſection; to unwilling was he to recede from 

; the 
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the common notion of proportionable quantities, 
whenever the ſubject he treated of would bear it. 


Of the ſeventh Definition of the fifth Book of Euer. 


263. If it be allowed to be a ſufficient mark of the 
proportionality of four quantities, when they are ſo 
reli1ted to one another in their own natures, that no 
equimultiples can be taken of the firſt and third, but 
what muſt either be both greater than, or both equal 
to, or both leſs than, any other equimultiples that can 
poſſibly be taken of the ſecond and fourth; then 
wherever it happens, or may happen otherwiſe, there 
can be no proportionality. As for inſtance, If in 
comparing equimulliples of the firſt and third with other 
equimultiples of the ſecond and fourth, there be any caſes 
wherein the firſt multiple ſhall be greater than the ſecond, 
and yet the third not greater than the fourth; or wherein, 
the firſt multiple ſhall be leſs than the ſecond, and ihe 
third not leſs than the fourth; then the firſt quantity 
will not have the ſame proportion to the ſecond that the 
third hath to the fourth, but either a greater as in the 
former caſe, or a leſs as in the latter. Nay, and I 
may add further, that if of four quantities, the firſt 
hath a greater proportion 1g the ſecond than the third 
hath to the fourth, there muſt be caſes exiſting, whether 
thoſe caſes can be aſſigned or not, whercin of equimultiples 
of the firſt and third, and of other equimultiples of the 
ſecond and fourth, the firſt multiple ſhall exceed the ſe- 
cond, and yet the third ſhall not exceed the fourth: for 
if no ſuch caſes were poſſible, then the firſt quan- 
rity mult either have the ſame proportion to the ſe- 
cond that the third hath to the fourth, or a leſs : both 
which are contrary to the ſuppoſition. Thus we have 
found the fifth and ſeventh definitions of the fifth 
book of the Elements both of a piece. 


4 Queſtion 
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A Queſtion ariſing out of the foregoing Article. 


264. This is all that was neceſſary to be obſerved 
concerning the foregoing definitions; but if, having 
given four quantities 4, B, C, and D, whereof 4 hath 
a greater proportion to B than C hath to D, any one, 
for his own private ſatisfaction, would know how to 
find ſuch equimultiples of A and C, and ſuch other 
equimultiples of B and D, that 4's multiple ſhall ex- 
ceed that of B, and at the fame time C's multiple 
ſhall not exceed that of D, it muſt be done thus: If 
the quantities A, B, C, and D, be commenſurable, 
let their ratios be expreſſed by numbers: as for in- 
ſtance, let A be to B as 7 to 5, and let C be to D as 
4 to 3; then will 4 and 3, the numeral expreſſions 
of the leſſer ratio, be the multiplicators required, if 
of the terms 4 and B, the greater term A he multi- 
plied into the leſſer multiplicator 3, and the leſſer term 
B into the greater multiplicator 4; for then 34 (21) 
will be greater than 43 (20), and yet 30 (12) will 
not be greater than 40 (12), for the two laſt mul- 
tiples are equal. But if ſuch multiples be required, 
that the firſt multiple ſnall be greater than the ſecond, 
and at the ſame time the third multiple ſhall' be leſs 
than the fourth, then ſome intermediate fraction muſt 
be taken between J and 4, and the terms of ſuch a 
fraction will be the multiplicators required. As for 
inſtance, throwing. the extreme fractions into deci- 
mals, we have +=1'4, and 4+=1'34 = ; therefore 
if any decimal fraction be taken between 14 and 
1*34, ſuch à fraction being reduced to integral 
terms will give the multiplicators required, Let us 


aſſume 1*375, that is 7905 or = ; then will 8.4 
(56) be greater than 11B (55), and at the ſame time 
8C(32) will be leſs than 11D (33). 

It the quantity A be incommenſurable to B, or C 
to D, or both to both, find however, by ſcholium 


the 
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the ſecond in art. 179 *, ſuch numbers as will expreſs 
theſe ratios as accurately as occaſion requires. As 
let the ratio of the number E to the number F be 
nearly the ſame with that of A to B, and let the ratio 
of the number G to the number H be nearly the ſame 
with that of C to D; then if either of theſe ratios, to 
wit, the ratio of E to F, or the ratio of G to V, lie 
between the ratios of A to B and of C to D, the terms 
of the intermediate ratio will make proper multiplica- 
tors, but if neither of theſe caſes happen, fome inter- 
mediate fraction muſt be taken between. the two frac- 


he: 9 
uons 7; anc 75 


Having thus prepared my young ſtudent for Eu- 
clid's doctrine of proportion, partly by ſetting him 
right in his notions of things, and partly by removing 
out of his way all that rubbiſh which ſeemed to 
block up his entrance to it ; I hope I ſhall now be able 
to conduct him through the whole with a great deal 
of eaſe, and then he will meet with fewer difficulties 
in reading the following propoſitions than an equal 
number in any other part of the Elements: and yet all 
I have done herein has been only to mitigare, as far 
as I thought proper, the rigour and ſeverity of the 
author's manner of writing, and to render his demon- 
{trations more eaſy to the imagination, which the com- 
piler in his whole ſyſtem ſeems to have had no great 
tendernels for: but, whatever I have done elſe, I have 
taken care to preſerve the force of the demonſtrations, 
and I hope, in a great meaſure, their elegancy too. I 
have uſed no algebraic computations in demonſtrating 
theſe propoſitions, except what may be juſtified by 
the antecedent ones; as well knowing that theſe prin- 
eiples were never intended to depend upon arithmeti- 
cal operations, but rather arithmetical operations upon 
them. I have however, for the reader's eaſe, made 
uſe of the ſimpleſt algebraic notation. Thus A, B, C, D. 
ſignify magnitudes of any kind whatever; E, J, G, H, 


* Sec the Quarto Edition, p. 285. 
- 3 always 
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always ſignify whole numbers, unleſs where notice is 
given to the contrary: A+ZB ſigniſies the ſum of any 
two homogeneous magnitudes 4 and B; A- their 
difference, or the exceſs of A above B; EA and FB 
ſignify any two multiples of 4 and Þ, the multipli- 
cators being E and F; Sc. I have ſometimes allo 
uſed very eaſy conſequences of this notation ; as that 
if A- be added to B, the ſum will be A, which in- 
deed' is a general ax om, and ſaying no more than 
that if to any magnitude be added the exceſs of a 
greater above it, the ſum will be the greater magnitude, 


The Fifth Book of EUCLID'S ELEMENTS, 


DErixlriors. 


265. 1. A leſſer magnitude is ſaid is be a part of a 
greater, when the leſſer meaſures the greater, 

2. A greater magnitude is ſaid to be a multiple of a 
leſs, when the greater is meaſured by the leſs. 

Note. Our language is not nice enough to expreſs 
theſe two definitions as they are in the Greek and 
Latin. | 

We may further obſerve, that by theſe two defini- 
tions every ſimple quantity is excluded from being 
conſidered either as a part or multiple of itſelf; for 
to be a part, in this ſenſe, is to be leſs than that where- 
of it is a part, and to be a multiple is to be greater 
than that whereof it is a multiple. 

3. Ratio is that mutual relation two homogeneous 
quantities are in, when compared together in reſpec to 
their quantity. Thus the exceſs of 2 above 1 is equal 
to the exceſs of 4 above 3, and yet the ratio of 2 to 
1 is greater than the ratio of 4 to 3; that is, 2 has 
more magnitude when compared with 1 than 4 hath 
when compared with 3; ſince 2 is double of 1, and 
4 is not double of 3. But on the other hand, 3 hath 
a greater ratio to 4 than 1 hath to 2, becauſe 3 hath 
more magnitude in compariſon of 4 than 1 hath in 

| compa: 
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compariſon of 2; for 3 is more than the half of 4, 
whereas 1 is but juſt the half of 2. 

4. All quantities are ſaid to be in ſome ratio or other, 
when they are capable of being ſo multiplied as to exceed 
one another, bb | 

Note. By this definition, 1ſt, All heterogeneous 
quantities are excluded from having any ratio one to 
another, becauſe heterogeneous quantities are ſuch, 
that their multiples are no more capable of compari- 
ſon as to exceſs and deſect, than the quantities them- 
ſelves: a yard can never be multiplied till it exceeds 
an hour, &c. 2dly, All infinitely ſmall quantities are 
hereby excluded from having any ratio to finite ones, 
becauſe the former can never be ſo multiplied as to 
exceed the latter. 

5. Magnitudes are ſaid to be in the ſame ratio, the 
firft to the ſecond as the third to the fourth, when no 
equimultiples can be taken of the firſt and third, but what 
muſt either be both greater than, or both equal to, or both 
leſs than, any other equimultiples that can poſſibly be taken 
of the ſecond and fourth. 8 | 

Note. This and the ſeventh definition have been 
explained already. 

6. Magnitudes in the ſame ratio may be called pro- 
portionals. 

7. If there be four quantities, whereof equimultiples 
are taken of the firſt and third, and other equimultiples 
of the ſecond and fourth; and if any caſe can be aſſigned, 
wherein the multiple of the firſt ſhall be greater than the 
multiple of the ſecond, and at the ſame time the mulliple 
of the third ſhall not be greater than the multiple of the 

fourth ; then of theſe four quantities, the firſt is ſaid to 
have a greater ratio to the ſecond than the third hath to 
the fourth. 

8. Proportion conſiſts in a ſimilitude of ratios. 

g. Proportion cannot be expreſſed in fewer than three 
terms: as when we ſay that is to B as B is to C. 

10. Whenever three quantities are continual propor- 
tionals, the firſt is ſaid to be to the third in a duplicate 

| «I ratio 
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ratio of the firſt to the ſecond : and on the other hand, 
the firſt is ſaid to be to the ſecond in a ſubduplicate ratio 
of the firſt to the third. 

11. If four quantities be continual proportionals, the 
firſt is ſaid to be to the fourth in a triplicate ratio of the 
firſt to the ſecond; and ſo on. | 

12. The antecedents of all proportions are called ho- 
mologous terms; and ſo alſo are the conſequents: but an- 
tecedents and conſequents conſidered together are never 
called bomologous terms, but heterologous. 

Note. Theſe three laſt definitions, though placed 
here, have nothing to do in the following fifth book, 
but in the ſixth, 

13. Alternate proportion is, when four quantities being 
proportionable, the firſt to the ſecond as the third to the 
fourth, it is concluded, that the firſt is to the third as the 
ſecond to the fourth ; the juſtneſs of which concluſion, 
as well as of all the reſt that follow, will be ſuth- 
ciently made out in the following propoſitions. 

14. Inverſe proportion is, when four quantities being 
proportionable, the firſt to the ſecond as the third to the 
fourth, it is concluded, that the ſecond is to the firſt as the 
fourth to the third. | | 

I 5. Compoſition of proportion is, when four quantities 
being proportionable, the fir/t to the ſecond as the third to 
the fourth, it is concluded, that the ſum of tbe firſt and 
ſecond is to the ſecond as the ſum te third and fourth 
1s to the fourth, | | 

16. Diviſion of proportion is, when four quantities 
being proportionable, the firſt to the ſecond as the third 
to the fourth, it is concluded, that the exceſs of the firſt 
above the ſecond is to the ſecond as the exceſs of the third 
above the fourth is to the fourth. 

17. Converſion of proportion is, when four quantities 
being proportionable, the firſt to the ſecond as the third 
to the fourth, it is concluded, that the firſt is to the exceſs 
of the jirſt above the ſecond as the third is to the exceſs 

of the third above the fourth. 
7+ | 18. 7 
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18. If ever ſo many quantities in one ſeries be com- 
pared with as many in another ; and if from all the 
ratios in one being equal to all thoſe in the other, either 
in the ſame or a different order, it be concluded, that the 
extremes in one ſeries are in the ſame proportion with the 
extremes in the other, this proportionality of the ex- 
tremes is ſaid to follow ex æquo, or ex æqualitate 
rationum. | 

19. Fall the ratios in one ſeries be equal to all 
thoſe in the other, and in the ſame order, this is called 
ordinate proportion ; and the extremes in this caſe are 
ſaid to be proportionable ex æquo ordinate, or barely 
ex æquo. 

20. Fall the ratios in one ſeries be equal to all thoſe 
in the other, but not in the ſame order, this is called 
inordinate proportion; and the extremes are ſaid to be 
proportionable ex æquo perturbate. | 

Thus if 4, B, and C, in one ſeries be compared with 
D, E, and F, in another; and if A is to B as D to E, 
and B to Cas E to F, this is called ordinate propor- 
tion, and 4 is ſaid to be to Cas D to F ex æguo ordi- 
nate, or barely ex ægů,jt: but if A is to B as E to 
F, and to C as D to E, this is called inordinate 
proportion, and 4 is ſaid be to C as D to F ex equo 
per tur bate . | 


PROPOSITION I. 


266. If there be ever ſo many homogeneous quantities, 
A, B, C, whereof EA, EB, EC, are equimultiples 
reſpectively; I ſay then, that the ſum EA+EB+EC 
will be the ſame multiple of the ſum A BC 
that EA is of A, or EB of B, &c. | 

For the multiples EA, EB, and EC, may be conſi- 
dered as ſo many diſtin&t heaps or parcels, whereof 

EA confiſts wholly of A's, EB of B's, and EC of C's ; 

and ſince the numbers of A's in EA is the ſame with 

the number of B's in EB, or of C's in EC, it follows, 


that as often as 4 can be ſingly taken out of EA, or 
| Wn T 2 B out 
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B out of EB, or C out of EC, juſt fo often may the 


whole ſum A+B+C be taken out of the whole ſum 
'FA+EB+EC; therefore the ſum EA EB+EC 
is the ſame multiple of the ſum A+B+C that EA is 
of 4, or EB of B, Sc. VME. D. 


PROPOSITION 2. 


267. If EA and EB be equimultiples of any to quan- 
tities whatever A and B, and if FA and FB be alſo 
equimultiples of the ſame; I ſay then that the ſum 
EA +FA will be the ſame multiple of A that the ſum 
EB+FB is B. 

For fince the number of A's in EA is the ſame with 
the number of B's in EB; and fince alſo the number 
of A's in FA is the ſame with the number of B's in 
FB, add equals to equals, and che number of 4's in 


EA + FA will be the ſame with the number of B's in 
EB+FB, that is, the ſum EA+FA will be the 


ſame multiple of 4 that the ſum EB+FB is of B. 


9. E. D. 


PROPOSITION 3. 


268. If EA and EB be equimultiples of any two quan- 
tities whatever A and B, and if 3 EA and 3EB be 
any equimultiples of EA and EB; 1 ſay then, that 
3EA and 3EB will alſo be equimultiples of A and B. 
This is evident from the laſt proportion: for ſince 

EA and EB are equimultiples of 4 and B; and ſince 


EA and EB are again equimultiples of the ſame, it 
follows from that propoſition, that the ſum 2EA is 


the ſame multiple of 4 that the ſum 2EB is of B: 
again, ſince 2EA and 2EB are equimultiples of A and 
B, and fince EA and EB are other equimultiples of 
the ſame, the ſum 3 EA is the ſame multiple of 4 
that the ſum 3£EB is of B; and ſo on ad inſinitum. 


Pro- 


73 
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PROPOSITION 4. 


269. If four quantities A, B, C, and D, be proportion- 
able, A 1% Bas C D, and if EA and EC be any 
equimultiples of the firſt and third, and FB and FD 
any other equimultiples of the ſecend and fourth; I 
fay then that theſe multiples will aiſo be proportionable, 
provided they be taken in the ſame arder as the pro- 

Por ionable quantities whereof they are multiples; that 
is, that EA will be to FB as EC is ts FD. 
For let 3EA and 3£C be any cquimultiples of 

FA and EC, and let 2FB and 2FD be any other 

equimultiples of FB and FD : then ſince 3EA and 

3£EC are equimultiples of EA and EC, and ſince EA 
and EC are equimultiples of A and C, it follows 
from the laſt propoſition that 3E4 and 3 EC are 
equimultiples of 4 and C; and tor the fame reafon 

213 and 2FD are alſo equimultiples of B and D. 

Since then, ex Hy, A is toBasCisto D; and 

ſince 3 EA and 3£C are cquimultiples of A and C, 

and 2FB and 2FD are allo other equimultiples of B 

and D, it follows from the filth definition, that 3E4 

cannot be greater than, equal to, or leſs than, 2 FB, 
but 3£EC muſt allo be greater than, equal to, or leſs 
than, 2FD. Again, ſince we have four quantities 

EA, FB, EC, FD, whereot 3&4 and 3£C. repreſent 

any equimultiples of the firſt and third, and 2FB and 

21 D any other equimultiples of the ſecond and 

fourth; and ſince 3£E4 cannot be greater than, equal 

to, or leſs than, 2FB, but ;£C mult in like manner 
be greater than, equal to, or leſs than, 2 FD, it follows 
from the fifth definition, that theſe four quantities 

EA, FB, EC, FD, are proportionable; that EA is to 

FB as EC io FD. 2. E. D. 


S HOL IVV Mu. 
To this place is uſually referred the inverſion of 


proportion (though why to this, rather than to any 
other, I know not); that is, that if four quantities 


& 23 be 
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be proportionable, they will alſo be inverſely propor- 
tionable: as if A be to B art C is to D, then B will be 
to A as D 10 C. For let EA and EC be any equimul- 
tiples of A and C, and let FB and FD be any other 
equimultiples of B and D; and firſt let us ſuppoſe 
FB to be greater than EA; then will EA be leſs than 
FB: and becauſe A is to B as C is to D, EC will alſo 
be leſs than FD by the fifth definition; and therefore 
FD will be greater than EC: thus then we ſee that 
if FB be greater than EA, FD will alſo be greater than 
EC. And after the ſame manner it may be demon- 
ſtrated, that if FB be equal to, or leſs than, EA, FD 
in like manner will be equal to, or leſs than, EC. Since 
then we have four quantities B, A, D, C, whereof FB 
and FD are equimultiples of the firſt and third, and 
EA and EC are other equimultiples of the ſecond and 
fourth; and fince FB cannot be greater than, equal 
to, or leſs than, EA, but FD muſt accordingly be 
greater than, equal to, or leſs than, EC, it follows 
from the fifth definition, that theſe four quantities 
B, A, D, C, muſt be proportionable ; that B muſt 
be to Aas D to C. Q. E. D. 


PROPOSITION 3. 


270. F A and B be any two homogeneous quantities, 
whereof A is the greater, and whereof EA and EB 
are equimultiples reſpectively; I ſay then that the 


difference EA — EB will be the ſame multiple of the 
difference A B that EA is of A, or EB of B. 


If this be denied, let G be the fame multiple of 
A- that EA is of A, or EB of B; then we ſhall 


have two quantities A—B and B, whoſe ſum is 
A, and whereof G and EB are equimultiples reſ- 
pectively; therefore, by the firſt propoſition, the ſum 
G+£EB will be the fame multiple of the ſum A that 
EB is of B: but EA is alſo the ſame multiple of 4 
that EB is of 6; therefore G+EZB is the ſame mul- 

g | tiple 


Art. 270. 241. The fifth Book of EucLip's Elements. 295 


tiple of 4 that EA is of 4; therefore G+ EB muſt 
be equal to EA; take EB from both ſides, and G 


will be equal to EA EB: but G was the ſame 
multiple of I- that EA was of 4, or EB of B; 
therefore EA—EB will be the fame multiple of 
I that EA is of 4, or EB of B. &. E. D. 


PrRoPOSITION 6. 


271. If from EA and EB, equimultiples of any teuo 
quantities A and B, be ſubtrafied FA and FB, 
any other equimultiples of the ſame ; the remainders 


EA—FA and EB FB will either be equal to the 
quantities A and B re{pettively, or they will be 
equimultiples of them. 


Cas . 


In the firſt place, let the remainder EA - FA 
be equal to A4; I ſay then that the other remainder 


EB - FB will alſo be equal to B. For fince FA is 
the ſame multiple of 4 that FB is of B, it follows 


from the nature of multiples, that FA+ A will be 
the ſame multiple of A that FB+B is of B: but 4 
is equal to EA FA; and adding FA to both fides 
we have FA+A=EA4; therefore inſtead of ſaying 
as before, that FA+ 4 is the ſame multiple of A that 
FB+B is of B, we may now ſay that EA is the ſame 


multiple of A that FB+ZB is of B: but EA is the 
ſame multiple of A that EB is of B; therefore EB is 


the ſame multiple af B that {B+B is of B; there · 
fore EB is equal to FB+B ; ſubtract FB from both 


lides, and you will have EB FB=B, & E.D. 
T 4 CA 
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CASE: 


Let us now ſuppoſe the, remainder E- to be 
ſome multiple of 4 ; for if A meaſures both EA and 
FA, it muſt meaſure EZA—-FA4; and fo £4— FA 
mult be ſome multiple of 4; and for the ſame 


reaſon, the other remainder EB - FB muſt be ſome 
multiple of B. I ſay then in the next place, that 


EB— FB muſt be the ſame multiple of that 
EA—T4 is of 4. If this be denied, let G be the 
ſame multiple of B that EA—FA is of 4; then 
ſince EA—F4 and G are equimultiples of A and B, 


and ſince FA and FB are alſo other equimultiples of 
the ſame, it follows from the ſecond propoſition, that 


the ſum EA—FA+FA will be the ſame multiple of 
A that G is of B. but EA HATHA EA; 
therefore EA is the ſame multiple of A that G+FZB 
is of B: but EA is the fame multiple of A that EB 
is of B; therefore EB 1s the ſame multiple of B that 
G+#B is of B; therefore EB is equal to GT; 
therefore EB—FB is equal to G: but G was the 
ſame multiple of B that FA—FA is of A by the 
ſuppoſition ; therefore EB FB is the ſame multiple 
of B that EAA is of A. Q E. D. 


As in the ſecond definition it was provided that no 
ſimple quantity be conſidered as a multiple of itſelf, 
Jo in this propoſition care is taken that no two ſimple 
quantities be conſidered as equimultiples of them- 
ſe;ves; which indeed is but a conſequence of that 
definition, and is the reaſon why this propoſition 
reſolves itſelf into two cales, - 


SCHOLIUM. 


For 
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For a better underſtanding and remembering the 
ſtructure of the ſix foregoing propoſitions, it may be 
obſerved, that the two laſt propoſitions are nothing 
elſe but the two firſt with their ſigns changed. In the 
firſt propoſition it was demonſtrated, that the ſum 
EIL is the ſame multiple of the ſum TY that 
EA is of A, or EB of B: in the fifth propoſition 
it is demonſtrated, that the difference EA EZ is 
the ſame multiple of the difference JV that EA is 
of A or EB of B. Again, in the ſecond propofition 
it was demonſtrated, that the ſum EA is the 
ſame multiple of 4 that the ſum EHT Ib is of B; 
and in the ſixth it is demonſtrated that the remainder 


EA4—F1 is the ſame multiple of 4 that the remainder 


PROPOSITION 7. 


272. If two equal quantities A and B be compared with 
a third as C, I ſay then, that both A and B oill 
have the ſame proportion to C; and vice verſa, that 
C will have the ſame proportion both to A and to B. 


For taking any equimultiples of A and B, ſuppoſe 
34 and 3B, and any other multiple of C, ſuppoſe 
50, it ee. that 34 muſt be equal to 3B, becauſe 
A is equal to B: but if 34 be equal to 3B, then it 
will be impoſſible for 34 to be greater than, equal to, 
or leſs than, 5C, but 35 muſt accordingly be greater 
than, equal to, or leſs than, the tame 5C; therefore 
we have four quantities 4, C, B, and C, whereot 34 
and 35 repreſent any equimultiples of the firſt and 
third, and 5C and 5C any other equimultiples of the 
ſecond and fourth ; and fince the firſt multiple 34 
cannot be greater than, equal to, or leſs than, the fe» 
cond 5C, but the third multiple 3B muſt accordingly 
be greater than, equal to, or leſs than, the fourth 50, 
it follows from the fifth definition, that theſe four 

| | quantities 
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quantities A, C, B, and C, are proportionable, A to 
Cas B to C. 2. E. D. 

Again, ſince 3A is equal to 35, it will be impoſ- 
ſible for C to be greater than, equal to, or leſs than, 
34, but the ſame 50 muſt alſo be greater than, equal 
to, or leſs than, 33; therefore we have four quanti- 
ties C, A, C, and B, whereof 5C and 5C repreſent any - 
equimultiples of the firſt and third, and 34 and 3B 
any other equimultiples of the ſecond and fourth; and 
fince the firſt multiple 5C cannot be greater than, 
equal to, or leſs than, the ſecond 34, but the third 
multiple 50 muſt alſo be greater than, equal to, or 
leſs than, the fourth 3B, it follows from the fifth de- 
finition, that theſe four quantities C, A, C, and B, muſt 
be proportionable, C to A as C to B. Q, E. D. 


PROPBOSITIORN 8. 


273. If two unequal quantities A and B, whereof A is 
the greater, be compared with a third as C, I ſay 
then that A ill have a greater proportion to C than 
B hath to C; but that, on the other hand, C will 
have a preater proportion to B than it hath to A. 


For ſince, by the ſuppoſition, A is greater than B, 


; A—B will be the exceſs of A above B; and by the 


fifth propoſition, if EB be any multiple of B, EA- EB 
will be the fame multiple of A- B: multiply then 


theſe two quantities B and A- alike, till of the 
equimultiples thence ariſing, the leſs ſhall be greater 
than C; then will the other be much greater; let theſe 


equimultiples be 35 and 34- 3B, each being greater 
than C: laſtly multiply C cill you come to a multiple 
of it that ſhall be the next greater than 35, which 
multiple let be 50; then it is plain that 35 cannot be 

leſs than 40; for if it was, then 40, and not 50, 
would be the next multiple of C greater than 35, con- 
trary to the ſuppoſition. Since then 3B cannot be 


leſs than 40; it follows, that if to 3B be added a 


greater 
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greater quantity, and to 4C a leſs, the former ſum 
will be greater than the latter: but 34—3B is greater 
than C by the conſtruction ; add then 3A—3B to 3B, 
and C to 4C, and you will have 34 greater than 5C: 
but 3B is leſs than ;C by the conſtruction ; therefore 
we have four quantities A, C, B and C, whereof 34 
and 2B are equimultiples of the firſt and third, and 
C and 5C are other equimultiples of the ſecond and 
fourth; and ſince the firſt multiple 34 is greater than 
the ſecond 5C, and at the ſame time the third mul- 
tiple 3B is not greater than the fourth z5C, bur leſs, it 
follows from the ſeventh definition, that of the four 
quantities A, C, B, and C, A hath a greater propor- 
tion to C than hath to C. Q: E. D. 

Again, ſince we have four quantities C, B, C, and 4, 
whereof 5C and 5C are equimultiples of the firſt and 
third, and 3B and 34 are other equimultiples of the 
ſecond and fourth ; and fince the firſt multiple 5C is 
greater than the ſecond 3B, and at the ſame time the 
third multiple 5C 1s not greater than the fourth 2.4, 
but leſs, it follows from the ſeventh definition, that 
of the four quantities C, B, C, and A, C hath a greater 
proportion to B than C hath to 4. Q. E. D. 


PROPOSITION 9. 


274. If two quantities A and B have both the ſame 
proportion to.a third as C, or if C hath the ſame 
proportion to bath A and B; in either of the/e caſes 
A and B muſt be equal to each other. 


For ſhould either of them be greater than the other, 
ſhould A be greater than B, then by the laſt propo- 
fition, A muſt have a greater proportion to C than B 
hath to C, contrary to the firſt ſuppoſition z and C 
muſt have a greater proportion to B than it hath to A, 
contrary to the ſecond ſuppoſition; therefore A and 
B mult be equal to each other, Q: E. D. | 


PRO SP o- 
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PROPOSITION 10. 


275. F of three quantities A, B, and C, A hath a 
greater proportion to C than B hath to C, or if C 
hath a greater proportion to B than it hath to A; in 
either f theſe caſes A muſt be greater than B. 


For was A equal to, or leſs than, B, then either 4 
muſt have the ſame proportion to C that B hath to C, 
as in the ſeventh 1 or a leſs as in the eighth, 
both which contradict the firſt ſuppoſition : and again, 
was A equal to, or leſs than, B, then either C muſt 
have the ſame proportion to A that it hath to B, as 
in the ſeventh propoſition, or a greater as in the 
eighth, both which contradiCt the ſecond ſuppoſition; 
therefore 4 muſt be greater than B. 2. E. D. 


PROPOSITION 11. 


276. If two ratios be the ſame with a third, they muſt 
be the ſame with one another: as if the ratio of A 1 
a and the ratio of C to c be both the ſame with tht 
ratio of B to b, then the ratio of A to a will be the 
ſame with the ratio of C to c: or thus; If Avetoa 
as B to b, and B to b a C to c; I fay then that A 
will be to a as C to c. 


For taking any equimultiples of the antecedents, 
ſuppoſe 34, 3B, 3C; and any other equimultiples of 
the conſequents, ſuppole 24, 2b, 2c, let 34 be 
greater than 24; then ſince by the ſuppoſition A is to 
a as B to b, and 34 is greater than 2a, 3B muſt be 

reater than 26 by the fifth definition: again, ſince 
B is to bas C toc, and 35 is greater than 26, 30 
muſt be greater than 2c: thus then we ſee that if 34 
be greater than 24, 30 muſt neceſſarily be greater 
than 2c: and in like manner it may be demonſtrated 
that if 34 be equal to, or leſs than, 2a, 30 will ac- 
cordingly be equal to, or leſs than, 2c. Since then we 


have four quantities A, a, C, and c, whereof 34 and 


3C repreſent any equimultiples of the firſt and ny 
| ani 
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and 24 and 2c any other equimultiples of the ſecond 
and fourth; and ſince 34 cannot be greater than, 
equal to, or leſs than, 2a, but 30 muſt accordingly 
be greater than, equal to, or leſs than, 2c, it follows 
from the fifth definition that theſe four quantities 


A, a, C, and c, mult be proportionable, A to a as C to c. 
9. E. D. 


PRO PYOSITION 12. 


277. If ever ſo many quantities A, B, C, in one ſeries 
be proportionable to as many a, b, c, in another, that 
is, A to a as B to b as Ctoc; I ſay then, that as 
any one antecedent is to its conſequent, ſo will the 
ſum of all the antecedents be to the ſum of all the con- 
ſequents ; that is, as A is to a /o will A+B+C 
be to abc: or if we ſuppoſe A+B+C=S, and 
a+b+c=s, 1 ſay then that as A is to a ſo will 
8 be tos. | 
For taking any equimultiples of the antecedents, 

ſuppole 34, 33, 3C, and any other equimultiples of 

the conſequents, ſuppoſe 2a, 26, 2c, let 3 4 be greater 
than 232; then ſince A is to à as B to &, and 34 is 
greater than 24, 33 muſt be rover than 26 by the 
fifth definition: again, ſince B is to & as C to c, and 

33 is greater than 26, 30 muſt be greater than 2c : 

therefore if 34 be greater than 24, not only 35 will 

be greater than 26, but alſo 30 will be greater than 


2c, and conſequently the whole ſum 34+38+3Cc 
will be greater than the whole ſum 2a+2b+2c: 
but by the firſt propoſition, the ſum 34+ 3B+3C 
is the ſame multiple of the ſum A+B+C or S that 
34 is of A; therefore 3 44+35-þ3C=3S; and for 
the ſame reaſon 244 26 ＋ 2c g 25; therefore we may 
now ſay that if 34 be greater than 24, 38 will be 
greater than 25: and after the ſame manner might it 


be demonſtrated, that if 34 be equal to, or leſs than, 
5 24, 
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2a, 38 will be equal to, or leſs than, 2s. Since 
then we have four quantities A, a, S, and , whereof 
34 and 38 repreſent any equimultiples of the firſt and 
third, and 24 and 2s any others of the ſecond and 
fourth; and ſince 34 cannot be greater than, equal 
to, or leſs than, 2a, but 38 muſt in like manner be 
greater than, equal to, or leſs than, 2s, it follows from 
the fifth definition that theſe four quantities A, a, 5, 
and s, muſt be proportionable, A to à as S tos, 


2. E. D. 


PROPOSITION 13. 


278. If A bath the ſame proportion to a that B hath 
to b, but B hath a greater proportion to b than C 
hath toc; I ſay then that A hath a greater propor- 
tion to a than C to c. 

For ſince by the ſuppoſition B is to & in a greater 
proportion than C to c, it follows from the ſeventh 
definition that there are equimultiples of B and C, 
and others again of b and c, of ſuch a nature that B's 
multiple ſhall exceed that of , and at the ſame time 
C's multiple ſhall not exceed that of c : let then 33 
exceed 26, and let 30 not exceed 2c; then ſince A is 
toa as B to b, and 3b exceeds 2b, 34 mult neceſſa- 
rily exceed 24 by the fifth definition; therefore we 
have four quantities A, a, C, and c, whereof 34 and 30 
are equimultiples of the firſt and third, and 24 and 
ac are other equimultiples of the ſecond and fourth; 
and fince 34 exceeds 24 when 30 does not exceed 2c, 
it follows from the ſeventh definition that of theſe 
four quantities A, a, C, and c, A hath a greater pro- 
portion to 4 than C hath to c. Q: E. D. 


PROPOSITION 14. 


279. If four homogeneous quantities be proportionable, 
the firſt to the ſecond as the third to the fourth ; J 
ſay then that the ſecond will be greater than, equal to, 


or leſs than, the fourth, according as the firſt is For 
| than, 
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than, equal to, or leſs than, the third: as if A be to 
B as C ist0 D; T1 ſay then that B will be greater than, 
equal to, or leſe than, D, according as A is greater 
than, equal 0, or leſs than, C. 


CAS E 1. 


Let A be 3 than C: I ſay then that B will be 

greater than For ſince A is greater than C, A 
Sil have a greater proportion to B than C hath to B 
by the eighth propoſition : again, ſince C is to D as 
A to B, and A hath a greater proportion to B than C 
hath to B, it follows from the Jaſt propoſition that C 
is to D in a greater proportion than C to B; there- 
fore 27 the tenth propoſition B is greater than D. 


L. E. D 


G84 2. 


Let now A be leſs than C: I ſay then that B will 
be leſs than D. For if A be leſs than C; then C will 
be greater than A: ſince then C is to D as A is to B 
ex bypotheſi, and C is greater than 4, it follows from 
the laſt caſe that D will be greater than B; and there- 
fore B will be leſs than D. Q: E. D. 


CASE 3. 


Laſtly, let A be equal to C: I fay then that B will 
be equal to D. For ſince A is equal to C, A will be 
to B as C is to B by the ſeventh propoſition ; but C is 
to D as A to B by the ſuppoſition ; therefore Cisto D 
as C is to B by the eleventh propoſition; therefore B 
and D are equal by the ninth. . E. D. 


PROPOSITION 15. 


280, Parts are in the ſame proportion with their re- 
ſpective eguimultiples. Let A and a be any two homo- 
geneous quantities, whereof 3 A and 3a repreſent any 
eguimultipies reſpectively; I ſay then, that A will be 
4% à as 3A fo za. p 
or 
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For take B and C both equal to A, and alſo þ and 
both equal to a; then by the ſeventh propoſition we 
ſhall have A to@ as BrobasCtoc; therefore by the 


twelfth propoſition we ſhall have 4 to a as IAEA 
to a -c: but in this caſe A+ B+C=341, and 


a+b4c= za; therefore A is to à as 34 is to 3a, 


PROPOSITION 16. 


281. J four homogeneous quantities be proportionable, 
the firſt to the ſecond as the third to the feurth; I ſay 
then that they will alſo be alternately proportionatle, 
that is, the fir ft to the third as the ſecond to the fourth: 
ai A be to B as C1 D; I ſay then that A will be 
to CasB to D. 


For, taking any equimultiples of A and B, ſuppoſe 
34 and 3B, and any others of C and D, ſuppoſe 2C 
and 2D, ſince 34 is to 3B as A to B by the laſt, and 4 
is to Bas C to D by the ſuppoſition, and Cis to D as 
'2C to 2D by the laſt; it follows from the 11th pro- 
poſition that 34 is to 3B as 2C to 2D; therefore by 
the 14th propoſition, 34 cannot be greater than, equal 
to, or leis than, 20, but at the ſame time 3B muſt be 
greater than, equal to, or leſs than, 2D. Since then we 
have four quantities 4, C, B, and D, whereof 34 and 
3B repreſent any equimultiples of the firſt and third, 
and 2C and 2D any other equimultiples of the ſecond 
and fourth; and fince 34 cannot be greater than, 
equal to, or leſs than, 20, but 3B muſt according]y 
be greater than, equal to, or leſs thany 2D, it follows 
from the fifth definition that theſe four quantities 
A, C, B, and D, muſt be proportionable, 4 to C as 
B to D. 9. E. D. 

Note, Alternate proportion can have no place, ex- 
cept where all the quantities 4, B, C, and D, are of the 
ſame kind: for if A and were of one kind, and C 
and D of another, how would it be poſlible for the 

quantiiies 
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quantities A and C, or B and D, to have any propor» 
tion one to another, much leſs the ſame ? 


PRoPOSITION 17. 

282. If four quantities A, B, C, and D, whereof A is 
greater than B, and C greater than D, be proportion- 
able, A to B a C10 D; 1 ſay then that A B will 
be to B 4 C- D is to D, which is called proportion 
by diviſion. 

For let 34, 3B, 3C, and 3D, be any equimultiples 
of the quantities A, B, C, and D; then will g4— 438 
and 3C—3D be like multiples of A4—B and C- D. 
Again, let 2B and 2D be any other equimultiples of 
5 and D, and let $4—3B be greater than 25; then 
if 3B be added to both ſides, we ſhall have 34 

reater than 5B; and becauſe A is to B as C is to D, 


we ſhall have, by the fifth definition, 30 greater than 
5D; take 3D from both ſides, and you will have 


30-30 greater than 2D; therefore if 3433 be 
greater than 2B, 3C— 3D muſt be greater than 2D: 
and by a like proceſs it may be demonſtrated, that 
if 34=3B be equal to, or leſs than, 2B, 3C—3D 
will be equal to, or leſs than, 2D. Since then we 
have four quantities, 4 B, B, C- D, and D, 
whereof 34—38B and 3C—3D repreſent any equi- 
multiples of the firſt and third, and 2B and 2D any 
other equimultiples of the ſecond and fourth ; and 


ſince 34 - 335 cannot be greater than, equal to, or 


leſs than 25, but at the ſame time 3C— 3D mult ac- 
cordingly be greater than, equal to, or leſs than, 
2D, it follows from the fifth definition that theſe 


four quantities, A—B, B, C- D, and D, muſt be 
proportionable, 4 - to B as C-D toD. & E. D. 


U P Ro- 
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PrRoPOSITION 18. 


282. If four quantities A, B, C, and D, be propor- 
tionable, A to B 4 C 10 D; I ſay then that A+B 
will be to B as C+D to D, which is called proportion 
by compoſition. | 
If this be denied, that A+B is to B as C+D is 


to D, it muſt then be allowed that A+B is to B as 


C+D is to ſome quantity either greater or leſs than 
D ; ſuppoſe to a greater, and call it E; then fince 


E is by the ſuppoſition greater than D, if C- E be 


added to both ſides, we ſhall have C greater than 


C4D—E. This being obſerved, let us begin again, 
and ſuppoſe A5 to B as CD to E; then we ſhall 
have dividendo (that is, by the Jaſt propoſition) 


4Þ+B—B to Bas CD- E to E; but A+B-B is 
equal to 4; therefore 4 is to B as C+D—E is to E; 
but A is to B as C is to D by the ſuppoſition ; there- 
fore C is to D as C+D—Eisto E; but of theſe four 
proportionals C, D, C+D—E, and E, it has been 
proved that the firſt is greater than the third, that C 


is greater than C+D—E, therefore, by the four- 
teenth, the ſecond muſt be greater than the _— 


that is, D muſt be greater than E; therefore E mu 
be leſs than D; therefore if A+B be to B as C+D 
is to any quantity greater than D, that quantity muſt 
alſo be leſs than D, which is impoſſible; therefore it 


is impoſſible for A+B to be to B as C+D is to any 
quantity greater than D: and by a like proceſs it 
may be demonſtrated, that it is as impoſſible for 


A to be to Bas C+D is to any quantity leſs than 


D; therefore A+B muſt be to B as C+D is to D. 


D. E. D. 


Pao- 
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PROPOSITION 19. 


284. If from two quantities A and B in any proportion 
be ſubtracted other two C and D in the ſame pro- 
ortion; I ſay then that the remainders A C and 
B—D vill flill be in the ſame proportion, that is, 
that A- C will be to B-Das A 10 B̃ or as Co D. 


For ſince by the ſuppoſition A is to B as C is to D, 
we ſhall have permuando (that is, by the ſixteenth 
propoſition) A to C as B to D; and dividendo, 
A-CtoC as B=-D tw D; and again permutando, 
A—-Cto B- Das C is to D; but A is to Bas Cis to 
D; therefore A- C is to B- D as A to B. Q, E.D. 


SCHOLIUM. 


Here Doctor Gregory in his manuſcript copy finds 
a corollary demonſtrating that illation called conver- 
ſion of proportion; but becauſe it is difficult to 
make ſenſe of that demonſtration, I chuſe rather to 
inſert his own demonſtration of the ſame propoſition, - 
which is as follows: | 

If four quantities A, B, C, and D, be proportionable, 
A fo B a C0 D; I ſay then that A is to A- B as 
C is to C- D, which is called converſion of proportion. 
For fince by the ſuppoſition A is to B as C is to D, 
we ſhall have dividendo, A- B to Bas C-D to D; 
and invertendo, B io A- B as D to C-D; and com- 
ponendo, B A- B to A- as D+C—D to C- D, 
that is, 4 to A- B as C to C- D. Q, E. D. 

As to the foregoing nineteenth propoſition I ſhall 
further obſerve, that as in that propoſition, by divi- 
ſion of proportion it was demonſtrated, that if from 
two quantities 4 and B in any proportion be ſub- 
tracted two others C and D in the ſame proportion, 
the remainders A- C and B- D will ſtill be in the 
ſame proportion with A and B; ſo by compoſition 
of proportion it may be demonſtrated, that if to 
two quantities 4 and B = any propertion be added 

| 2 wwe 


— 
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two others Cand D in the ſame proportion, the aggre- 
gates A+Cand B+D will ſtill be in the ſame propor- 
tion with Aand B; but this has already been demonſtra- 
ted, being a particular caſe-of the twelfth propoſition. 


PROPOSITION 20. 


285. If there be three quantities A, B, and C, in one 
ſeries, and three others D, E, and F, in another, and 
if the proportions in one ſeries be the ſame with the 
proportions in the other when taken in the ſame order, 

as if A be to B as D is to E, and B 10 Ca E to F; 
1 ſay then that A cannot be greater than, equal to, 
or leſs than, C in one ſeries,” but accordingly D muſt 
be greater than, equal to, or leſs than, F in the other, 


For let A be greater than C; then it is plain from 
the eighth propoſition that A muſt have a greater 
proportion to B than C hath to B; but A is to B as 
D to E by the ſuppolition, and C is to Þ as F to E, 
becauſe by the ſuppoſition B is to C as E to F; there- 
fore D hath a greater proportion to E than F hath to 
E; therefore D is greater than F by the tenth pro- 


' poſition ; therefore if A be greater than C, D muſt 


be greater than F: and after the ſame manner it may 

be demonſtrated, that if A be equal to, or leſs than, 
C, D muſt accordingly be equal to, or leſs than, F. 
therefore A cannot be greater than, equal to, or leſs 
than, C, but accordingly D muſt be greater than, 
equal to, or leſs than, . Q: E. D. 


PROPOSITION 21. 


286. F there be three quantities A, B, and C, in one 
ſeries, and three others, D, E, and F, in another, and 
if the proportions in one ſeries be the ſame with tht 
proportions in the other, but in a different order, as 
if AbetoBasEistoF, and B to Ca, D is to E; 

ſay flill that A cannot be greater than, equal to, or 
leſs than, C, but accordingly D muſt be greater than, 

equal to, or leſs than, F. Tr p 
For 


Art. 2 86, 28 7. The fifth Book of EucLid's Elements. 309 


For let 4 be greater than C; then by the eighth 
propoſition 4 muſt have a greater proportion to B 
than C hath to B: but A is to B as E is to F by the 
ſuppoſition, and C is to Bas E to D, becauſe by the 
ſuppoſition B is to Cas D to E; therefore E hath a 
greater proportion to F than it hath to D; therefore 
D mult be greater than F by the tenth propoſition; 
therefore if A be greater than C, D muſt be greater 
than F: and by a like way of reaſoning, if A be equal 
to, or leſs than, C, D will accordingly be equal to, or 
leſs than, I; therefore A cannot be greater than, equal 
to, or leſs than, C, but accordingly D muſt be greater 
than, equal to, or leſs than, F. Q. E. D. 


PROPOSITION 22, 


287. If there be three quantities A, B, and C, in one 
ſeries, and three others D, E, and F, in another, and 
if the proportions in one ſeries be the ſame with the 
proportions in the other when taken in the ſame order; 
I ſay then that the extremes in one ſeries will be in the 
ſame proportion with the extremes in the other : as if 
AbetoBas D is to E, and B to Cas E to F; I jay 
then that A will be to Ca D t F. 


Note, For avoiding a multiplicity of words, this 
conſequence is ſaid to follow ex quo ordinate, or ex 
æquo : ſee the eighteenth and nineteenth definitions. 

Take any equimultiples of 4 and D, ſuppoſe 44 
and 4D, and any others of B and E, ſuppoſe 3B and 
3E, and laſtly any others of C and F, as 20 and 2F; 
then ſince by the ſuppoſition A is to B as D is to E, 
it follows from the fourth propoſition that 44 will be 
to 3B as 4D to 3E: again, ſince by the ſuppoſition 
B is to C as E to F, it follows from the ſame fourth 
propoſition that 4B will be to 20 as 3E to 2F: fo 
that we have three quantities, to wit, 44, 3B, 20, in 
one ſeries, and three others, to wit, 4D, 3E, and 2, 
in another; and it has been ſhewn that the propor- 
tions in one ſeries are the ſame with the proportions 

U 3 in 
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in the other when taken in the ſame order, that is, 
44 is to 3B as 4D to 3E, and 3B to 20 as 3E to2F; 
therefore, by the twentieth propoſition, 44 cannot be 
greater than, equal to, or leſs than, 20, but 4D muſt 
accordingly be greater than, equal to, or leſs than, 
2F. Since then we have four quantities 4, C, D, and 
F, whereof 44 and 4D repreſent any equimultiples 
of the firſt and third, aud 20 and 2F any other equi- 


multiples of the ſecond and fourth; and fince 44 


cannot be greater than, equal to, or leſs than, 2C, 
but accordingly 4D mult be greater than, equal to, 
or leſs than, 2+, it follows from the fifth definition 
that theſe four quantities 4, C, D, and F, are propor- 
tionable, to Cas D to F. Q. E. D. 


GConoOolttit CKhY; 


In lite manner, if there be ever ſo many quantities 
A, B, C. G, &c. in one ſeries, and as many others 
D, E, F, H, &c. in another, and if A be to B as D is 
10 E, and B 0 Cas E t F, and C to G asF % N, 
&c. the conſequence with reſpett to the extremes will ſtill 
be the ſame, that is, A will be 10 G as D 10 H: for it 
has been proved already that A is to Cas D to F; and 
by the ſuppoſition C is to G as F to H; therefore, ex 
u,, 4 will be to G as D to H. | 


PROPOSITION 23. 


288. If there be three quantities A, B, and C, in one 
ſeries, and three others D, E, and F, in another, and 
if the proportions in one ſeries be the ſame with the 
proportions in the other, but in a different order; I ſay 
that the extremes in one ſeries will ſtill be in the ſame 

proportion with the extremes in the other: as if A be 
to B a, E is 10 F, and B to Ca D 1% E; 1 ſay till 
that A will be to Cas D to F. 
Note. This conſequence is ſaid to be ex æꝗquo per- 
turbate. ves WR 

Take any equimultiples of 4, B, and D, ſuppoſe 

34, 3B, and 3 D, and any others of C, E, and F, = 
poſe 
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poſe 2C, 2 E, and 2F, and the reaſoning is as follows: 
34 is to 3B as A to B by the fifteenth, and A is to B 
as E to F by the ſuppoſition, and E is to F as 2E to 
2F by the fifteenth ; therefore 34 is to 3B as 21 is to 
2F by the eleventh ; again, Bis toCas D to E by 
the ſuppoſition ; therefore 3B will be to 20 as 3D to 
2E by the fourth: fince then we have three quanti- 
ties, to wit, 34, 3B, and 2C, in one ſeries, and three 
others, to wit, 3D, 2E, and 25, in another, and ſince 
the proportions are the fame in both ſerieſes, but in a 
different order, that is, ſince 3A is to 3B as 2E to 
2F, and 3B is to 20 as 3D to 2E, it follows from the 
twenty-firſt propoſition, that 34 cannot be greater 
than, equal to, or leſs than, 20, but 3D muſt accord- 
ingly be greater than, equal to, or leſs than, 2#: 
again, ſince we have four quantities A, C, D, and F, 
whereof 34 and 3 D repreſent any equimultiples of 
the frit and third, and 2C and 2F any others of the 
ſecond and fourth, and ſince 34 cannot be greater 
than, equal to, or leſs than, 2C, but 3D muſt accord- 
ingly be greater than, equal to, or leſs than 2F, it 
follows from the fifth definition that theſe four quan- 
tities A, C, D, and F, are proportionable, 4 to C as D 
to F. , E. D. 


PROPOSITION 24. 


289. If there be fix quantities, A, B, C, D, E, F, 
whereof A it 10 B a, C is io D, and E is 1 B as E 
to D; I fay then that A E will be to B as C+F 

10 D. = 
For ſince by the ſuppoſition E is to B as F to D, 

we ſhall have, invertendo, B to E as D to F. Since 

then A is to B as C is to E by the ſuppoſition, and B 

is to E as D to F, it follows ex æquo, that A is to E 

as C to F; whence, componendo, A+E will be to E as 

C+#'is to F: again, ſince AE is to E as C+F is 

to F, and E is to B as F to D by the ſuppoſition, it 

follows again ex quo, that A+E is to B as CF to 

D. 2, E. D. 

U 4 LEMMA. 


312 The jfib Book of EucLid's Elements. Book VII. 


LE MMA. 


290. F four quantities A, B, C, and D, be proportion- 
able, A to B a, C to D; I ſay then that A cannot 
Poſſibly be greater than, equal to, or leſs than, B, but 
that C will accordingly be greater than, equal to, or 
leſs than, D. 


That this lemma is ſelf-evident according to the 
common notion of proportionality, or even upon the 
plan of the fifth definition, were ſimple quantities al- 
lowed to be conſidered as equimultiples of themſelves, 
is what I ſuppoſe will ſcarcely be denied: but this the 
name of multiple and equimultiple will by no means 
admit of, and therefore care has been taken to provide 
againſt it, as may be ſeen in my obſervations on the 
ſecond definition, and at the end of the ſixth propoſi- 
tion: therefore, as the doctrine of proportion here 
ſtands, this lemma ought certainly to be demonſtrated; 
and the author's taking it for granted in the demonſtra- 
tion of the next propoſition follow ing, where he might 
with ſo much eaſe have avoided it, is not ſo much an 
argument of its felf-evidency, as that he had demon- 
ſtrated it ſomewhere before in this fifth book, but that 
it is now. loſt, Commandine, from the fourteenth of 
this book, has demonſtrated one particular caſe of 
this propoſition, that is, where the quantities 4, B, 
C, and D, are all of a kind: but this propoſition is no 
leſs true when the quantities A and are of one kind, 
and C and D of another. This Clavius very well ob- 
ſerves, and endeavours to demonſtrate this propoſi- 
tion in this more extended ſenſe (ſee his ſcholium to 
the fourteenth propoſition of the fifth book); but 
whether this demonſtration of his amounts to any 
more than proving idem per idem, let them that read 
it judge. The demonſtration I ſhall here give of it 
is as follows: 

I 'am to demonſtrate that if 4 be to B. as C is to D; 
then 4 cannot poſſibly be greater than, equal to, 
| or 
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or leſs than, B, but accordingly C mult be greater than, 
equal to, or leſs than, D. 


eat . 


Let A be greater than B; I ſay then that C muſt 
be greater than D. For ſince A is greater than B, 
multiply the exceſs 4— B to a multiple greater than B, 
and let this multiple be 34— 3B ; then ſince 34-33 
is greater than B, if 3B be added to both ſides, we 
ſhall have 34 greater than 4B : again, ſince A is to 
BasCis to D, and 34 is greater than 4B, we ſhall 
have, by the fifth definition, 30 greater than 4D; 
therefore 30 muſt be much greater than 3D, and C 
muſt be greater than D. Q, E. D. 


CASE 2. 


Let now A be leſs than B; I ſay then that C muſt 
be leſs than D. For ſince A is to B as C is to D, we 
ſhall have, invertendo, B to A as D to C; but B is 
greater than A, becauſe by the ſuppoſition A is leſs 
than B; therefore D muſt be greater than C by the 
laſt caſe; therefore C muſt be leſs than D. Q: E. D. 


CASE 3. 


Laſtly, let A be equal to B; I ſay then that C muſt 
be equal to D, For lince Cis to D as A is to B, 
ſhould C be greater or leſs than D, A would accord- 
ingly be greater or leſs than B by the two laſt caſes ; 


but A is neither greater nor leſs than B by the ſuppo- 


ſition; therefore C is neither greater nor leſs than D; 
therefore C is equal to D. ME. D. 


PROPOSITION 23. 


291. If four quantities A, B, C, and D, be proportion- 
able, A to B , C to D; I ſay then that the ſum of 
the greateſt and leaſt terms put together will be greater 
than the ſum of the other two, Y 

et 
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Let A be the greateſt of all; then, fince A is to B 
as Cis to D, and B is leſs than A, D will be leſs than 
C by the lemma : again, ſince A is to B as C is to D, 
and C is leſs than A, D will be leſs than B by the 
fourteenth ; therefore it A be the greateſt of all, D, 
which is leſs than either A, B, or C, will be the leaf 
of all, and fo the ſum of the greateſt and leaſt terms 
added together will be A+D; therefore the ſum of 
the other two will be B+C. We are now then to 
prove that the ſum A+D is greater than the ſum 
B+C, which is thus done: It has been demonſt rated 
in the nineteenth propoſition, that if from two quan- 
tities A and Þ in any proportion whatever, be ſub- 
trated other two C and D in the ſame proportion, 
the remainder A- C will be to the remainder B- D as 
A to B; but A is greater than B by the ſuppoſition ; 
therefore A— C muſt be greater than B- by the 
lemma ; add CD to both ſides, and you will have 
A+D greater than B＋ C. 2. E. D. 


COROLLARY. 


Tf three quantities A, B, and C, be in continual pro- 
poriion, A 1% B as B % C; I ſay then that the ſum of 
the extremes will be greater than twice the middle term, 
that A+C will be greater B+B or 2B. 


Of the CoMposITION and RESOLUTION of RATIOS. 


N. B. As numbers are quantities whereof we have 
more diſtin& ideas than of any other quantities what- 
ever, and as all ratios muſt be reduced to thoſe of 
numbers before we can make any conſiderable uſe of 
their compoſition and reſolution in a e the 
quantities of time, ſpace, velocity, motion, force, 
Sc. I ſhall confine myſelf chiefly to this ſort of 
ratios in what I have to deliver in the following ar- 
ticles, ' 

; DEF I- 
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DEFINITION 1. 


292. In comparing ratios, that ratio is ſaid to be 
reater than, equal to, or leſs than, another, whoſe 
antecedent hath a greater, or an equal, or a leſs pro- 
portion to its conſequent than the other's antecedent hath 
to its conſequent. Thus the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 4 to 3 leſs than the ratio 
of 5 to 3; thus again the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 6 to 5 leſs than the ratio 
of 6 to 4, Sc. Therefore whenever two ratios are to 
be compared whoſe antecedents and conſequents are both 
different, it will be proper to reduce them to the 
ſame antecedent or to the ſame conſequent before the 
compariſon is made, As for inſtance; ſuppole any 
one would know which of theſe two ratios is the 
greater, to wit, the ratio of 7 to 5, or the ratio of 4 
to 3: to know this, it will be proper to ſet off one 
of the ratios : ſuppoſe that of 4 to 3, from 7 the 
antecedent of the other (by which phraſe I mean 
no more than finding a number to which 7 hath the 
ſame proportion that 4 hath to 3); and this may be 


done by ſaying, as 4 is to 3, ſo is 7 to I or 5+: thus 


then it appears that the proportion of 4 to 3 is the 
ſame with the proportion of 7 to 5; ; ſo that now 
the queſtion turns upon this, which of theſe two 
ratios is the greater, that of 7 to 5, or that of 7 to 
51? and the anſwer is ready, to wit, that the ratio 
of 7 to 5 is the greater ratio, by the eighth propo- 
ſition of the fifth book of the Elements; therefore 
the ratio of 7 to 5 is greater than the ratio of 4 to 3. 
Again, ſuppoſe I would compare the ratio of 3 to 4 
with the ratio of 5 to 7; then I would ſet off the 
ratio of 3 to 4 from 5, by ſaying, as 3 is to 4, ſo is 
20 "1 ; 

5 to —, or 7 -= whereby it appears that the 
ratio of 3 to 4 is the ſame with the ratio of 5 to 7 4; 
but the proportion of 5 to 7 = is greater than the 

| propor- 


- — —— 


than, the fraction 5 for the ratio of 7 to 1 is 


equal to, or leſs than, the fraction f. this is evident 


. of 7 to 1 is the ſame with the ratio of A to B, and 


the ratio of 4 to 1 is the ſame with the ratio of C 


316 Of the Compoſition and Book VII, 


proportion of 5 to 7, as is evident from the eighth 
propoſition of the fifth book of the Elements, and 
alſo from the very nature of ratios, the number 5 
havigg more magnitude when compared with 7-4 
than it hath when compared with 7 ; therefore the 
ratio of 3 to 4 is greater than the ratio of 5 to 7. 
There is alto another way of comparing ratios, by 
turning their terms into fractions, making the ante- 
cedents numerators, and the conſequents denomina- 
tors. Thus the ratio of A to B is greater than, 
equal to, or leſs than, the ratio of C to D, according 


as the fraction F is greater than, equal to, or Jeſs 


greater than, equal to, or leſs than, the ratio of 


5 50 I according as the fraction „ is greater than, 


D 
from what has been laid down already: but the ratio 


D 
to D; therefore the ratio of A to Þ is greater than, 
equal to, or leſs than, the ratio of C to D, according 


as the fraction 7 is greater than, equal to, or leſs 


than, the fraction 5 But this way of repreſenting 


ratios by fractions, though it may ſerve well enough 
for comparing them as to greater and leſs, yet it 
ought not by any means to be admitted in general, be- 
cauſe theſe repreſentatives are not in the ſame propor- 
tion with the ratios repreſented by them: thus the 


traction? is double of the fraction 4, but yet it 1 * 
1 
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by no means be concluded from thence that the ratio 
of 6 to 2 is double of the ratio of 3 to 2; for it will 
be found hereafter that the ratio of 9g to 4 is double 
of the ratio of 3 to 2. For my own part, I never 
was a favourer of repreſenting ratios by fractions, or 
even fraction-wiſe, as is done by Barrow and others; 
not only for the reaſons above given, but alſo becauſe 
that this way of repreſenting ratios is very apt to 
miſlead beginners into wrong conceptions of their 
compoſition and reſolution. 


DEFINITION 2. 


293. In a ſeries of quantities of any hind what- 
ſoever increafing or decreaſing from the firſt to the laſt, 
the ratio of the extremes is ſaid to be compounded of all 
the intermediate ratios. Thus if A, B, C, D, repre- 
ſent any number of quantities put 
down (or imagined to be put down) A, B, C, D, 
in a ſeries, the ratio of 4 to D is 48, 40, 30, 15, 
ſaid to be compounded of, or to be 
reſolvable into theſe ratios, to wit, the ratio of A to 
B, the ratio of B to C, and the ratio of C to D: or 
thus: If A and D be any two quantities, and if 
B, C, &c. repreſent any number of other intermediate 
quantities interpoſed at pleaſure between A and D, the 
ratio of A to D ts ſaid by this interpaſition to be reſolved 
into the-ratios of A to B, of B io C, and of C to D. 

This is no propolition to be proved, but a defi- 
nition laid down of what Mathematicians commonly 
mean by the compoſition and reſolution of ratios, 
which 1s certainly no more than what they mean by 
compoſition and reſolution in the caſe of any other 
continuum whatever. As for inſtance ; ſuppoſe the 
letters A, B, C, D, inſtead of repreſenting quantities, 
to repreſent ſo many diſtin points placed in a right 
line one after another, whether at equal or unequal 
diſtances it matters not: who then would ſcruple to 
ſay that the whole interval AD conſiſted of the inter- 
vals AB, BC, CD, as of its parts? Or, if the 7 

and 
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A and D be the extremities of a line, and any num- 
ber of points B, C, Sc. be marked at pleaſure upon 
it; who will not ſay that the line AD is by theſe - 
points reſolyed or diſtinguiſhed into the parts AB, BC, 
CD, &c.? This is the caſe in the compoſition and 
reſolution of lines; and I ſee no difference when ap- 
plied to the compoſition and reſolution of ratios, ex- 
cept that here the whole and all its parts are lines, 
and there the whole and all its parts are ratios, 

If 4, B, C, D, &c. ſignify quantities, the ratio 
of Ato B begins at 4 and terminates in B; the 
ratio of B to C begins at B where the former left off, 
and terminates in C; and the ratio of C to D begins 
at C and terminates in D : why then ſhould not theſe 
continued ratios be conceived as parts conſtituting 
the whole ratio of A to D? That ratios are capable 
of being compared as to greater and leſs, and that 
one ratio may be greater than, equal to, or leſs than, 
another, we have ſeen already; and if fo, why ſhould 
not ratios be allowed to have quantity as well as all 


| Other things that are capable of being ſo compared? 


but if ratios have quantity, they muſt have parts, 
and theſe parts muſt be of the ſame nature with the 
whole, becauſe ratios are not capable of being com- 
pared with any thing but ratios : therefore I do not 
ſee but that the idea I have here given of the compo- 
ſition and reſolution of ratios is as juſt and as intelligi- 
ble as it is when applied to any other compoſition or 

reſolution whatſoever. | 
To proceed then: let 4, B, C, D, be points in a 
right line as before ; let the line AB be equal to any 
line Rr, let BC be equal to ſome other line Ss, and CD 
to the line T7 ; then it will not only be proper to ſay 
that the line AD is equal to the three lines AB, BC, 
CD, but alſo that the ſame live AD is equal to the 
three lines Rr, Ss, and Tt, put together: and the ſame 

conſideration is ſtill applicable to ratios ; for ſuppoſin 
A, B, C, D, again to ſignify quantities, as alſo 
R, &, 7, r, s,t; let be to B as R tor, let B be 
to 


Art. 293. 294. Reſolution of Ratios. 319 


to Cas S tos, and let be to D as T tot; then it is 
uſual amongſt Mathematicians not only to conſider 
the ratio of A to D as compounded of the leſſer ratios 
of A to B, of B to C, and of C to D, but alſo as com- 
pounded of the ratios of R to r, of & tos, and of T 
to ft. All this will be very intelligible, if we attend 
to the ſeries already deſcribed ; for there the ratio of 
48 to 15 was compounded of the ratio of 48 to 40, 
of 40 to 3o, and of 30 to 15; but 48 is to 40 as 
6 to 5, and 40 is to 30 as 4 to 2, and 30 is to x5 as 
2 to 1; therefore it is as proper to conſider the ratio 
of 48 to 15 as compounded of the ratios of 6 to 5, 
of 4 to 3, and of 2 to 1, as it is to conſider it as 
compounded of the ratios of 48 to 40, of 40 to 3o, 
and of 30 io 15. 


DEFINITION 3. 


294. As when a line is divided into any number of equal 
parts, the whole line is ſaid to be ſuch a multiple of any 
one of theſe parts as is expreſſed by the number of parts 
into which the whole is ſuppoſed to be divided; ſo in a 
ſeries of continual proportionals, where the intermediate 
ratios are all equal to one another, and conſequently 70 
ſome common ratio that indifferently repreſents them all, 
the ratio of the extremes is ſaid to be ſuch a multiple of 
this common ratio as is expreſſed by the number of ratios 
from one extreme to the other. Ihus q, 6, aud 4, are 
continual proportionals whoſe common ratio is that 
of 3 to 2; forgisto6as 3 to 2, and 6 is to 4 as 
3 to 2; therefore, in this caſc, the ratio of g to 4 is 
laid to be the double of the ratio of 3 to 2 ; and on 
the other hand, the ratio of 3 to 2 ts ſaid to be the 
half of the ratio of 9 to 4; but the common expreſ- 
ſion is, that g is to 4 in a duplicate ratio of 3 to 2, 
and 3 is to 2 in a ſubduplicate ratio of 9 to 4. Again, 
27, 18, 12, and 8, are in a continual proportion whoſe 
common ratio is that of 3 to 2 z therefore 27 is to 8 
in a triplicate ratio of 3 to 2, and 3 is to 2 in a ſub- 
triplicate ratio of 27 to 8. Laſtly, 81, 54, 36, 24, 
| | and 
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and 16 are continual proportionals, whoſe common 
ratio is that of 3 to 2; therefore 81 is to 16 in a qua- 
druplicate ratio of 3 to 2, and 3 is to 2 in a ſubqua- 
druplicate ratio of 81 to 16. By theſe inſtances we 
ſee that one ratio may not only be greater or leſs than 
another, but a multiple, or an aliquot part of ano- 
ther; nay there is no proportion can be aſſigned which 
ſome one ratio may not have to another : thus the 
ratio of 81 to 16 is found to be to the ratio of 27 to 
8, as 4 to 3, becauſe the former ratio contains the 
ratio of 3 to 2 four times, and the latter three times; 
thus again, the ratio of 27 to 8 is the ratio of 9 to 
4, as 3 to 2, becauſe the former contains the ratio of 
3 to 2 three times, and the latter twice; whereby it 
appears that proportion is competible even to ratios 
themſelves, as well as to all other continued quanti- 
ties whatever. But though all ratios are in ſome cer- 
tain proportion one to another, yet this proportion 
cannot always be expreſſed; I mean, when the quan- 
tities of ratios are incommenſurable to one another ; 
for ratios may be incommenſurable as well as any 
other continued quantities of what kind ſoever : thus 
the ratio of 4 to 3 is incommenſurable to the ratio of 
3 to 2; which is the caſe of moſt ratios, though not 
of all. If all ratios were commenſurable to one ano- 
ther, their logarithms would be ſo too; and ſo the 
logarithms of all the natural numbers might be accu- 
rately aſſigned ; whereas from other principles we 
- know to the contrary, as will be ſeen when we come 

to treat particularly of logarithms. | 
N. B. The beſt way of repreſenting the quantities 
of ratios, that I know of, is by Gunter”s line, where as 
many of the natural numbers as can be placed upon 
It are diſpoſed, not at equal diſtances one from ano- 
ther, but at diſtances proportionable to the ratios 
they are in one to another. Thus the diſtance be- 
tween 1 and 2 is equal to the diſtance between 2 and 
4, becauſe the ratio of 1 to 2 is equal to the ratio of 
I 480 
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2 to 4: thus again, the diſtance between 4 and ꝗ is 
double the diſtance between 2 and 3, becauſe the ra- 


tio of 4 to 9 is double the ratio of 2 to 3; and ſo of 
the reſt. 


Of the Addition of Ratios. 


295. Since all ratios are quantities, as has been 
ſhewn in the three laſt articles, it follows, that they 
alſo as well as all other quantities muſt be capable 
of addition, ſubtraction, multiplication, and diviſion: 
to treat then of theſe operations in their order, I ſhall 
begin firſt with addition. | 

If the ratios to be added be continued ratics, that 
is, if they lie in a ſeries wherein the antecedent of every 
ſubſequent ratio is the ſame with the conſequent of the 
ratio that went immediately before, their addition is beſt 
performed by throwing out all the intermediate terms : 
thus the ratios of A to B, of B to C, and of Cro D, 
when added together, make up the ratio of 4 to D, 
as was ſhewn in the 293d article. 

Therefore, if the ratios to be added be diſcontinued, 
it will be proper to continue them from ſome given 
antecedent, ſuppoſe from unity, before they can be 
added, thus: let the ratio of A to B, the ratio of 
Cto D, and the ratio of E to F, be propoſed to be 
added into one ſum : now the ratio of A to B ſet off 


from 1 reaches to 7 becauſe A is to Bas 1 to FE the 


; B B 
next ratio of C to D ſet off from = reaches to To i 


and the laſt ratio of E to F ſet off from a reaches 


AG 
to 72 therefore the ratios of A to B, of C to D, 


and of E to F, when —_ together, make the * 
0 
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BDF 


of 1 to Top which is the fame with the ratio: of 


ACE ro BDF; whence we have the following canon: 

Multiply fir /t the entecedents of all the ratios propoſed 
together, ana then their conſequerts, and the ratio of 
the products thence ariſing will be the ſum of the ratios 
propoſed. 

That the ratio of Ato B, of Cto D. and of E to E, 
all together conſtitute the ratio of ACE to BDF, may 
be further confirmed by ſetting them off from ACE 
and from one another thus: the ratio of A to B ſet 
off from ACE reaches to BCE ; in the next place the 
ratio of C to D ſet off from BCE reaches to BDE; 
and laſtly the ratio of E to F ſet off from BDE 
reaches to BDF; therefore all theſe ratios together 
conſtitute the ratio of ACZ to BDF. An example in 
numbers take as follows: let it be required to add 
theſe four ratios together, viz, the ratio of 2 to 3, 
the ratio of 4. to 5, the ratio of 6 to 7, and the ratio 
of 8 to 9. Here the product of the antecedents is 
2X4X6x8'= 384, and the product of the conſequents 
8 3x5x7x9=945; therefore the ſum of all the 
ratios propoſed is the ratio of 384 ro 945; and the 
proof is eaſy: for the ratio of 2 to 3 reaches from 
384 to 576; the ratio of 4 to 5 reaches from 576 to 
720; the ratio of 6 to 7 reaches from 720 to 840 
and the ratio of 8 to 9 reaches from 840 to 945 ; 
therefore the ratios of 2 to 3, of 4 to 5, of 6 to 7, 
and of 8 to 9, reach from 384 to 945. 15 

From what has here bcen ſaid concerning the addi- 
tion of ratios, may eaſily be underitood an expreſſion 
fo frequent among Mechanical and Philoſophical 
writers; as when they ſay that A is to B in a ratio 
compounded of the ratio of C to D, and of the ratio 
of E to F; whereby they mean no more than that the 
ratio of A to B is equal to the ſum of the ratios of 
Cto D, and of Eto I; or that A is to B as CE to DF. 
According to the Mathematicians, every ratio is 
either a ratio majoris inæqualitatis, or a ratio aquali- 
talls, 


/ 
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tatis, or a ratio minoris ingqualitatis, which takes in 
all ſort of ratios : for by a ratio majoris inæqualitatis 
they mean the ratio that any greater quantity hath to 
a leſs ; by a ratio minoris inequalitatis they mean the 
contrary, that is, the ratio of a leffer quantity to a 
greater; and therefore by a ratio ægualitatis they 
mean the ratio (it it may be called fo) that every 
quantity hath to its equal, If we diltinguith ratios 
according to the effects they have in compoſition, 
then every ratio majorts inæqualitatis ought to be look- 
ed upon as affirmative, becauſe ſuch ratios always in- 
creaſe thoſe to which they are added; on the other 
hand, the rationes minoris inequalitatis ought to be 
conſidered as negative, becaule theſe always diminiſh 
the ratios to which they are added; therefore the ra- 
io aqualitatis ought to be looked upon as having no 
magnitude at all, becauſe ſuch ratios have no effect 
in compoſition. Thus if to the ratio of 5 to 3 be 
added the ratio of 3 to 2, the ſum will be the ratio 
of 5 to 2, as above; but the ratio of 5 to 2 is | prog 
than the ratio of 5 to 3; therefore the ratio of 3 to 2 
ought to be looked upon as affirmative, becauſe it 
increaſes the ratio to which it is added : on the other 
hand, if the ratio of 5 to 3 be added to the ratio of 3 
to 4, the ſum will be the ratio of 5 to 4, which is lels 
than the ratio of 5 to 3, and therefore the ratio of 3 
to 4 is negative: laſtly, if to the ratio of 5 to 3 be 
added the ratio of 3 to 3, the ſum will ſtill be the 
ratio of 5 to 33 therefore the ratio of 3 to 3 is no- 

thin | 
N. a ratio is to be reſolved into two others 
by any arbitrary interpolition of an intermediate term, 
it may be thought, however, that this intermediate 
erm ſhould be ſome intermediate magnitude between 
the terms of the ratio to be reſolved; and fo we ſuppoſed 
it in the 293d article: but that reſtriction was only 
ſuppoſed to prevent unſeaſonable objections that might 
otherwiſe ariſe about it; for there is no neceſſity that 
the intermediate term ſhould be of an intermediate 
| X 2 magni- 
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magnitude betwixt the extremes, if we allow of nega- 
tive ratios ;. for the ratio of 5 to 4 (for inſtance) may 
be reſolved into the two ratios of 5 to 3 and of 3 to 
4, though the intermediate term 3 be out of the 
limits of 5 to 4. This I ſay is plain; for though 
the ratio of 5 to 3, which is one of the parts, be 
greater than the ratio of 5 to 4, yet the ratio of 3 to 
4, which is the other part, is negative, and qualifies 
the other in the compoſition, ſo as to reduce it to the 
ratio of 5 to 4: fo 9 may be looked upon as a part 
of 7, provided the other part be —2. 


CoROLLARY. 


If there be a ſerits of quantities A, B, C, D, wheresf 
A is to B as R to r, and B is to C at Sls, and C is 
to D as T tot; I ſay then that A will be to D as 
RST, the prodact of all the antecedents, to rst the pro- 
duct of all the conſequents. For by the art. 293, the 
ratio of A to D is compounded of the ratios of R to r, 
of S to s, and of T tot; and theſe ratios, when 
thrown into one ſum, conſtitute the ratio of RST to 
rit ; therefore A is to D as RS to it. 


Of the Subtraftion of Ratios, 


296. The ſubtraction of ratios one from another, 
when both have the ſame antecedent, or both the ſame 
conſequent, is obvious enough : thus the ratio of A to B 
ſubtracted from the ratio of A to C leaves the ratio of 
B to C; and the ratio of B to C ſubtracted from thy 
ratio of A to C leaves the ratio of A to B: this I fay 
is obvious, becauſe (according to art 293) the ratio 
of A to C contains the ratios of A to B and of B to 
C; and therefore, if either part be taken away, there 
mult remain the other. | IL 

But if the two ratios, whereof one is to be ſubtracted 
from the other, have neither the ſame antecedent nor 
the ſame conſequent, it will be proper then to reduce 
them to the ſame antecedent, by ſetting off the ratio 

5 to 
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to be ſubtracted from the antecedent of the other, 
thus: let it be required to ſubtract the ratio of C to D 
from the ratio of A to B: now the ratio of C to D ſet 


off from A reaches to 2. therefore to ſubtract the 
ratio of C to D from the ratio of A to B is the ſame 


| RE 
as to ſubtract the ratio of A to 7 from the ratio of 


A to B; but the ills of A to 2 ſubtracted from 


the ratio of A to B, a ratio of the ſame antecedent, 


AD 
leaves the ratio of to B, or of AD to BC; there- 


fore the ratio of C to D ſubtracted from the ratio of 
A to B leaves the ratio of AD to BC. The rule then 
is a3 follows : | 
Whenever one ratio is to be ſubtrafted from another, 
change the fign of the ratio to be ſubtracted by inverting 
its terms, and then the ſum of this new ratio added to 
the other will be the ſame with the remainder of the 
intended ſubtraction. Thus to ſubtract the ratio of C to 
D from the ratio of A to Þ is the ſame as to add the 
ratio of D to C to the ratio of 4 to B; but the ratio 
of D to C added to the ratio of A to Þ gives the ratio 
of AD to BC by the laſt article; therefore the ratio of 
C to D ſubtracted from the ratio of A to B leaves the 
ratio of AD to BC. For a further proof of this, we 
are to take notice, that in all ſubtraction whatever, 
the remainder and the quantity ſubtracted ought both 
together to make the quantity from whence the ſub- 
traction was made; but in our caſe the remainder was 
the ratio of AD to BC, and the quantity ſubtracted 
was the ratio of C to D, and thele two added toge- 
ther make the ratio of ACD to BCD, or of A to B, 
which is the ratio from whence the ſubtradtion was 
made ; therefore the remainder in this cale was rightly 


aſſigned. 
X 3 For 
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For an example in numbers, let it be required to 
ſubtract the ratio of 4 to 5 from the ratio of 2 to 3: 
now the ratio of 5 to 4 added to the ratio of 2 to 3 
gives the ratio of 10 to 12, or of 5 to 6, by the laſt 
article; therefore the ratio of 4.to 5 ſubtracted from 
the ratio of 2 to 3 leaves the ratio of 5 to 6, Which 
may be confirmed thus: the ratio of 2 to 3 is the 
ſame with the ratio of 4 to 6, which contains the 
ratios of 4 to 5 and of 5 to 6b; therefore, if the ratio 
of 4 to 5 be taken away, there will remain the other 
part, which is the ratio of 5 to 6. 

Before I conclude this article, I ought to take no- 
tice that there 1s another way of co 2nceiving the ſub- 
traction of ratios, which for its uſe in Phyſics and 
Mechanics ought not to be paſſed by in this place; it 
is thus: the ratio of C to D added ro the ratio of A 
to B conſtitutes the ratio of AC to BD ; therefore, e 
converſo, the ratio of C to D ſubtracted from the ratio 


of A to B muit leave the ratio of Zto A becauſe 


multiplication and diviſion are as much the reverſe of 
one another as addition and ſubtraction; but this ra- 


” 
tio of <7 to 57 when reduced to integral terms, is 


the ſame with the ratio of AD to BC found before. 
N. B. Wherever it is ſaid that the ratio of A to B 
25 compounded of the direct ratio of C to D, and of the 
inverſe or reciprocal ratio of E to F, the meaning is, 
that the ratio of A to B is equal to the exceſs of the ratio 
of C to D above the ratio of K to FP, or that A is to B 


3 
| as 40 F, Or as CF zo DE, 


Of the Multiplication and Diviſion of Ratios. 


297. If the ratio of A to B be added to itſelf, that 
19, to the ratio of A to B, the ſum will be the ratio 
of A to B by the laſt article but one ; and this 

4 being 
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being added again to the ratio of 4to B gives the ratio 
of A* to Bs, and ſoon; therefore the ratio of A* to B 
is double, and the ratio of A* to B triple, of the ra- 
tio of A to B. And univerſally, The ratio of A® to Bu 
is ſuch a muliiple of the ratio of A to B as is expreſſed 
by the number n. | hus the ratio of A* to Bis four 
times the ratio of A to Þ, which I prove thus : the 
ratio of A to B reaches firſt from 4 to A, 2dly, 
from J to A=, zdly, from 4 to AB3, and 
ꝗthly, from AB* to B.. 

Io give an example in numbers, I ſay that five 
times the ratio of 2 to 3 is the ratio of the fifth 
power of 2 to the filth power of 3, that is, the ratio 
of 32 to 243: for the ratio of 2 to 3 reaches 1ſt from 
32 to 48, 2dly, from 48 to 72, 3dly, from 72 to 1038, 
Athly, from 108 to 162, and ;rhly, from 162 to 243. 
Thus much for multiplication. 

Diviſion is the reverſe of multiplication; and there- 
fore as every ratio is doubled, or brebled, or quadruled 
by ſquaring, or cubing, or ſquare-ſquaring its terms, ſo every 
ratio is biſected, or triſected, or quadriſected by extracting 
the ſquare, or cube, or ſquare-ſquare roots of its terms, 
Thus half the ratio of 2 to 3 is the ratio of the ſquare 
root of 2 to the ſquare root of 3, that 1s (when re- 
duced according to the firſt ſcholium in art. 179 % the 
ratio of 40 to 49 nearly; which is further proved 
thus: the ratio of 40 to 49 is half the ratio of 1600 
to 2401, by what was delivered in the former part 
of this article; but 1600 is to 2400 as 2 to 3; there- 
fore 1600 is to 2401 as 2 to 3 very near. 

But there is no neceſlity of a double extraction of 
the root in the diviſion of a ratio. provided the ratio 
propoſed be reduced to an equal one whoſe antecedent 
is unity. Thus 2 is to 3 as 1 to 2, and therefore 
halt the ratio of 2 to 3 is the ratio of 1 to V, or the 
ratio of 1 to V5. | 
From what has been ſaid it appears that one ratio 
may be commenſurate to another, and yet the terms of 


* See the Quarto Edition, p. 283. 
X 4 one 
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one incommenſurate to the terms of the other: thus the 
ratio of 2 to 3 is certainly commenſurate to the ratio 
of the ſquare root of 2 to the ſquare root of 3, the 
former being double of the latter; and yet 2 and 3, 
the terms of the former ratio, are incommenſurate to 
az and 4/3, the terms of the latter. 

Note. Wherever it is ſaid that A is 10 Bin a ſe/- 
quiplicate ratio of C to D, the meaning is, that the 
ratio of A to B is equal to 5 of the ratio of C to D: 
therefore, in ſuch a caſe, twice the ratio of A to B will 
be equal to three times the ratio of C to D; but twice 
the ratio of A to B is the ratio of A* to B., and three 
times the ratio of C to D is the ratio of C* to D; 
therefore if A be to B in a ſeſquiplicate ratio of C to 
D, A* will be to B' as C to D3. Thus, in the revo- 
lotions of the primary planets about the Sun, and of 
the ſecendary planets about Jupiter and Saturn, their 
periodic times are ſaid to be in a ſeſquiplicate ratio of 
their middle diſtances, that is, the ſquares of their 
periodic times are as the cubes of their middle dit» 
tances. ä 


Another Way e Multiplying and Dividing ſmall Ratios, 
that is, whoſe Terms are large in campariſon of their 
arfference. | 


298. Before I deliver what I have to ſay upon this 
head, I ſhall only obſerve, that. F too intermediate 
quantities have always the ſame difference, the greater 
the quantities are, the nearer will their ratio approach 
towards a ratio of equality: thus the difference be- 
twixt 2 and 1 is the ſame with the difference betwixt 
100 and 99; but the ratio of 2 tot, or of 100 to 
50 is much greater than the ratio of 100 to 99. By 
the help of this obſervation, and the following theo- 
rem, I ſhall endeavour to ſhew that ſmall ratios may 
ſometimes be doubled, or tripled, or biſected, or tri- 
ſected, by more compendious war's than thoſe that are 
taught in the laſt article ; and whenever they happen 

10 
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to be ſo, they ought to be uſed, and frequently are 
uſed, rather than the other, 


A THROR xu. 


If there be two quantities whoſe difference is but 
ſmall in compariſon of the quantities themſelves, and if 
ſo much be added to one and ſubtracted from the other 
as ſhall make their difference double, or triple, or half, 
or a third part of what it was before; I ſay then that 
the quantities after this alteration ſball be in a duplicate, 
or a triplicate, or a ſubduplicate, or a ſubtriplicate ra- 
tio of that they were in before any ſuch change was made, 
nearly. . | 
iſt, Let there be two numbers 10 and 11, whoſe 
difference is 1; then if 4 be added to 11 and ſub- 
tracted from 10, we ſhall have the numbers 114 and 
91, whoſe difference is 2 : I ſay now that 114 is to 
94 in a duplicate ratio of 11 to 10 nearly. For the 
ratio of 114 to 94 is reſolvable into theſe two ratios, 
diz. the ratio of 114 to 104 and the ratio of 104 to 
9% : now of theſe two ratios the former, to wit, that 
of 114 to 104, is ſomewhat leſs than the ratio of 11 
to 10, by the obſervation at the beginning of this 
article; and the latter, to wit, that of 104 to 94, is 
ſomewhat greater than the ratio of 11 to 10, and the 
excels in this caſe is nearly equal to the defect in the 
former; therefore the ſum of both theſe ratios put to- 
gether, that is, the ratio of 114 to 94 will be very 
nearly equal to twice the ratio of 11 to 10, 
2dly, As the difference betwixt 19 and 11 is 1, add 
I to 11 and ſubtract it from 10, and you will have the 
numbers 12 and'g, whoſe difterence is 3: I fay now 
that 12 will be to 9, or 4 to 3, in a triplicate ratio of 
11 to 10 nearly. For the ratio of 12 tog is reſolvable 
into theſe three ratios, to wit, the ratio of 12 to 11, 
the ratio of 11 to 10, and the ratio of 10 to 9; and of 
theſe three ratios, the firſt, to wit, that of 12 to 1 1, is 
ſomewhat lefs than the middle fatio of 11 to 10; and 
the laſt, to wit, that of 10 to 9, is about as much 
- greater; 
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reater; therefore the firſt and laſt ratios put together 
will make about twice the middle ratio of 11 to 10; 
therefore all theſe three ratios put together, to wit, the 
ratio of 12 to 9, will make three times the ratio of 
11 to 10 nearly. 

3dly, And if increaſing the difference increaſes the 
ratio proportionably, then diminiſhing the difference 
ought to diminiſh the ratio proportionably, that is, if 
the difference be reduced to half, or a third part of 1 
it was at firſt, the ratio ought to be fo reduced: now 
as the difference between 10 and 11 is 1, add 4 4 10 
and ſubtract it from 11, and you will have the num- 
bers 104 and 102, whoſe difference is 4, and log will 
be to 104 in a ſubduplicate ratio of 10 to 11 nearly; 
but if + be added to 10 and ſubtracted from 11, you 
will then have the numbers 10 and 103, whole dif- 
ference is + 3 and 10 will be to 103 in a ſubtriplicate 
ratio of 10 to 11 nearly. 

Let us now try how near the ratios here found ap- 
proach to the truth. By the laſt article, the duplicate 
ratio of 10 to 11 is the ratio of 100 to 121, or of 1 to 
1 *2100; and according to the foregoing theorem it 
is the ratio of 94 to 114, or of 19 to 23, or of 1 to 
12105. | 

By the laſt article the triplicate ratio of 10 to 11 1s 
the ratio of 1000 to 1331, or of 1 to 15331 ; and ac- 
cording to the foregoing theorem it is the ratio of 9 
to 12, or of 3 to 4, or of 1 to 1333. 

By the laſt article the ſubduplicate ratio of 10 to 11 
is the ratio of 1 to the iquare root of 2, or of 1 to 

I *04881 ; and according to the foregoing theorem it 
is the ratio of 104 to 104, or of 41 to 43, or of 1 to 

1 *04878. | 

By the laſt article the ſubtriplicate ratio of Io to 11 
is the ratio of 1 to the cube root of A, that is, of 1 
to 103228 ; and according to the foregoing theorem 
it is the ratio of 104 to 105, or of 31 to 32, or of 
I to 103220, 

By 
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By theſe inſtances we ſee how near theſe ratios come 
up to the truth, even when the difference is no leſs 
than a tenth or an eleventh part of the whole : but if 
we ſuppoſe the difference to be the hundredth or the 
thouſandth part of the whole, they will be much more 
accurate; inlomuch that, to multiply or divide the 
ratio, it will be ſufficient to encreaſe or diminiſh one 
of the numbers only. Thus 100 is to 102 in a dupli- 
cate, and to 103 in a triplicate, ratio of 100 to 1013 
and 100 is to 109+4 in a ſubduplicate, and to 100 
++ in a ſubtriplicate, ratio of 100 to 101 nearly: and 
univerſally, FAZ and Ay be any two quantities 
approaching infinitely near to the quantity A, the ratio 
FAZ to A will be to the ratio of Ay to A as the 
infinitely ſmall difference 2 is to the infinitely ſmall dif- 
erence Y. 

1 ſhall draw only one example out of an infinite 
number that might be produced to ſhew the uſe of 
the foregoing propoſition. Suppoſe then I have a 
clock that gains one minute every day ; how much 
muſt I lengthen the pendulum to ſer it right? Let/ 
be the preſent length of the pendulum, let x be the 
increment to be added to its Jength in order to cor- 
rect its motion, and let n be the number of minutes 
in one day; then it is plain that the pendulum ! per- 
forms the ſame number of vibrations in the time 2 — I 
that the pendulum Ax is to perform in the time u. 
Now Monſieur Huygens has demonſtrated that the 
times wherein different pendulums perform the ſame 
yumber of vibrations are in a ſubduplicate ratio of 
the lengths of thoſe pendulums ; therefore - 1 mult 
be to 2 in a ſubduplicate ratio of / to Hrx, or (which 
comes to the ſame thing) ! muſt be to /+x in a du- 
plicate ratio of #— 1 to 7 : but by the foregoing pro- 
poſition, the duplicate ratio of 2 1 to z is the ratio 
of n- to u, or of 22-3 to 2n-+1 ; therefore 
{is to IT as 22 3 is to 2y+1, that is, the pendu- 
lum muſt be lengttiened in the proportion of 2» — 3 
to 2u+1 ; but » the number of minutes in one day 

13 
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is 1440; and therefore 21 3 is to 21 ＋T 1 as 2877 
is to 2881, or as 719 to 720 very near; therefore 
the pendulum muſt be lengthened in the proportion 
of 719 to 720. 2; E. J. 
ad the duplicate ratio of 1 i ton been taken 

only by diminiſhing 1-1 to n- 2, without meddling 
with the other number , the concluſion would til] 
have been the ſame, for then / would have been to 
H-x as n- 2 to n, as 1438 to 1440, as 719 to 720. 

Having now delivered what I intended concerning 
the compoſition and reſolution of ratios, it remains 
that I ſay ſomething further concerning the applica- 
tion of this doCtrine, and then I ſhall make an end of 
the ſubject. 


DEFINITION 4. 


299» If two variable quantities Q and R be of ſuch a 
nature, that R cannot be increaſed or diminiſhed in any 
proportion, but Q_muſt neceſſarily be increaſed or dini- 
niſhed in the ſame proportion; as if R cannot be changed 
to any other value r, but Q muſt alſo be changed to ſome 
other value q, and fo changed that Q ſhall always be to 
q in the ſame proportion as R tor; thenis Q ſaid to be 
as R directiy, or ſimpiy as R. Thus is the circumfe- 
rence of a circle ſaid to be as the diameter; becauſe 
the diameter cannot be increaſed or diminiſhed in any 
proportion, but the circumference muſt neceſſarily be 
increaſed or diminiſned in the ſame proportion. Thus 
is the weight of a body ſaid to be as the quantity of 
matter it conrains, or proportionable to the quantity 
of matter; becauſe the quantity of matter cannot be 
increaſed or diminiſhed in any proportion, but the 
weight mult be increaſed or diminiſhed in the ſame 
proportion, & 


COROLLARY 1. 


If Q be as R direfly, then e converſo R mu/! ne- 
cef/arily be as Q_diretlly. For let © be changed to 
4 hs 
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any other value q, and at the ſame time let R be 
changed to r; then ſince Q is as R, & will be to 9 
as Rtor; but if & is to. as R is to 7, then vice 
verſa R will be tor as QAto q: ſince then 2 cannot - 
be changed to 4, but R muſt be changed to r, and 
that in the ſame proportion, it follows by this defini- 
tion that R is as Q directly. 


COROLLARY 2. 


If Q be direfly as R, and R be directly as 8, then 
will Q be direfly as 8. For let $ be changed to 3, 
and at the ſame time R to r, and & to ; then ſince 
by the ſuppoſition R is as 8, R muſt be to r as S to 
5; and ſince again Lis as R, Q will be toq as R to 
r: ſince then Qis to g as N to r, and Ristor as S to 
„ it follows that Q will be to 3 as S to s, and conſe- 
quently that £ will be as 9. 


 CoRoLLARY 3 


If Q be as N, and R be as S; I ſay then that Q will 
be as RES, and alſo as tbe ſquare root of the product 
RS. For changing QR, &, into 3, r, 5, fince Ris as 
S, we ſhall have R tor as S to 5; whence by the 
twelfth and nineteenth of the fifth bock of the Ele- 
ments K will be to r as Ræ is tor=s; bur £ is ro 

as Ris to r, ex hypotheſi; therefore & is to q as RES 
is to ; therefore by this definition W will be as 
RES, Again, lince K is as 8, R. will be as RS, 
and R as VRS; but Q is as R; therefore by the 
laſt corollary 2, will be as VRC. 


COROLLARY 4. 


If any variable quantity as Q be multiplied by any 
given number as 5 ; I ſay then that 5Q will be as Q. 
For it will be impoſſible for Q to be increaſed or 
diminiſhed in any proportion, but 52 muſt be in- 
creaſed or diminiſhed in the ſame proportion: if & in 
any one caſe be double of & in another, then 52 - 

the 
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me former caſe muſt be double of 5 Tin the latter, 
and fo on; therefore 3 Lis as ©. 


. CoOoroOLLARY 5. 


Q be a R, then Q will be as R', Q3 as R', 
Qs, VR, &c. For let R* be changed in the 
proportion of D to E; then will R be changed in 
the proportion of V to VH; but is as R; there- 
fore Q will alſo be changed in the proportion of VD 
to VE; therefore & will be changed in the propor- 
tion of D to E: fince then R* cannot be changed in 
any proportion, ſuppoſe of D to E, but 2* muſt 
neceſſarily be changed in the ſame proportion, it 
follows from this definition that Q is as Rr: and the 
reaſoning is the fame in all other caſes, 


QDAADILATY' 6; 


Q, R, and 8, be three variable quantities, and Q 
be as the product or reftangle RS; I ſay then, that 


Q * 


N will always be as 8, and Tas R , and that I 


will be a given quantiiy, or (which is chiefly meant by 
that phraſe) that the quantity . will always be the 


ame, be the values of % R, and S, what they will, 
For ſince Q is as RS, © cannot be increaſed or di- 
miniſhed in any proportion, but RS muſt be in- 
creaſed or diminiſhed in the ſame proportion; there- 


fore F cannot be increaſed or diminiſhed in any 


proportion, but = or 8 muſt be increaſed or di- 


miniſhed in the ſame proportion; therefore & is as 


52 and > as $: and by a like proof, R will bc 


10 S and 5 will be as R but ** 
5 then 
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then dividing both ſides by R, we ſhall have FI 


as 1; but 1 is a quantity that neither increaſes nor 
diminiſhes, but is always the ſame; therefore the 


quantity Þg will always be the ſame ; and for the 
ſame reaſon, If Q be as any ſingle quantity, ſuppoſe R, 


> will always be the ſame, let Q and R be what 


they will. 
CorRoOLLARY 7. 

1f there be four variable quantities A, B, C, D, all 
in numbers, whereof A is as B, and Cisas D; I fay 
then that the product AC will be as the product BD. 
For ſince 4 is as B, AC will be as BC, and ſince C 
is as D, BC will be as BD; therefore by the ſecond 
coroliary AC wi!l be as BD; that is, AC in one caſe 
will be to AC in any other as BD in the former caſe 


is to BD in the latter. 
DEFINITION 5. 


300. If two variable quantities Q and R be of ſuch 
a nature, that R cannot be increaſed in any preportion 
whatever, but Q muſt neceſſarily be diminiſhed in a con- 
trary proportion, or that R cannot be diminiſhed in any 
proportion whatever, but Q muſt neceſſarily be increaſed 
in a contrary proportion; in a word, if R cannot be 
changed in a proportion of D to k, but Q muſt ne- 
ceſſarily be changed in the proportion of E to D; then 
is Q ſaid to be as R inverſely or reciprocally, Thus if 
a ſpherical body be viewed at any conſiderable diſ- 
tance, the apparent diameter is faid to be recipro- 
cally as the diſtance, becauſe the greater the diſtance 
is, the leſs will be the apparent diameter, and vice 
verſa. Thus if a globe be ſuppoſed to move uni- 
formly about its axis, the periodical time of this 
motion is ſaid to be reciprocally as the velocity with 


which the globe circulates (for the quicker the cir- 
TT culation 
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culation is, the ſooner it will be over); which is as 
much as to ſay, that the greater the velocity is with 
which the globe circulates, the leſs will be the peri- 
odical time of one revolution, and vice verſa. Thus 
if the numerator of a fraction continues always the 
ſame whilſt the denominator is ſuppoſed to vary, 
that fraction is ſaid to be reciprocally as its denomi- 
nator, becauſe the greater the denominator is, the leſs 
will be the value of the fraction, and vice verſa. 


CoROLLARY 1. 


If Q be reciprocally as R, then è converſo R will be 
reciprocally as Q. For let & be changed in the pro- 
portion of D to E, and at the ſame time let R be 
changed in the proportion of A to B; then ſince 9 is 
reciprocally as R, 2 muſt be changed in the proportion 
of B to A; but Q was changed in the proportion of D 
to E; therefore B muſt be to A as D to E; therefore, 
inverſely, A muſt be to B as E to D; but R was 
changed in the proportion of A to B by the ſuppo- 
ſition; therefore R was changed in the proportion of 
E to D. Since then 2 cannot be changed in any 
proportion, ſuppoſe of O to E, but R muſt neceſſa- 
rily be changed in the contrary proportion of E to D, 
it follows from this definition that R muſt be recipro- 


cally as 2, 
CoROLLARY 2. 


If Q be direfily as R, and R be reciprocally as 8, then 

Q muft be reciprocally as 8. For let S be changed in 
the proportion of D to E; then ſince R is reciprocally 
as 8, R muſt be changed in the proportion of E to D; 
but Qis directly as R by the ſuppoſition ; therefore 2, 
muſt alſo be changed in the proportion of E to D. 
Since then & cannot be changed in the proportion of 
D to E, but Q muſt neceſſarily be changed in the 
proportion of E to D, it follows from this definition 
that 2. is reciprocally as S. 
|  CoroL- 
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COROLLARY 3. 


By a like way of reaſoning, 1 f Q be reciprocally 8s 
R, * R be reciprocally as S, Q will be direfly 
as 


COROLLARY 4. 


If two. variable quantities Q and R be of ſuch a na- 
ture that their product or redlangle QR is always the 
fame ; I ſay then that Q_will be reciprocally as R. For 
ſince Mis always the ſame, it will be as the number 
I, which neither increaſes nor diminiſhes ; but if R 


be as one, then 9 will be as the fraction + by the 
ſixth corollary to the fourth definition. Since then 


2 is directly as the fraction I, and the fraftion & 


R 
is reciprocally as its denominator R by this definition, 
it follows from the ſecond corollary that & will be re- 
ciprocally as R. 

CorROLLARY 5. 
E very fraction is reciprocally as the ſame fraction 


inverted. Thus the fraction J is reciprocally as the 


fraction 1 This is evident from the laſt corollary ; 


for if the fraQtons. 7 and - be multiphed together, 


their product will always be unity, let R and 8 be 
what they will. 


CoRonLARY 6. 


If Q be reciprecally as R, or reciprocally as - 
Y then 
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R* 


R 3 I 
procally as 7 and — is reciprocally as N by the 


then Q will be directiy as 


laſt corollary, it follows from the third corollary that 


9 will be directly as —, For the ſame reaſon, FQ 


R 
be reciprocally as = „it will be directiy as R. 


DEF1IiN1iT1loN 6. 


301. If any quantity as Q depends upon ſeveral other. 
es R, 8, T, V, X, all independent of one another, ſo 
that any one of them may be changed ingly without affect. 
ing the refl ; and if none of the quantities R, 8, T, can 
be changed fingly, but Q_ muſt be changed in the ſame 
proportion, nor any of the quantities V, X, but Q muſt 
be changed in a contrary proportion ; then is Q ſaid to 
be as R, and 8, and T, directiy, and as V and X recipro- 


cally or inverſely. Thus the fraction 72 isſaid o 


be as R, and 8, and 7, directly, and as Y and & in- 
verſely, becauſe none of the factors belonging to the 
numerator can be changed, but the value of the frac- 
tion muſt be changed in the ſame proportion, and 


none of the factors belonging to the denominator can 


be changed, but the value of the fraction muſt be 
changed in a contrary proportion. 

N. B. 7 Q be as R, and 8, and T, directly, without 
any reciprocali, then it is ſaid to be as R, and 8, and 
T, conjunctim, jorntly. 


A THEOREM. 


302. If Q beasR, and 8, and T, directly, and as 

V and X reciprocally ; and if the quantities R, 8, T, 
V, X, be changed into r, s, t, v, x, and ſo Q into q; 
4 ſay then that the ratio of Q io q will be equal to the 
exceſs 


For ſince & is reci- | 
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exceſs of all the direct ratios taken together above all 
the reciprocal ones taken together: as if the ratios of R 
to r, of S to s, and of I to t (which I call direct 
ratios), when added together make the ratio of A to B; 
and if the ratios of V to v, and of X to x (which I call 
rectprocal ratios), when added together make the ratio 
of CtoD; I ſay then that the ratio of Q to q will be 
equal to the exceſs of the ratio of A to B above the ratio 
of C to D. n 

For ſuppoſing all but R to continue the ſame, let 
R be changed into r; then will 2 be changed from 


its firſt value in the ratio of R to r by the hypothefis: 


let now r,, T, V, A, continue, and let 8 be changed 
into : then will 2 be changed from its laſt value 
in the ratio of 8 to : in like manner if T be changed 
into 1, cæteris paribus, Q will be changed from its 
laſt value in the ratio of T to f: therefore if R, &, 
T, be changed into r, 3, t, 2 will be changed from 
one value to another in a ratio compounded of all 
the direct ratios of R tor, of S to 3, and of T tot; 
that is, Q will be changed in the ratio of A to B. 
This being ſo, let us now imagine / to be changed, 
ceteris paribus, into v; then will L be further 
changed in the ratio of v to /; and if after this we 


imagine & to be changed into x, & will be changed 


in the proportion of x to X, and will now be arrived 
at its laſt value q: therefore if to the ratio of A to B 
you add the ratios of v to and of x to A, you wil 
have the ratio of Q to : but to add the ratio of u 
to is the ſame thing as to ſubtract the ratio of 
to v by art. 296 ; and fo again, to add the ratio 
of x to X is the ſame as to ſubtract the ratio of & to 
x; therefore if from the ratio of 4 to B you ſub- 
tract the ratios of / to v and of X to x, you will 
have the ratio of & to qz but the ratios of to v, 
and of & to x, when added together, make the ratio 
of C to D, ex hypothe/t; therefore if from the ratio 
of A to B you ſubtract the ratio of C to D, there 
will remain the ratio of Q to 9; theretore the ratio of 

| Y. 2 - to 


- 


| 
| 
| 
| 
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Ito q is the exceſs of the ratio of A to B above the 
ratio of C to D; or (which is the ſame thing) & is 
to q in a ratio compounded of the ratio of A to B 
directly, and of the ratio of C to D inverſely. See 
art. 296. | | 
This is upon a ſuppoſition that the quantities R, 8, 
7, J, A, were changed into r, s, t, v, x, one after ano- 


ther in time: but ſince the ratio of & to q does not 


depend upon the intervals of time between the ſeveral 
changes, but will be the ſame whether thoſe intervals 
be greater or leſs, it follows that the ratio of Q to q 
will be the ſame as if all theſe changes had been made 

at once. Q. E. D. 


| COROLLARY I. : 
If the quantities R, 8, T, /, A, and confequently 


A, B, C, D, be expreſſed by numbers, as they muſt 


be before they can be of uſe in any computation; 
then the ratio of A to B will be the ratio of RS to 
rs, and the ratio of C to D will be the ratio of 
YX to vx; and the exceſs of the ratio of A to B 
above the ratio of C to D will be the ratio of 
RT y.. : | : 

FF 9 T5 (ſee the ſecond way of ſubtracting 
ratios in art. 296;) therefore, in this caſe, 2 will be 


| . ; 1 a 
5 80 the fraction is to the fraction _ Since 


1 
then the frafion V cannot be changed into 5 


but at the ſame time Q_ muſt be changed into q, and ſo 


RST ', 
changed that Q will be to q as JF i t it fol- 


lows from the fourth definition that Q will be as the 


Sraftion N and conſequently that Q. in any one 
Wola, 2 T 
caſe will bs to Q in any other as the fraction 54 


int 
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in the former caſe is to the fraction = in the 
latter. | | 


CoROLLARY 2. 


Tf there be no reciprocals, then Q will be as the product 
of all the direct terms, that is, as the produit RS F there 
be two of them, or as the product RSI if there be three 
of them, &c. 


ScCHOLIUM. 


In the demonſtration of the foregoing propoſition, 
as well as in the ſixth definition, it was ſuppoſed, that 
the quantities R, §, 7, V, A. upon which Qdepended, 
were themſelves entirely independent of one another, 


ſo as that any of them might be changed ſingly without 


affecting the reſt ; and in ſuch a caſe, if © be as R and 
S directly, it may be concluded to be as the product RS. 
But this concluſion muſt not. be carried farther than 
can be juſtified by the demonſtration : for if in any caſe 
the quantities R and & ſhould not be independent, if 
neither of them can be changed whilſt the other con- 
tinues the ſame, then though no change can be made 
either in R or & but what will make a proportionable 
change in Q, yet here Q muſt not be ſaid to be as the 
product RS. As for example, let be an arc of a cir- 
cle ſubtending at the diſtance R an angle whoſe quan- 
tity is repreſented by S; then it is plain that neither R 
nor S can be changed ſingly, but & muſt be changed 

roporrionably ; it is plain alſo that either & or S may 
g be changed ſingly whilſt the other remaius the ſame; 
and ttferefore in this caſe it is lau ful to conclude that 
9 is as the product RS, But let us now ſuppole Q to 
be the circumference of a circle whoſe radius is R, 


and let $ be the fide of a regular polygon of any given 


ſort inſcribed in that circle; as for inſtance, let & be 


the ſide of an inſeribed ſquare: here then it is plain 
that neither R nor & can be changed, but & muſt be 


13 * changed 


4 
% w = 
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changed proportionably ; and yet if we ſhould con- 
_ clude in this caſe that Q is as RS, the illation would 
be falſe, becauſe R and & have here as much depen- 
dence upon one another as & upon both; for every 
one knows that the radius of a circle cannot be in- 
creaſed or diminiſhed in any proportion, but the ſide 


of a ſquare inſcribed in that circle muſt be increaſed 


or diminiſhed in the ſame proportion : in this caſe it 
may be concluded that 2 is as R, or as R=S, or 
as the ſquare root of RS by the third corollary in art. 
299; but it muſt by no means be allowed that Q is as 
RS; for ſhould 9 be as RS, ſince in this caſe & is as 
R, and conſequently RS as R*, Q would be as R* by 
the ſecond corollary in art. 299, which contradicts the 
ſuppoſition that 2, is as R. 


Examples te illuſtrate the foregoing Theorem, where 
| dirett Ratios are only concerned. 


303. Ex. 1. If a body moves for any time with any 
uniform velocity through any ſpace, that ſpace will be as 
the time and velocity jointly. For if we ſuppoſe the 
velocity to be the tame in all caſes, but the time to 
differ, then the ſpace deſcribed will be greater or leſs 
in proportion as the time is ſo, and therefore will be 
as the time: on the other hand, if we ſuppole the 
time to be the ſame in all caſes, and the velocity to 
differ, then the ſpace deſcribed in theſe equal times 
will be greater or leſs as the velocity is fo, and con- 
ſequently will be as the velocity : laſtly, let us ſuppoſe 
both the time and velocity to vary; then the ſpace 
will vary upon both theſe accounts, and therefore will 
vary in a ratio equal to the ratio wherein the time va- 


ries, and the ratio wherein the velocity varies put to- 


gether; that is, the ſpace in any one caſe will be to 
the ſpace in any other in a ratio compounded of the 
ratio of the time in the former caſe to the time in the 
latter, and of the velocity in the*former caſe to the 
velocity in the latter. This is univerſal ; but if we 

9 0 ſuppoſe 


— 
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ſuppoſe the time and velocity to be expreſſed by num- 


bers, we muſt then ſay that the ſpace deſcribed is as 
the product of the number repreſenting the time mul- 
tiplied into the number repreſenting the velocity, by 
the ſecond corollary in the laſt article ; or that the 
ſpace deſcribed in any one caſe is to the ſpace deſcribed 
in any other as the product of the time and velocity 
in the former caſe is to a like product in the latter, 
Ex. 2. The quantity of matter in any body depends 
upon two things, viz. its magnitude and denſity (where 
by denſity I mean the compatineſs or cloſeneſs of its mat- 
ter.) For if two bodies of equal denſities but of un- 
equal magnitudes be compared, one body muſt have 
more matter than the other, or leſs, according as its 
ſolid content is greater or lets, that is, according as 


its magnitude is greater or leis ; therefore in this caſe 


the quantities of matter in any two bodies thus com- 


pared will be as their magnitudes: on the other hand, 


if two bodies of the ſame magnitude but of different 
denſities be compared, their quantities of matter will 
be as their denſities, becauſe the cloſer the parts of a 


body are, ſo much more matter will be crowded into 


the ſame ſpace; therefore, if the bodies be different 
both in magnitude and denſity, the quantity of mat- 
ter in one body will be to the quantity of matter. in 
the other in a ratio compounded of the ratio of the 
magnitude of one body to the magnitude of the other, 
and of the ratio of the denſity of the former body to 


the denſity of the latter; and therefore, if theſe quan- 


tities be repreſented by numbers, the quantity of mat- 
ter in any body will be as its magnitude and denfity 
multiplied together. Thus if D and 4 be the diame- 
ters of two globes whoſe denſities are as E to e, the 
quantity of matter in the former globe will be to the 
quantity of matter in the latter as Di x E is to d3 xe; 
for the ſolid contents of all globes are as the cubes of 
their diameters. 

Ex. 3. The momentum, or force, or impetus with 
which a body moves, and with which it will firike any 
Y4 obſtacle 
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obflacle that lies in its way to oppoſe or flop it, is as 
the velocity of the motion and the quantity of matter in 
the body jointly. For the ſame quantity of matter 
moving with different velocities will ſtrike an obſtacle 
with forces proportionable to the velocities :. on the 
other hand, different quantities of matter moving 
with the ſame velocity will ſtrike with forces propor- 
tionable to their matter ; a double body will ſtrike with 
a double force, Sc.; therefore, in the caſe where the 
velocity is the ſame, the momentum of a body is as the 
quantity of matter it contains; and in the caſe where 
the quantity of matter is the ſame, the momentum is 
as the velocity ; therefore, if neither the velocity nor 
the matter be the ſame, the momentum will be as the 
matter and velocity jointly ; and, in numbers, as the 
product of the number expreſſing the matter multi- 
plied into the number expreſſing the velocity. 

Ex. 4. Fa heavy body be ſuſpended perpendicularly 
upon a lever (by which I mean an inflexible rod moving 
about a fixed point in the middle), the momentum or 
efficacy of that body to turn the lever about its center is, 
c#teris paribus, as the weight of the body and as the 
diſtance of the point of ſuſpenſion from the center of the 
lever jointly. For if we ſuppole this diſtance to be 
the ſame, the momentum of the body to turn the lever 
mult be greater or leſs according as its weight. is. lo, 
from whence that momentum ariſes: on the other hand, 
if we ſuppoſe the weight to be always the ſame, but 
to be removed, ſometimes farther from, and ſome - 
times nearer to, the center, the momentum of the body 
to turn the lever will be greater or leſs in proportion 
to the diſtance of the point of ſuſpenſion from the cen- 
ter of the lever, as is demonſtrated in Mechanics, and 
may ealily be tried by experience: therefore univer- 
ſally, the momentum of the body will be as this diſ- 
tance and the weight of the body jointly ; and in 
numbers is as the product of the weight multiplied 
into the diſtance, 


To 
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Jo illuſtrate this, I ſhall put the following queſtion. 
Let a body weighing five pounds be ſuſpended at the 


diſtance of ſix inches from the center of a lever, and 
Jet another body of ſeven pounds be ſuſpended on the 


ſame fide of the center at the diſtance ot eight inches; 


then let a third body of nine pound weight be ſuſ- 


pended on the other ſide of the center at the diſtance 


of ten inches: Quære, whether will theſe bodies ſuſ- 
rain each other in £quilibrio or not; ant if not, on 
which ſide will the lever dip, and with what momen- 
tum? 

To reſolve this, ſince we are at liberty to repreſent 
any one of theſe momenta by what numbers we pleale, 
provided the reſt be repreſented proportionably, ler 
us repreſent the momentum of the nine pound body by 
the product of its weight and diſtance multiplied to- 
gether, that is, by 9X10 or 90; then muſt the other 
momenta be repreſented by like products, or they 
would not be repreſented by numbers proportionable 
to them : therefore the momentum of the five pound 
body will be 5x6 or 30, and that of the ſeven pound 
body 7x8 or 56; and therefore the ſum of the mo- 
menta on this fide the center acting the ſame way will 
be 86: whence now it plainly appears that the lever 
will dip on the {ide of the nine pound body, becauſe 
go, the momentum on that fide, is greater than 86, 
the ſum of the momenta on the other (ide : and ſince 
the exceſs of go above 86 is 4, it follows that 4 will 
be the difference of the momenta on one ſide and the 
other; inſomuch that if any one ſuſtains this lever 
immoveable, he will ſuſtain the ſame force as if all 
the weights now upon the lever were taken away, and 
a (ſingle pound weight was ſuſpended at the diſtance 
of four inches from the center of the lever : rherefore 


when all the weights were upon the lever, if a ſingle 


pound weight had been ſuſpended at four inches dif- 
tance, and on the ſame ſide of the center with the other 
two bodies whoſe weights were five and ſeven pounds, 
the whole ſyſtem would then have conſiſted in æꝗui- 
librio. 

Upon 
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Upon this theorem, that the force of a body upon 
a lever is as its weight and diſtance from the center 
multiplied together, is founded the method of finding 
the centers of gravity of bodies, or the center of 
gravity of any ſyſtem of bodies; let their places or 
poſitions be what they will: but I muſt not carry this 
matter any farther, 

Ex. 5. If a globe be made to move uniformly in an 
uniform fluid, the reſiſtance it will meet with in any 


given time by impinging againſt the particles of the fluid, 


will be as the denſity of the fluid, and as the ſquare of 
the diameter of the globe, and as the ſquare of the velo- 
city it moves with jointly. | . 

To determine rightly in this caſe, we muſt here do 
what we all along have done, and what we always 


- mult do in like caſes; that is, we muſt take the 


whole to pieces, examine every particular circum- 
ſtance by itſelf, ceteris paribus, and then put them 
all together. Firſt then let us ſuppoſe the ſame 
globe to mave with the ſame velocity, but ſometimes 
in a denſer: fluid, and ſometimes in a rarer; then it 
is plain that the denſer the fluid is, the more par- 
ticles of it the body will be likely to meet with in 
any given time, and conſequently the greater re- 
ſiltance it will ſuffer from them; therefore the re- 
ſiſtance of the body, ceteris paribus, will be as the 
denſity of the fluid. In the next place let us ſuppoſe 
different globes to move in the ſame fluid, and with 
the ſame velocity; then, fince the reſiſtance of theſe 
gloves ariſes only from the ſurfaces, or rather from 
half their ſurfaces, and fince the ſurfaces of all 
globes are as the ſquares of their diameters, it 
follows that the reſiſtance theſe globes meet with will 
be as the ſquares of their diameters. Laſtly, let us 
ſuppoſe the ſame globe to move in the ſame fluid 
with different velocities; then it is plain that a globe 


which moves with a double velocity will ſtrike twice 


as many particles of the fluid in any given time, as 
it would if it was to move with a ſingle velocity: 
| but 
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but if the body ſtrikes twice as many particles, then 
twice as many particles will ſtrike it, whence ari 
the reſiſtance ; therefore the reſiſtance of a body 
moving with a double velocity is upon this account 
double of what it would have been in the caſe of a 
ſingle velocity: but this is not all; for it will not 
only ſtrike twice as many particles, but it will ſtrike 
every particle with twice the force in this caſe of 
what it would in the caſe of a ſingle velocity; and 
therefore, ſince action and reaction are always equal, 
and ſince it is the reaction of the medium that creates 
the reſiſtance, it follows that a body moving with a 
double velocity meets with four times the reſiſtance 
of what it would meet with when moving with a 
ſingle velocity. In like manner, a body that moves 
with a triple velocity will act three times as ſtrong 
upon three times the number of particles, and there- 
fore will ſuffer nine times the reſiſtance of what 
it would ſuffer with a ſingle velocity ; therefore the 
ſame globe moving in the ſame medium with dif- 
ferent velocities will meet with a reſiſtance propor- 
tionable to the ſquare of the velocity it moves with. 
Put now all theſe conſiderations together, and the 
reſiſtance of a globe moving uniformly in an uni- 
form fluid (I mean that reſiſtance which ariſes from 
the globe's impinging againſt the particles of the 
medium) will be as the denfity of the medium, as 
the ſquare of the diameter of the globe, and as the 
ſquare of the velocity it moves with jointly. Thus 
if two globes, whole diameters are D and d, move with 
velocities which are to one another as V to v in two 
fluids whoſe denſities are as E to e, the reſiſtance of 
the former will be to the reſiſtance of the latter as 
Va x D x E is to vd xe. 


Other 
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Other Examples, wherein direct and reciprocal Ratios 
are mixed together. 


304. Ex. 6. If a body be put into motion by any 
force direfily applied, whether this force be a ſingle 
impulſe acting at once, or whether it be divided into 
ſeveral impulſes acting ſucceſſively ; I ſay that the laſt 
velocity of this motion will be as the moving force 
direfily, and as the quantity of matter in motion reci- 
procally. For if different forces be applied to the 
ſame quantity of matter, the greater the force is, 
the greater will be the velocity, and vice verſa; there- 
fore in this caſe the velocity will be as the ws 
motrix: but if we ſuppoſe the ſame force to be 
applied to different quantities of matter, then the 
greater the quantity of matter is, the leſs will be the 
velocity, and vice verſa, which I thus demonſtrate. 
Suppoſe the moving force M, when applied to a 
certain quantity of matter as Q, will produce the 
velocity /; I fay then that the ſame force M, applied 
to a quantity of matter equal to 2.2, will only pro- 
duce a velocity equal to : for M acting upon 29 
will produce the ſame velocity as 3M acting upon 
12; but M acting upon £2 will produce a velocity 
equal to /, becauſe by the ſuppoſition M acting 
upon & will produce the velocity Y; therefore M 
acting upon 22 will produce a velocity equal to ; 
and for the ſame reaſon, M acting upon 32 will 
produce a velocity equal to 37%, &c. ; therefore, if the 
dis motrix be the ſame, the velocity of the motion 
produced will be reciprocally as the quantity of 
matter : therefore univerſally, the velocity will be 
as the vis motrix directly, and as the quantity of 
matter inverſely. As it M be changed into m, 
into , and ſo into v, the ratio of to v will 
be equal to the exceſs of the ratio of M to m above 
the ratio of & to . In numbers thus; / will be to 

2 V as 
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as Zi to=; ſee the firſt corollary in art. 302. 


Otherwiſe thus: the momentum or impetus,with which 
a body moves, is the force with which it will ſtrike 
an object that lies in its way to ſtop it; therefore 
fince action and reaction are equal, the force neceſſary 
to deſtroy any motion muſt be equal to the momentum 
with which the body moves: but the force neceſſary 
to deſtroy any motion is equal to the force that pro- 
duced it, which we call the vis motrix ; therefore in 
all motion whatever, the vis motrix muſt be equal to 
the momentum, and muſt be as the quantity of matter- 
in the body moved multiplied into the velocity of the 


motion, becauſe the momentum is fo; ſee the laſt ar- 


ricle, example the 3d: therefore M will always be as 


Vx Aand as 2 
If M be as Q, then 5 will be a ſtanding quan- 


tity, and therefore the velocity “ in this caſe will al- 
ways be the ſame. Thus if the weights of all bodies 
be proportionable to the quantities 'of matter they 
contain, they will be equally accelerated in equal times; 
and vice verſa, if all bodies, how different ſoever in the 
kinds and quantities of matter, be equally accelerated 
in equal times (as by undoubted experiments upon 
pendulums we find they are, ſetting aſide the reſiſtance 
of the air), it follows that the weights of bodies are 
proportionable to their quantities of matter only, 
without depending upon their forms, conſtitutions, 
or any thing elſe. 

Ex. 7. The velocity of a planet moving uniformly . 
in à circle round the Sun is as its diſtance from the 
center of the Sun directly, and as its periodical time in- 
verſely. For if two planets at different diſtances from 
the Sun perform their revolutions in the ſame time, 
that planet muſt move with the greateſt velocity that 
has the greatelt circumference to deſcribe ; therefore 

in 
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in this caſe, where the periodical time 1s given or al- 
ways the ſame, the velocity of the planet muſt be as 
the circumference of the circle to be deſcribed : but 
the circumference of every circle is as its diameter or 
ſemidiameter; therefore, if the periodical time be 
given, the velocity of a planet muſt be as its diſ- 
tance from the Sun directly. Let us now ſuppoſe 
two planets revolving at the ſame diſtance from the 
Sun, but in different periodical times; then it is 
plain that the ſwifter planet will perform its revo- 
($666 in leſs time, and vice verſa ; and therefore, if 
the diſtance be given, the velocity will be recipro- 
cally as the periodical time, Put both theſe caſes 
together, and the velocity of a planet moving uni- 
formly round the Sun will be as its diſtance from 
the center of the Sun directly, and as its periodical 
time inverſely. Thus the Earth's diſtance from the 
Sun is to that of Jupiter as 10 to 52 nearly; and the 
Earth's periodical time is to that of Jupiter as 1 
year to 12 years nearly, or as I to 12; therefore 
the Earth's velocity is to Jupiter's velocity as 


1 
7” is to - or as 120 to 52, or as 30 to 13. 


This way of reaſoning is applicable to all bo- 
dies moving uniformly in circles, let the law of 
their motions be what it will. But if (as that ac- 
curate Aſtronomer Kepler has demonſtrated) the pla- 
netary motions be ſo tempered that their periodi- 
cal times are in a ſeſquiplicate ratio of their diſ- 
tances, or (which is the ſame thing by art. 297) 
that the ſquares of their periodical times are as the 
cubes of their diſtances, we ſhall then have a more 
ſimple way of expreſſing the velocity of a planet 
thus: let be the velocity, and D the diſtance of any 
planet from the Sun, and let T be the periodical 
time; then ſince, from what has been ſaid, V is as 


2 


D 
7 we {tall have /* as T7 5 but, according to Kep- 
| . ler's 
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2 D 
ler's propoſition, T* is as D3, and 2 as Ir, or as 


7 therefore Vis as 5 and 75 that is, in 


this caſe, the velocity of a planet is reciprocally 
in a ſubduplicate ratio of its diſtance from the Sun. 
So the vel::city of a planet, whoſe diſtance is D, is to 
the velocity of a planet, whoſe diſtance is d, as Vd is 


to VD, or as 1 is to Te 


Ex. 8. If a wheel turns uniformly about its axis, 
the time of one round will be as the diameter of the wheel 
directly, and as the abſolute velocity of every point 
in the circumference of the wheel inverſely. For if 
the circumference of a great wheel moves with the 
ſame velocity as the circumference of a ſmall one, 
the periodical time of the former wheel will be as 
much greater in proportion than the periodical time 
of the latter as the circumference of the former wheel 
is greater than the circumference of the latter, or 
as the diameter of the former is greater than the dia- 
meter of the latter ; therefore it the velocity of the 
wheel's circumference be given, the periodical time 
will de as the diameter of the wheel directly: let us 
now ſuppoſe the velocity of the circumference of the 
ſame wheel to be in any caſe increaſed ; then will the 
periodical time be diminiſhed in a contrary propor- 
tion, and vice verſa; therefore if the diameter of a 
wheel be given, the periodical time will be reci- 
procally as the velocity of the circumference ; there- 
fore if neither the diameter nor the velocity of the 
circumference be given, the periodical time will be as 
the diameter of the wheel directly, and as the abſolute 
velocity of every point in the circumference inverſciy. 


Ia numbers the periodical time will be as 7. 


Ex. 
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Ex. 9. The relative gravity of any ſpecies of bodies is 
as the abſolute weight f any body of that ſpecies diredly, 
and as its magnitude inverſely ; where by the magnitude 
or bulk of a body is meant the quantity of ſpace it 
takes up, and not the quantity of matter it contains. 
All bodies of the ſame kind are ſuppoſed to weigh 
in proportion to their magnitudes; and therefore if a. 
body of any one kind be compared with a body of 
the ſame magnitude of another kind, the proportion 
of their weights will always be the ſame, let their 
common magnitude be what it will ; and hence ariſes 
the compariſon in general of the weight of one 
ſpecies of bodies with the weight of another: if a 
cubic inch of gold be 19 times as heavy as a cubic 
inch of water, then a cubic foot of gold will be 19 
times as heavy as a cubic foot of water, Sc.; and ſo 
we pronounce iu general that gold is 19 times as heavy 
as water, though we mean bulk for bulk. In this 
ſenſe therefore may any one ſpecies of bodies be ſaid 
to be heavier or lighter than another, in proportion as 
any one body of the former ſpecies 1s heavier or lighter 
than a body of the ſame magnitude of the latter, which 
is the ſame in effect with the firſt part of my aſſertion. 
Let us now compare bodies of the ſame weight, but 
of different magnitudes ; and then it will appear that 
the ſpecific gravities of theſe bodies, that is, of the 
ſeveral ſpecies to which they belong, will be recipro- 
cally as the magnitudes of the bodies compared : 
thus if a cubic inch of gold be as heavy as 19 cubic 
inches of water, then the ſpecific gravity of gold will 
be to the ſpecific gravity of water, not as 1 to 19, 
bur as 19 to 1; for if one cubic inch of gold be as 
heavy as 19 cubic inches of water, then 1 cubic inch 
of gold will be 19 times as heavy as 1 cubic inch of 
water; and therefore, from what has been ſaid in the 
former cafe, the ſpecific gravity of gold will be to the 
ſpecific gravity of water as 19 to 1. Put both theſe 
cales together, and the relative gravity of any ſpecies 
of bodies will be as the abſolute weight of any one 
body 
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body of that ſpecies directly, and as its magnitude 
inverſely, Thus if in numbers P and p be the weights 
of two globes whoſe diameters are D and d, the ſpe- 
cific gravities of the metals ont-of which theſe two 


P 
globes were formed are as 77 to - 


Ex. 10. If a body as A gravitates toward the center 
of a planet as B at the diſtance D; 1 ſay then that the 
weight of A will be as the quantity of matter in A di- 
recth, and as the quantity of matter in B direttly, and 
as the ſquare of the diſtance D inverſely. For the weight 
of the whole body 4 towards B ariſes, ceteris paribus, 
from the weight of all its parts; and therefore in 
ſuch a caſe will be as the quantity of matter in A. 
Again, the weight of A towards the whole planet B 
ariſes, ceteris paribus, from the weight of A to all the 
parts of B; and therefore in ſuch a caſe will be as 
the quantity of matter in B. Laſtly, if the quanti- 
ties of matter in A and B continue the ſame, and the 
diſtance D be ſuppoſed to vary, the great Newton has 
demonſtrated that the weight of A towards B will be 
reciprocally as the ſquare of the diſtance D. There- 
fore if neither the quantities of matter in A and B, 
nor the diſtance D be the fame, the weight of 4 
towards B will be as the quantity of matter in 4 di- 
rely, and as the quantity of matter in B directly, 
and as the ſquare of tne diſtance D inverſely... Thus 
if A and B be numbers repreſenting the quititities of 
matter in the bodies A and B reſpectively, the Weight 


of A towards B at the diſtance D will be as TJ» that 


is, the weight of A towards B at the diſtance D will 
be to the weight of à towards “ at the diſtance 4 as 


b 
the fraction = is to the fraction = 


2 Hence 


4. 
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Hence the weight of A rowards B will be equal to 
the weight of B towards A, ſince both will be repre- 


AB 
ſented by the ſame quantity Dr 


Another Way of treating the Examples in the deo laſt 
Articles. 


305. F there be ever ſo many quantities, and theſe 
all heterogeneous to one another, we are at liberty to re- 
preſent them by what number we pleaſe, or even all by 
unity itſelf, provided we take care to repreſent all other 
quantities of like kinds by proportionable numbers. Thus 
I am at liberty to call any quantity of time I pleaſe 1, 
or any degree of velocity 1, or any quantity of ſpace 
1; but then I muſt take care to call a double time, 
or a double velocity, or a double ſpace, by the num- 
ber 2, and ſo on. This conſideration ſuggeſts to us 
another way of treating the examples in the two laſt 
articles, ſomewhat different from the former; which, 
as it may be explained by a bare inſtance or two, I 
Mall give the learner as follows: | 

In the firſt example we are taught that the ſpace 
deſcribed by a body moving uniformly for any time, 
and with any velocity, is in numbers as the time and 
velocity multiplied together ; which may alſo be de- 
monſtrated thus: ſuppoſe that a body moving uni- 
formly in ſome known time called 1, and with ſome 
velocity called 1, ſhall deſcribe a ſpace which we will 
alſo call 1; then if in the time 1, and with the velo- 
City I, there be deſcribed the ſpace 1, it is plain that 
in the time 7, and with the velocity 1, there will be 
deſcribed the ſpace 7; but if in the time 7, and with 
the velocity 1, there be deſcribed the ſpace T, then 
in the time 7, and with the velocity /, there will be 
deſcribed the ſpace YT, and that, let the quantities 
and T be what they will; and therefore, in all caſes, 


the ſpace will be as T x F, 
Again, 
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Again, in the ſixth example it was ſhewn that if 


any moving force as M be directly applied to any body 
whoſe quantity of matter is A, the velocity thereby 


/ . 
produced will be as 5-: for a future demonſtration 


ns 
whereof, let us ſuppoſe that ſome known foree called 
I, when applied to ſome quantity of matter called 1, 
will produce the velocity 1; then will the force 2 ap- 
plied to the ſame quantity of matter 1 produce the 
velocity 2 ; but if the force 2 when applied to the 
quantity of matter 1 produce the velocity 2, then 
the ſame force 2 applied to a quantity of matter as 3 
will produce a velocity equal to a third part of the 
former, to wit, 3; and for the ſame reaſon the force 


M applied to a quantity of matter as will produce 
the velocity 2 and therefore this velocity will al- 


M 
ways be as . | 

It is not impoſſible but that ſome of my leſs judicious 
readers may be inclined to think I have ſpua out this 
ſubject to too great a length: but I eaſily perſuade 
myſelf that there are none who have thoroughly con- 
ſidered the very great uſefulneſs and importance of 
this doctrine, eſpecially in Mechanical and Natural 
Philoſophy, but will readily acquit me of this charge; 
and the more ſo, becauſe none that I know of have 
digeſted theſe matters into a ſyſtem, or have written 
ſo diſtinctly upon them as the importance of the 
ſubject requires. | 
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BOOK VII PART II. 
Of Priſms, Cylinders, Pyramids, Cones, and Spheres. 


* * © 


circle, ſphere, and cylinder, are taken out of 
-chimedes, but demonſtrated another way: and though 
they have no immediate relation to Algebra, yet as there 
are not many of them, and as they are a ſort of ſup- 
plement to Euclid's Geometry, I have been prevailed 


M ANY of the following articles concerning the 


upon to inſert them here, for the ſake of thoſe who 


cannot read Archimedes, and for the eaſe of thoſe who 
can. Moreover, as Euclid's doctrine of ſolids is 
ſomewhat hard of digeſtion as it is delivered in the 
Elements, 1 have not ſcrupled to transfer ſome of the 
chief properties of cones and pyramids into this book, 
and to demonſtrate them after a more eaſy and ſimple 
manner. And laſtly, as the menſuration of the circle 
is abſolutely neceſſary to the menſuration of the cy- 
linder, cone, and ſphere, I ſhall, N I enter upon 
the reſt, explain what Archimedes hasdelivered upon 
that head. 

| A LEMMA, 
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A LA N a 


23240. If in a right-angled triangle one of the acute 
angles be thirty degrees, or a third part of a right one, 
the oppoſite fide will be equal to half the hypotenuſe. 
Fig. 48.) 
Let ABC be a right-angled triangle, right-angled 
at B, and let the angle BAC be zo degrees; I ſay 
then that the oppoſite fide BC will be half the hypo- 
tenuſe AC. 

For producing CB beyond B to D, fo that BD 
may be equal to BC, and drawing AD, the two tri- 
angles ABC and ABD will be fimilar and equal ; 
therefore the angle CAD will be 60 degrees, and the 
lines AC and AD will be equal ; therefore the other 
two angles at C and D will be 60 degrees each, and 
the triangle ACD will be equilateral ; therefore the 
line BC, which is the half of CD, will alſo be the 
half of 40. & E. D. 


A LE MM A (Fig. 49, 50). 


241. Let ABC be à right-angled triangle, right- 
angled at B; and ſuppoſing two ſimilar and equilateral 
polygons, one to be circumſcribed about a circle, and the 
other to be inſcribed in it, let the angle BAC be equal 
to half the angle at the center ſubtended by a fide of 
either polygon :. 1 ſay then that AB will be to BC as 
the diameter e the circle to the fide of the circumſeribed 
polygon ; and that AC will be to BC as the diameter of 
the circle is to the fide of the inſcribed polygon. 

Let D be the center of the circle, let EFG be a 
ſide of the circumſcribed polygon, touching the circle 
in the point F, and let HR be the fide of a like poly- 
gon inſcribed, and let HA and EG be ſuppoſed par- 
allel, ſo as to ſubtend the ſame angle at the center. 
Draw the lines DIIE, DI, DRG; then will the three 
triangles ABC, DEF, and DH, be ſimilar, having the 
angles at B, J, and I, right, and the angle BAC being 
equal to the angle EDF by the ſuppoſition; therefore 

Z 3 43 
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AB will be to BG as DF to EF, or as 2 DF to EG, 
that is, as the diameter of the circle is to the ſide of 
the circumſcribed polygon ; and AC will be to BC as 
DH to HI, oras 2DH to HK, that is, as the diameter 
of the circle is to the fide of the inſcribed polygon, 
9. E. D. 
F the angle BAC be a 48th part of a right one, AB 
will be to BC as the diameter of any circle is to the fide 
of a regular polygon of 96 ſides circumſcribed about it, 
and AC will be to BC as the diameter is to the fade of a 
lle polygon inſcribed. For if the line Hilft be the ſide 
of an inſcribed regular polygon of 96 ſides, the arc 
HFK will be a 96th part of the whole circumference, 
or a 24th part of a quadrant, and the arc HFa 48th 
part of a quadrant ; whence the angle EDF or HD 
will be a 48th part of a right angle. | 


A THEOREM. 


342. The circumference of every circle is ſamewhat more 
| than three diameters. (Fig. 51.) 


Let AB be the fide of a regular hexagon inſcribed 
in a circle whole center is C, and draw AC and BC : 
then will the angle at C in the triangle ABC be 60 
degrees, as containing a fixth part of the whole cir- 
cumference ; therefore fince AC and EC are equal, the 
other two angles at I and B will be 60 degrees each; 
therefore the triangle ABC will be equiangular, and 
conſequently equilateral ; therefore AB will be equal 
to AC, and 64B to 640; but 64B is equal to the 
perimeter of the inſcribed hexagon, and 6AC is equal 
to three diameters; therefore the perimeter of a regu- 
lar hexagon inſcribed in a circle is equal to three 
times the diameter of that circle: whence it follows 
that the circymference of the circle itſelf will be ſome- 

what more than three diameters, Q. E. D. 


A Tar 
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| A TrEORE M. | 
343. If the diameter of a circle be called 1, the cirtum- 


ference will be ſomewhat leſs than 3 = and fome- 
what greater than 3 = 


The Demonſtration of the firſt Part. (Fig. 52.) 


Let ABC be a right angle, in which inſcribe the 
lines 40, AD, AE, AF, AG in the manner follow- 
ing: make the angle BAC a third part of aright one, 
BAD a 6th part, BAE a 12th part, BA a 24th part. 
and BAG a 48th part: then will AC be double of BC 
by the 340th article, and AB will be to BG as the 
diameter of any circle is to the fide of a regular poly- 
gon of 96 ſides circumſcribed about it by the 341ſt 
article. Moreover, as the line AD biſects the angle 
BAC, we ſhall have as AB to LUC io BD to DC 
by the third of the ſixth book of the Elements ; 
and by art. 330*, AB -A is to AB as BC is to BD; 
and by permutation, ABA is to BC as AB is to 
BD : therefore if BC. be divided into any number of 
equal parts, how many ſoever of theſe parts are con- 
tained in the ſum of the lines AB and AC, the ſame 
number of like parts of &D will be contained in the 
line AB aloue; as if BC be divided into 10000 equal 
parts, and the ſum ABA contains 37320 of thoſe 
parts, then if the line BD be divided into 10000 - 
equal parts, the line AB alone will contain 37320 of 
them. After the ſame manner it may be demonſtra- 
ted, that whatever parts of BD are contained in the 
ſum of the lines 4B, AD, the ſame number of like 
parts of BE will be contained in 4B alone, and ſo on: 
whence we have the following proceſs. 

iſt. Let BC be divided into 10000 equal parts, or 
(which is the ſame thing) let BC be called 10000 ; 


* See the Quarto Edition, p. 539» 
2 4 then 
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then will AC be 22000, and conſequently AB will be 
greater than 17320, and $34.4 wall be greater than 
$7520. 
pn : Therefore if BD = = 10000, AB will be greater 

than 37320, AQ greater than 38636, and AB+AD 
greater than 75956. | 

3dly, Therefore if BE 10000, AB will be greater 
than 75956, AE 85 than 76611, and AB++ AE 
greater than 152567. 

4thly, Therefore if BF= 10000, AB will be greater 
than 152557, AF greater than 1 52894, and A& + AF 
greater than 305461. 

5thly, Therefore if BG= 10000, AB vill be greater 
than 305461 : therefore e converſo, if AB be ſuppoſed 
equal to 305461, BG will be leis than 10000 : bur it 
was ſhewn before that AB is to BG as the diameter of 
any circle is to the fide of a regular polygon of 96 
tides circumſcribed about that circle; therefore if the 
diameter of any circle be called 30 5461, the fide of 
ſych a polygon will be leſs than 10000, and the 

whole perimeter leſs than 960000; therefore the pe: 
rimeter of ſuch a polygon will be leſs than the product 


of the diameter  wultipbed into 3 7 * 2 : for 


* 
30 5461 5 96c020 . therefore if the diameter 


of any circle be called 1, the perimeter of a regular 
poly gon of 4 ſides circumſcribed about it will be 


leſs than 3- ; but the circumference of every circle 


is leſs than 1 perimeter of any polygon circumſcribed 
about it ; therefore the circumfereuce of the circle will 


fill be leſs than 3; — Q. E. D. 
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The Demonſtration of the ſecond Part. (Fig. 53 ) 


Let ACDEFGB be a femicircle whoſe diameter is 
AB, and in this ſemicircle let the lines 4C, AD, AE, 
AF, AG, be inſcribed in the manner following: make 
the angle BAC a third part of a right one, BADa. 
ſixth part, BAE a 12th part, BAFa 2ath part, and 
BAG a 48th part, and join BC, BD, BE, BF, BG; 
then will AB be double of BC, and AB will be to BG 
as the diameter of any circle is to the fide of a regu- 
lar polygon of 96 ſides inſcribed, Let AD cut BG 
in H; and by the demonſtration of the firſt part of 
this theorem, AA will be to CB as AC to CH, 
ſince by the conſtruRion the line AH biſeAs the angle- 
BAC: but the triangles ACH and ADB are ſimilar, 
having the angles at C and D right, as being in a 
ſemicircle, and the angle CAH being equal to the 
angle DAB; therefore AC will be to HC as AD to 
BD: but it was before demonitrated, that as AC is 
to HC ſo is AB+ AC to BC; therefore as AB4J-AC is 
to BC ſo is AD to BD; and whatever parts of BC are 
contained in the ſum of the lines 4B, AC, the ſame 
number of like parts of BD will be contained in the 
line AD alone: whence the following proceſs. 

iſt, Let BC=10000; then will AB 20000, AC 
will be leſs than 17321, and A -A will be lels than | 

3211. | 
1 Therefore if BD10000, AD will be leſs 
than 37321, AB will be leſs than 38638, and 
ABA will be leſs than 75959. | 

3dly, Therefore if BE=10000, AE will be leſs 
than 75959, AB will be leſs than 76615, and 
ABA will be leſs than 152574. 

4thly, Therefore if BF=10000, AF will be leſs 
than 152574, AB will be leſs than 152902, and 
AB+ AFP will be leſs than 305476. | 

5thly, Therefore if BG=10000, AG will be leſs 
than 395476, and AZ will be leis than 305640 z 

2 therefore 
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therefore e converſo, if 4B be equal to 305640, BG 
will be greater than 10000: but AB is to BG as the 
diameter of any circle is to the ſide of a regular poly- 
gon of 96 fides inſcribed in it; therefore if the diameter 
of any circle be 305640, the ſide of ſuch an inſcribed 


polygon will be greater than 10000, and its peri- 
meter greater than 960000 ; therefore the perimeter 


of ſuch a polygon will be greater than the product of 

the diameter multiplied into 3 5> or . 
8 

305640 72 959968 15 therefore if the dia- 

meter of a circle be called 1, the perimeter of a regu- 

Jar polygon of 96 ſides inſcribed in it will be greater 


than 33 — : but the circumference of every circle is 


greater * the perimeter of any inſcribed polygon ; 


therefore the er of this circle will be 
greater ſtill than 3 72 2. E. D. 


Thus then if the diameter of a circle be called 1, 


the circumference muſt lie between theſe two very 


10 10 
narrow limits, to wit, 3 70 and 3 Th the whole 


difference of theſe limits is but AMS, and therefore, 


by this method, the circumference of a circle is deter- 


| mined to a 497th part of the e 


The _ comper.dious Way of obtaining the Numbers in 
the laſt Article. | 


344. ik any one has a mind to examine the fore- 
going calculations, it may not be amiſs to let him 


know, that the hypotenuſes of the triangles ABD, 
ABE, ABF, and ABG (Fig. 52, 53), may be com- 


e wichout either ſquaring the greater leg, or ex- 
tracting 


J 
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tracting the more conſiderabfe part of the ſquare root. 
As if AD (ig. 52), the hypotenuſe of the triangle 
ABD, in the firſt part be required, having given 4B 
37320 and BD 10000, the method J uſe is as follows: 
1ſt, Whatever the hypotenuſe AD may be, this is 
certain, that the gteater leg 45 will be equal to a 
conſiderable part of it; and therefore if AD be to be 
found by a ſeries, as is uſual in extracting the ſquare 
root, it will be proper to make AB the firſt term; 
and hence it is that I call 47z20= AB my firſt root. 
Again, as the ſquare of AD is to exceed the ſquare of 
AB by the ſquare of BD, that is, by 100000000 ; 
this number I call my firſt reſolvend, and then doub- 
ling my firſt root, the product 74640 I call my firſt 
divifor, and ſo am prepared for the following ope- 
ration. 
2dly, Thus prepared, I divide my firſt refolvend 
by my firſt diviſor, and the firſt figure of the quo- 
tient (for I am concerned for no more at preſent) L 
find to be 1, which, as it comes out of the place of 
thouſands, ſignifies 1000 ; this number therefore 
1000 I add to my firſt root, and ſo have 38320 
for a more correct or ſecond root. The fame num- 
ber 1000 I add alſo to my firſt diviſor, and then 
multiplying the ſum 75640 by looo, the number 
that was added, I ſubtract the product 75640000 
from my firſt reſolvend, and there remains 24360000 ; 
this I call my ſecond reſolvend, and the double of my 
ſecond root, to wit, 76640, 1 call my ſecond diviſor, 
and ſo. proceed to the next operation. | 
2dly, Now I divide my ſecond refolvend by my 
ſecond diviſor, and the firſt figure of the quotient is 
3, which, as it comes out of the place of hundreds, 
tignifies 300; therefore [ add 300 to my ſecond root, 
and ſo have 38620 for my third root: the fame num- 
ber zoo I aiſo add to my ſecond divifor, and the 
ſum 76940 I multiply by :300, and the product is 
23082000, which, being ſubtracted from my ſecond 
reſolvend, leaves me 1278000 for a third relolvend, 
and 


| 
| 
| 
| 
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and the double of my third root, to wit, 77240, I have 
for my third diviſor. 

4thly, I divide my third reſolvend by my third 
diviſor, and the firſt figure of the quotient is 1, 
which ſignifies 10; theretore I add 10 to my third 
root, and ſo have a fourth root 38630: moreover 
adding 10 to my third diviſor, the ſum is 77250, 
which being ,multiplied by 10, and the product 
772500 being ſubtrafted from the third reſolvend, 
leaves 505500 for the fourth reſolvend, and the 
double of my fourth root, to wit, 77260, makes a 
fourth diviſor. 

5thly and laſtly, I divide my fourth reſolvend by 
my fourth diviſor, and the neareſt quotient too little 
is 6; therefore 1 add 6 to my fourth root, and fo 
have a fifth root, to wit, 38636, which is the neareſt 
root leſs than the true that can be expreſſed in whole 
numbers: therefore the hypotenuſe AD is greater 


than 38636. 


The reaſon of theſe operations will not be diſſicult 
to any one who thoroughly underſtands the foundation 
of the common method of extracting the ſquare root. 


Van Ceulen's Numbers expreſſing the Circumference of 
a Circle whoſe Diameter is 1. 


345. This method of Archimedes is capable of being 
purſued to any degree of exactneſs required: nay Lu- 
dolf Lan Ceulen has computed the circumference of. a 
circle to no fewer than 36 places, upon a ſuppoſition 
that the diameter is unity, His numbers expreſſing 
this circumference are, | 

31415 g2bs 3589 7932 3846 2643 3832 7950 288 +. 
But ſince the invention of fluxions by its great author 
Sir Iſaac Newton, he (Sir Jaac) has from this me- 
thod drawn ſerieſes almoſt infinitely more expeditious 
than the biſections of Archimedes or Van Ceulen, wheres 
by the circumference of a circle may he computed ta 
12 or 13 places in little more than half an hour's time, 

5 | as 


Art. 345.346. Why the Circle cannot be ſquared, &c. 365 


as Doctor Halley® from his own experience aſſures us. 

Note, that Metius's proportion of the diameter of 
a circle to the circumference is as 113 to 355, the 
moſt accurate of any in ſuch ſmall numbers. See 
Schol, 1. in art. 179 Þ.) 


Why the Circle cammot be ſquared geometrically. 


346. If, having given the diameter or ſemidiame- 
ter of any circle, a right line could be found exactly 
equal to the circumference, whether ſuch a line 
could be expreſſed by numbers or not, the circle 
might be ſquared as well as avy right-lined figure 
whatever, that is, a ſquare might be conſtructed whoſe 
area would be equal to that of the circle, which I thus 
de monſtrate. 

Let zr repreſent the diameter of any circle, and 
2c the circumference; then will 7c, the product of 
the radius into the ſem icircumference, be its area, by 
cor. 4 in art. 311 4. Let now x be the ſide of a ſquare 
whoſe area is equal to that of the, circle, and we 
ſhall have xx=rc; whence x will be a mean propor- 
tional between 1 and c, and may be found by the 
13th of the ſixth book of the Elements. But it 
is impoſſible upon Euclid's poſtulata, having given 
the diameter or ſemidiameter of any circle, to hnd a 
right line exactly equal to the circumference; and 
therefore the circle cannot be ſquared upon the ſame 
foundation on which we are taught ro ſquare all 
right-lined figures; and hence it is that we ſay, 
the circle cannot be ſquared. geometrically, But as 
the three paſtulata of Euclid, how ſimple ſoever they 
may appear in theory, are never a one of them capa- 
ble of being perfectly executed, but that errors mult 
neceſſarily ariſe in drawing and producing lines, 
in taking the diſtances of points, &c.; and as from 
theſe errors others muſt neceſſarily ariſe in ſubſequent 


Pr. Halley's ſeries is transformed into two others, more con- 
venient for numerical calculation, in my Matbematical Effays, . 
p. 120. J. H. + See the Quarto Edition, p. 282. f Ib. p. 304. 

operations; 
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operations ; and laſtly, as the circumference of a circle 
may be had from the diameter in numbers, to any 
allignable degree of exaſtneſs, it follows that in 
practice, a circle is as capable of being ſquared as any 
other figure whatever that is not a ſquare, 


 Corollaries drawn from Art. 343. 


347. From the 343d article may be deduced ſeve- 
ral corollaries, ſome of the moſt uſeful whereof are 
inſerted here as follows: 
1ſt, The diameter of every circle is to the circumfer- 


S 
ence as 7 io 22 nearly : W as 


7 
7 to 22. 
2d, If d be the diameter of any circle, its area will be 


11dd 
ot, : for as 7 is to 22, ſo is d the diameter to 


We the circumference ; and if £ the radius be 


ö "M | 
multiplied into — the ſemicircumference, the pro- 


4 
duct ys will be the. area, by corollary 4 in art. 311*. 


3d, Hence we have a ready way, having the diame- 
ter of any circle given, io find its area, and vice verſa, 
without the mediation of the circumference, by ſaying, 
as 14 is to 11, ſo is the ſquare of the given diameter 
to the area ſought, Bui 5 the area be given, in order 
zo find the diameter, the proporticn muſt be reverſed, 
by ſaying as 11 is to 14, % is the given area to a fourth, 
which fourth number will be the ſquare of the diameter, 
and its ſquare root the diameter itſelf. 

4th, Arguing as in the two laſt corollaries, If the 
diameter of a circle be to the circumference as a to b, 
then the ſquare of the diameler of any circle will be to its 
area as 4a to b; and vice verſa, ihe area will be to the 
ſquare of the diameter as b to 4a. 


* See the Quarto Edition, p. 504. 
1 5 th, 
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5th, The circumferences of all circles are as their 
diameters or ſemidiameters, and their areas as the 
uares of the diameters or ſemidiameters. For if d and 
e be the diameters of two circles, their circumfer- 


ences will be =—_ and . N is to > 


(dropping the common denominator 7, and the 
common factor 22) as d to e. Again, the area of 


the circle whoſe diameter is d is — as in the ' ſe» 


cond corollary; and for the ſame reaſon, the area 
1 ee 


of the other circle whoſe diameter is e is and 


= is to — as dd to ce; therefore the circum- 
ferences of all circles are as their diameters, and 
their areas as the ſquares of their diameters. And 
fince the halves of all quantities are as the wholes, 
and the ſquares of the halves as the ſquares of the 
wholes, it follows alſo that the circumferences of cir- 
cles are as their ſemidiameters, and their areas as the 
ſquares of the ſemidiameters. 

6th, If there be three circles ſuch, that the ſum 
of the ſquares of. the ſemidiameters of two of them is 
equal to the ſquare of the ſemidiameter of he third; 
J fay then that the areas of the two firft circles put 
together vill be equal to the area of the third. For 
let a, ö, c, repreſent the ſemidiameters of the three 
Circles, and let a* 4+4* =c* : ſince then the ſemidiame- 
ter of the firſt circle is a, the diameter will be 2a, 
and the ſquare of the diameter 44a : but as 14 is to 


x F ane" a 
11 ſo is 4aa to 1 or —; therefore the area of 


the firſt circle will be _ by the third corollary; and 


for the ſamc reaſon, the areas of the other two circles 
| will 
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therefore 2 SV 
N. B. This laſt corollary is not demonſtrated in 
the 3 iſt of the ſixth book of the Elements, as ſome 


may imagine, that demonſtration not reaching farther 
than right- lined figures. 


The following eaſy problems may ſerve to ſhew 
ſome uſes of the foregoing corollaries. 


PROBLEM I. | 
348. To find the proportion between the diameter of any 
| circle and the fide of an equal ſquare. - 
Call this diameter 1, and by the ſecond corollary 
in the foregoing article, the area of this circle will be 


2 nearly; and the ſide of a ſquare whoſe area is 


7 will be io 5% therefore the diameter of any 
circle is to the fide of an equal ſquare as 1 to 


* ==, But becauſe this fraction —, though it 
14 14 


ſerves well enough for common purpoſes, is not 
accurately true, and becauſe its ſquare root cannot 
be accurately expreſſed in numbers neither, to reduce 
the error (for there muſt be an error) to a more 
ſimple point, let c be the circumference of a circle 
whoſe diameter is 1; and the area of ſuch a circle, 
that is, the product of the radius into the ſemicir- 


cumference, will be —x= =— and the fide of 


an equal ſquare will be * 5 : but, according to Fan 


Ceulen, c=3 *1415926536, and 5 = 7853981634. 


and 
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and / 4 288623; therefore the diameter of a cir- 


cle is to the ſide of an equal ſquare as 1 to · 88623. 
or as 100000 is to 8862: ſuppoſe the proportion 
to be that of 100000 to 88625, which makes bur 
an error of 2 in the fifth place, and then multiply- 
ing both terms by 8, the proportion will be that of 
800000 to 709000, or of 809 to 709; therefore As 
800 is to 709, ſo is the diameter of any circle to the ſide 
of an equal ſquare, nearly true to five places, 

N. B. If the diameter of a circle be g yards, the 
ſide of an equal ſquare found as above will not err an 
hundredth part of an inch. 5 


PROBLEM 2. 


349. To find the ſemidiameter of a circle that will cam- 
prehend within its circumference the quantiiy of an 
acre of land. 


An acre of land contains 4840 ſquare yards, and 
therefore this muſt be the area of our circle. Say 
then, as 11 to 14, ſo 4840 to 6160; and this laſt 
number will be the ſquare .of the diameter, by the 
third corollary in art. 347; whence the diameter itſelf 
will be 78 +486 yards, and the ſemidiameter 39 *243 
yards, that is 39 yards 83 inches nearly. 


PROBLEM z. 


250. Let a firing of a given length be diſpoſed into the 
form of a circle: It is required to find the area of 
this circle. | | 


Let c be the length of the ſtring, and conſequently 
the circumference of the circle made by it, and the 


diameter of the circle will be 2255 the ſemidiameter 


25 and the area 1 · Suppoſe now this ſtring 


4 
io be diſpoſed into the form of a ſquare, and the * 
- Aa 
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of this ſquare would be = and its area —, and the 


area of the ſquare would be to the area of the circle as 
cc cc I., 7 | 
T6 150 88, that is, as 16 is to 5g, or as 11 to 14: 
therefore, As 11 is to 14, ſo is the area comprebended 
by the firing when in form of a ſquare, to the area 
comprehended by the ſame ſtring when in form of a circle. 
. E. I. : | 
B. By the anſwer here given it appears, that if 
c be the circumference of any circle, its area will be 
By ; and conſequently that As 88 is to 7, ſo is the 
ſquare of the circumference of any circle to its area 


nearly. 


PROBLEM 4. 


351. It is required to divide a_ given circle into any 
number of equal parts by means of concentric circles 


Let A be the center, and AF be the ſemidiameter 
of the circle given, and let it be required to divide 
the area of this circle into five equal parts by means 
of four concentric circles deſcribed within the former, 
and cutting the line AF in the points, B, C, D, E, 
that is, let the area of the circle AB, and the areas 
of the annuli BC, CD, DE, and EF, be ſuppoſed all 
equal; then the circle 4B will be + the whole, 
the circle AC +, the circle AD , &c.; and the area 
of the circle AF will be to the area of of the circle 
AB as 5 to 1: but the area of the circle AF is to the 
area of the circle AB as the ſquare of the ſemidiame- 
ter AF is to the ſquare of the ſemidiameter AB, by 
cor. 5. in art. 347 ; therefore AF is to AB* as 5 to 1: 
but AF* is given by the ſuppoſition ; therefore AB?, 
and conſequently AB the ſemidiameter of the inmoſt 
circle is given. In like manner AF* is to AC* as 5. 

* to 


t lace pa. 370. PI. II. 


* = D 


OO 
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to 2; whence AC the ſemidiameter of the next con- 
centric circle is given; and ſo of the reſt. Q: Z. I. 


PROBLEM 5. 


352. Whoever makes a tour round the earth, muſt ne- 
ceſſarily take a larger compaſs with his bead than with 
his feet: The queſtion is, how much larger? 


Loet A (Hg. 55.) repreſent the center of the earth, 
AB its ſemidiameter, BC the traveller's height, 
AC the ſemidiameter of the circle deſcribed by his 
head: let alſo þ repreſent the circumference of the 
circle whoſe ſemidiameter is AB, and c the circum- 
ference of the circle whoſe ſemidiameter is AC, and 
c- will be the difference we are now enquiring into, 
which may be thus determined. 

By the fifth corollary in art. 347, AC is to AB as 
e is to &; and by diviſion of proportion, BC is to 
ABas c—bistob; and alternately, BCis to c- as 
AB is to b. Let 4 be the circumference of a circle 
whoſe ſemidiameter is BC, and BC will be to d alſo 
as AB to b ; therefore BC is to d as BC is to c-; 
therefore, c- gd; that is, The traveller's head will 
paſs through more ſpace than bis feet by the circumference 
of a circle whoſe ſemidiameter is his own length : as if 
the man be 6 feet high, his head will travel farther 
than his heels by 37 feet 85 inches nearly, and that 
whether the ſemidiameter AB be greater or leſs, or 
nothing at all. 


PROBLEM 6. 


353. It is required, having given the depth and the di. 
ameter of the baſe of any cylindrical veſſel, to find its 
content in ale gallons. 

Here it muſt be obſerved, that in the menſuration 
of a ſolid, all its dimenſions muſt be taken in the 
ſame kind of meaſure : as, if any one dimenſion be 
taken in iftches, the reſt muſt be taken ſo too, and 
then, the number repreſenting the content of any 
__ A a 2 ſolid 
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ſolid will be the number of cubic inches to which that 
ſolid is equivalent. 

Let then à be the given altitude of the cylindrical 
veſſel to be meaſured, d the diameter of its baſe, 


and by the ſecond corollary in art. 347, 5 = 


will give 
a number of ſquare inches equal to the baſe, and 


this area multiplied into the altitude a, will give 


2 255 a number of cubic inches equal to the ſolid 


content of the veſſel: but 282 cubic inches conſtitute 


an ale gallon; and therefore if heard the ſolid con- 


tent of the veſſel, be divided by 282, the quotient to 


wit, 55 will be the number of gallons therein con- 


tained. "Inſtead of 3948 put 3949, which will make 
no conſiderable difference in ſo great a denominator, 


and the ann Ly (dividing both the numera- 


tor and a by 11) will be ated to _ 


3 
whence the following canon: 


Having taken both the depth, and the diameter of the 
baſe in inches, multiply the fquare of the diameter into the 
depth of the veſſel, and the produft divided by 359 will 
give the number of gallons required. 


N. B. This ſubſtitution of 3949 inſtead of 3948 


corrects about 15 of the other that would otherwiſe 


have been en in ſuppoting the ſquare of the | 
diameter of the baſe to be its area as 14 to 11. 


PROBLEM 7. 


p 54+ To FEET a fruſtrum of 'a cone, whoſe perpendi- 
cular altitude and the diameters of the t baſes are 
_ given, 


yy - W_ - ® 4 
Xx © As F 
* . 
4 f 
: _ 
" 


N. B. By a fruſtum of a cone I mean a cone 
has its top cut off by a plane parallel to the 

ale, 

Let the ifoſceles triangle ABC (Fig 56.) repreſent 
the ſection of a cone made through its axis AD, 
and let EF be any line parallel to the baſe BC, cut- 
ting AB in E, AC in F, and the axis AD in d; then 
will the trapezium BEFC be the ſection of a fruſtum 
of this cone whoſe perpendicular altitude is Da. 
Call BC, the diameter of the greater baſe, g; EF, 
the diameter of the lefſer baſe, ; and Dd, the 
height of the fruſtum, h: call alſo AD, the un- 
known altitude of the whole cone, x; and conſe- 
quently Ad, the altitude of the cone to be cut off, 
x—b; and from the ſimilar triangles ABC, AEF, 
we have this proportion; AD is to Ad as BC is to EF, 
that is, according to our notation, # is to x & as g 
to /; whence, by multiplying extremes and means, 
we have gæ - g lx, and x, or the altitude of the 


h 
cone, equal to =, In like manner if from the 


value of x we ſubtract 5, the altitude of the fruſtum, 
we ſhall find Ad, or the height of the cone to be cut 


off, equal to . Now the ſolid content of every 
cone is found by multiplying the baſe into a third 
part of its altitude; therefore ſince the baſe of the 
cone ABC is 1 and its altitude 2 its ſolid 
content will be Pk - * 75 in like manner the 

| £9". JF 
ſolid content of the cone AEF will be $07 7 * 


== ſubtract the latter cone from the former, and 


there will remain the ſolid content of the fruſtum 
A a 3 BEFC 
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BE NC equal to 2 1 : but the fraction 


_ may be reduced to an integer by dividing the 


[ 
numerator by the denominator, and the quotient will 
be ggg; therefore the ſolid content of the 


fruſtum BEN will now be expreſſed thus, gg +g/+ 1 
* — x 1. Whence we have the following canon: 
Add: the ſquares and the 1 of the two e. 
diameters togethar; multiply the ſum into g third part 
of the given altitude, and the product will be the 
fruſtum of a a. pyramid of the ſame height having 
ſquare baſes whoſe Halles are equal to the two diameters 
given; and as 14 is fo 11, fo will this fruſtum be tothe 


fruſtum ſought. . E. I. 


N. B. 1ſt, Since .a cone differs nothing frond a 
fruſtum of a cone whoſe leſſer baſe is equal to no- 
thing, if I be made equal to nothing in the foregoing 
canon, it ought to give the ſolid content of a cone 
whoſe height is þ, and the diameter of whoſe baſe 


5 
is 4. and ſo it will; for then gg $8 +86 x 5 ** 
1 . 4 
1 


d2dly, Since a cylinder may be conſidered as 2 
fruſtum of a cone whole baſes are equal, if } be made 
equal to g in the foregoing canon, it ought to give 
the ſolid content of a cylinder whoſe height is þ, and 
the diameter of whoie = is g; and ſo we find it 


h 
will; for ZII x Jui in this caſe becomes 


. 
a} 


14 


3dly, 
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3 aly, If the leſſer baſe of the fruſtum be ſuppoſed 
to be increaſed till it becomes equal to the greater; 
and if, on the other hand, the greater baſe be ſup- 
poſed to be diminiſhed till it becomes equal to that 
which was the leſſer baſe before, the ſolid content of 
the fruſtum will be the ſame as at the firſt; and there- 
fore, if the foregoing canon be juſt, it ought not to be 
altered by changing the quantities g and / one for the 
other: which is true; for gg +2g/+/1 by this means 
only becomes //+/z +gg, which is the fame quantity. 

In folving this laſt problem it is taken for granted 
that every cone is the third part of a cylinder having 
the ſame baſe and height ; which may ſafely be done, 
ſince Euclid has demonſtrated it in the 1oth of the 
twelfth book of the Elements: but becauſe Euclid”s 
doctrine of ſolids is not fo eaſy to the imaginations of 
young beginners, I fhall (in another place) give 
another demonſtration of this propoſition, indepen» 
dently of any thing that has here been ſaid, 


LEMMA, (Fig. $75) 


55, Let ABC be any curvilinear ſpace compre- 
hended between two ſtraight lines AB and AC at right 
angles to each other, and a curve as BC concave to- 
wards AB; and from any two points D and E in the 
line AB let the lines DF and EG be drawn parallel to 
the baſe AC, and terminating in the curve at the 

ints F and G, and compleat the parallelogram 
EGH: Yhen it is plain that the curvilinear ſpace 
DEGF will be greater than the parallelogram DEGH, 
But what 1 here propoſe to demanſirate is, that if the 
line EG be ſuppoſed to move towards DF in a poſulion 
always parallel to itſelf, and at laſt to coincide with 
DF, the nearer EG approaches to DF, the nearer will 
the ratio of the curvilinear ſpace DEGF to the pa- 
rallelogram DEGH approach towards a ratio of equality, 
and that it will at laſt terminale in a ratio of equality 

when EG coincides with DF. 
Aa4 For, 
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For, completing the parallelogram GHR, the 
parallelogram DEKF will be to the parallelogram 
DEGH upon the fame bale as DF is to EG; there- 
fore the curvilinear ſpace DEGF will be to the pa- 
rallelogram DEGA in a leſs ratio than that of DF to 
EG; that is, though that ſpace be greater than this 
parallelogram, yet the ratio of the former to the lat- 
ter is a leſs ratio than that of DF to EG: but the 
nearer the line EG approaches towards DF, the nearer 


will the ratio of DF to EG approach towards a ratio 


of equality, and it will at laſt become a ratio of equa- 
lity when EG coincides with DF: therefore à fortiori, 
the ultimate ratio ot the curvilinear ſpace DEGF to 
one parallelogram DEGH will be a ratio of equa- 
ity. | - 

Hence it foll-ws, that if we ſuppoſe the line AB to 
be divided into a certain number of parts, ſuch as DE, 
and theſe parts to be maze the baſes of ſo many inſcribed 
parallelograms, ſuch as is the parailelogram DG, the 
more +1» are of theſe parallclograms, the nearer will 
the ſum c, the curvilinear ſpaces DEGF, that is, the 
whole curuilincar ſpire ABC, approach towards the ſum 
of all the in/"rib:d per vil: ligrams ; and if wwe ſuppoſe 
the baſes of tbeſe paralliclograms to be diminiſhed, and ſo 
their number to be auzmeited ad infinitum, they will 
make up the whole curvilinear ſpace ABC; ſo that the 
Space ABC will be to the ſum of all the inſcribed paral- 
lelograms ullimately in a ratio of equality. For, ſetting 
aſide the parts infinitely near the point of interſection 
B, which will be of no conſequence in the account, 
let the parallelogram DEGH be that which, of all 
the, reſt, differs moſt from its correſpondent curvili- 
near ſpace DEGF; and the conſequence will be that 
the curvilinear ſpace ABC will be to the ſum of all 
the inſcribed parallelograms in a ſeſ ratio than that 
of the ſpace DEGF to the ſpace DEGH : but even 
this ratio becomes at laſt a ratio of equality, when 
DE is infinitely ſmall, by this lemma : whence it 
follows a fortiori, that the ultimate ratio of the cur- 

vilincar 
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vilinear ſpace ABC to the ſum of all the inſcribed pa- 
rallelograms will be a ratio of equality. 

I thought myſelf obliged ro demonſtrate this pro- 
Poſition, becauſe I have known it objected, that 
though the difference between any particular parallelo- 
gram and its correſpondent curvilinear ſpace be al- 
lowed to be infinitely ſmall when the common baſe 
is ſo, yet how do we know but that an infinite num- 
ber of theſe differences may amount to a finite quan- 
tity? and if fo, then the whole curvilinear ſpace can- 
not be ſaid to be to the ſum of all the inſcribed paral- 
lelograms in a ratio of equality. To this I anſwer, 
that it muſt be the buſineſs of Geometry to determine 
whether an infinite number of theſe infinitely ſmall 
differences amount to a finite quantity or not; and 
by the demonſtration here given it appears that they 
do not, but that the ſum of all theſe differences actu- 
ally diminiſhes as their number increaſes, and at laſt 
comes to nothing when their number is infinite, 


A LEMMA. (Pg. 57.) 


356. Suppoſing the line AB flill to keep its place, 
let us imagine the whole ſpace ABC to turn round it, ſo 
as to deſcribe or generate a ſolid whoſe axis is AB, and 
the ſemidiameter of whoſe baſe is AC, and the inſcribed 
parallelograms will at the ſame time by their common mo- 
tion deſcribe ſo many thin cylindric laminæ, which, taken 
all together, will be leſs than the ſolid generated by the 
ſpace ABC ; but, the more they are in number, the nearer 
they will approach to it, and their circular edges will at 
laſt terminate in the curve ſurface of the ſolid when their 

number is infinite. | 
For, completing the parallelogram GK as be- 
fore, the /amina generated by the parallelogram DK 
will be to the lamina generated by the parallelogram 
DG as the ſquare of DF is to the ſquare of EG, all 
circles being as the ſquares of their ſemidiameters ; 
therefore the lamina generated by the curvilinear ſpace 
DEGF will be to the lamina generated by the paral- 
lelogram 
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lelogram DG in a leſs ratio than that of DF* to EG-: 
but when D and E coincide, DF will be equal to 
EG, and the fquare of DF to the ſquare of EG; 
therefore, in this caſe, every particular cylindric lamina 
will be the ſame with a correſpondent lamina of the 
falid ; and componendo, all the cylindric laminæ will 
conſtitute the ſolid itſelf. This may alſo be further 
evident by applying the demonſtration in the laft 
lemma to this caſe. Therefore we need not ſcruple 
to ſuppoſe round ſolids, generated after the ſame 
manner as this is, to be made up of an infinite num- 
der of infinitely thin cylindric /amine : Nay, even the 
cone itſelf may be conſidered as being ſo conflituted : for 
if we ſuppoſe BC to be a ſtraight line inſtead of a curve, 
the reaſoning of the laſt article and this will equally 
fucceed ; in which caſe, the ſpace ABC will be à triangle, 
and the figure generated a cone. 
Fa ſolid be made up of a finite number of priſmatic 
or cylindric laminz, decreaſing in their diameters as they 
are farther and farther diſtant from the baſe, the ſurface 
of ſuch a ſolid muſt neceſſarily aſcend by ſteps : but the 
thinner theſe elementary laminæ are (ſuppeſing their 
thinneſs to be compenſated by à greater number), the 
narrower and the ſhallower theſe ſteps will be, ſo as to 
terminate at laſt in a regular ſurface when their number 
it infinite, 4 
A THEOREM. 


357 · All ifoſceles cones of equal heights are as their 
_ baſes; that is, the ſolid content of any one iſoſceles 
cone is to the ſolid content of any other of an equal 
height, as the baſe of the former cone is to ihe baſe of 
the latter. - | | 
Note, that by an iſoſceles cone I mean a cone up 
baſe is a circle, and whoſe vertex is every where equaliy 
diſlant from the circumference of the baſe ; and by an 
iſoſceles pyramid is meant a pyramid having a regular 
polygon for. its baſe, and whoſe vertex is equally diſtant 
from all the angles of that polygon : laſtly, by 1/oſceles 
| 9 priſms 
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priſms and cylinders are meant ſuch as have equal and 
regular polygons and circles for their baſes, and are ſo 
conflituted, that a right line joining the centers of their 
two baſes is perpendicular to them. | 

Let ABC (Fig. 58.) be a right-angled triangle at 
B, and producing the baſe YC out of D, join AD; 
let alſo the line EFG be drawn any where within the 
triangle parallel to the baſe BCD, ſo as to cut AB in 
E, AC in F, and AD in G: then will EF be to BC 
as EG is to BD, ſince both are as AE to AB by ſimilar 
triangles : therefore, if they be taken alternately, EF 
will be to EG as BC to BD, and EF* to EG* as BC* 
to BD*. This being allowed, let the triangle ABD 
be ſuppoſed to turn round the fixed fide AB, fo as to 
generate a cone whoſe axis is FB ; then will the tri- 
angle ABC generate another cone having the ſame 
common altitude AB. Let both theſe cones be con- 
ſidered as conſticuted of an infinite number of infi- 
nitely thin cylindric laminæ, and let EF repreſent in- 
differently the ſemidiameter of any one of theſe laminæ 
belonging to the cone ABC; then will EG be the ſe· 
midiameter of a correſpondent lamina belonging to 
the cone ABD; and the lamina whole ſemidiameter is 
EF will be to the lamina whoſe ſemidiameter is 
EG, having the ſame thickneſs, as EF* is to EG?, of 
(according to what is already demonſtrated) as BC* 
is to BO; that is, every particular -/amina of the 
cone ABC will be to a like lamina of the cone ABD 
as the baſe of the former ccne is to the baſe of the 
latter; therefore componendo, the whole cone ABC - 
will be to the whole cone ABD as the baſe of the 
former is to the baſe of the latter: but the planes 
ABC and ABD may be ſo conſtituted as to generate 
any two iſoſceles cones whatever that have equal 
heights; therefore if the heights of two iſoſceles cones 
be equal, theſe cqnes will be ro each other as their 


A Tar | 
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A THEOREM. 


358. Every ifoſceles pyramid is equal to an iſoſceles cone 


of an equal baſe and height. 


Let P repreſent any iſoſceles pyramid, and C an 
iſoſceles cone of an equal baſe and height: I ſay then 
that the pyramid P will be equal to the cone C. 

To demonſtrate this, imagine the pyramid P to 
have a cone, as c, inſcribed in it, ſo as to touch every 
ſide of the pyramid in ſo many lines of contact, and 
imagine the circumſeribing pyramid, and conſequently 
the inſcribed cone, to be conſtituted of an infinite 
number of infinitely thin laminæ; and every lamina 
of the circumſcribing pyramid will be to a corre- 
ſpondent /aming of the inſcribed cone as the baſe of the 
pyramid is to the baſe of the cone. For the plane of 
every lamina that conſtitutes the pyramid will be a 
polygon. ſimilar to the baſe, and the plane of every 
correſpondent lamina that conſtitutes the inſcri ed 


cone will be a circle inſcribed in ſuch a polygon : 


therefore componendo, all the laminæ conſtituting the 
pyramid P will be to all thoſe that conſtitute the 
cone c, that is, the whole pyramid P will be to the 
whole cone c as the baſe of P is to the baſe of c: but 
the cone c is to the cone C of an equal height, as the 
baſe of c is to the baſe of C. Since then P is to c as 
the bale of P 1s to the baſe of c, and c is toC as the 
baſe of c is to baſe of C, it follows ex æquo that P 
is to C as the baſe of P is to the baſe of C: but the 
baſe of P is equal to the baſe of C by the ſuppoſition; 
therefore the pyramid P is equal to the cone C, having 
an equal baſe and altitude. & E. D. 


CoROLLTLAR x. 


Hence it follows, that whether cones be compared 
with cones, or tones with pyramids, or pyramids Twith 


pyramids, all ſuch as have equal heights will be 10 one 
another as their baſes. For cones are ſo by the laſt 


article, and pyramids are equal to cones having equal 
| baſes 
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daſes and heights by this: I mean iſoſceles pyramids 
and iſoſceles cones. 


So HOL IV u. 


As the ſolid content of a priſm or a cylinder of a given 
perpendicular altitude depends upon the quantity, and 
not upon the figure of the baſe, ſo by the demonſiration 
of this prepoſition it appears, that the ſolid content of 
an iſoſceles pyramid or cone of a given perpendicular al. 
titude depends upon the quantity, and not upon the figure 
of the baſe: let the perpendicular altitude and the area 
of the baſe be the ſame, and the quantity of the ſolid 
will continue the ſame, whether that baſe be in the 
form of a triangle, or a ſquare, or a polygon, or a 
circle. Other pyramids and cones will be conſidered 
in another place. | 


A LEMM A. 


359. If from the center of any cube ftiraight lines be 
imagined to be drawn to all its angles, the cube will 
by this means be diſtinguiſh:d into as many equal iſoſceles 
pyramids as it bas fides, to wit, 6, whoſe baſes will be 
in the ſides of a cube, and whoſe common vertex will be 
in the center. 
For if from a point above any right-lined plain 


figure lines be drawn to all its angles, and then the 


interſtices of theſe lines be imagined to be filled up 
with triangular planes, the ſolid figure thus incloſed 
will be a pyramid; therefore, by the lines above 
deſcribed, the cube will be diſtinguiſhed into as many 
yramids as it hath ſides. And that theſe pyramids 
will be all equal and iſoſceles, is evident: for firſt, 
their baſes will be all equal from the nature of the 
cube; and in the next place, their heights will be 
all equal from the nature of the center, which is ſup- 
poſed to be equally diſtant from all the ſides of the 
cube ; and laſtly, as this center muſt alſo be equally 
diſtant from all its angles, it follows that theſe pyra- 

mids mult be all iſoſceles pyramids. & E. DVD. 
3 | CoROL»e 
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COROLLAR V. 


Hence every one of theſe pyramids will be the ſiæth 
part of the whole cube. 


A THEOR E M. 


365. Every iſoſceles pyramid or cone is a third part of 
an iſoſceles priſm or cylinder having an equal baſe, and 
an equal perpendicular height. 

Let a be the perpendicular altitude of any iſoſceles 
Pyramid or cone, and let þ be the area of its baſe, 
both taken according to the directions given in art. 
353: imagine alſo a cube whoſe ſide, that is the ſide 
of whoſe ſquare baſe, is 234; then will 4a be the 
area of the baſe, and 8a the ſolid content of this 
cube: and if, from the center of the cube, lines be 


imagined to be drawn to the four angles of the baſe, 


they will be the outlines of an iſoſceles pyramid whoſe 
baſe is the ſame with the baſe of the cube, to wit, 
4a, and whoſe perpendicular altitude is a; whence 


the ſolid content of this pyramid will be = or 5 ; 


by the corollary in the laſt article : but as this pyra- 
mid has the ſame height @ with the pyramid propoſed, 
theſe two pyramids will be to one another as their 
baſes, by the corollary in the laſt article but one : 
hence the ſolid content of the pyramid propoſed will 
eaſily be had by ſaying, as 44*, the baſe of the py- 
ramid within the cube, is to 5, the baſe of the py- 


ramid propoſed, fo is 72 the folid content of the 


former, to a fourth, to wit, 2 which will be the | 
ſolid content of the latter; therefore the ſolid content 


of an iſoſceles pyramid or cone whoſe baſe is þ, and 


whoſe altitude is a, is found to be = but the ſo- 
lid content of an iſoſceles priſm or cylinder having 
e an 
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an equal baſe and height is ab; therefore every iſoſ- 
celes pyramid or cone is a third part of an iſoſceles 
priſm or cylinder having an equal baſe and an equal 
perpendicular altitude. Q: E. D. . 


CoRoLLARY I. 


Hence the ſolid content of an iſoſceles pyramid er cone 
is found by multiplying the area of the baſe ints a third 
part of the perpendicular altitude, or elſe by multiplying 
the area of the baſe into the whole altitude, and then 
taking a third part of the product. 


CoROLLARY 2. 


Hence alſo it follows that all iſaſceles pyramids and 
cones upon equal baſes are to one another _ as their 
heights. ot 
| A LEMM A. 

361. If a pyramid of any kind be cut by a plane pa- 
rallel to its baſe, the quantity of the ſection, or (which 
it all one) the quantity of the baſe of the pyramid cut off, 
will always be the ſame, let the figure of the pyramid 
be what it will, ſo long as the baſe and perpendicular 
altitude of the whole pyramid, and the perpendicular 
altitude of the pyramid cut off continue the ſame : in 
which caſe, the perpendicular diftance of the plane of the 
ſeckion from the plane of the baſe will alſo be the ſame. 
(See Hg. 59.) 

Let A be the vertex of the pyramid, and let BC be 
any one ſide of the baſe; let the lines AB and AC be cut 
by the plane of the ſection in the points Dand E reſpec- 
tively, and let AFG be the perpendicular altitude of 
the whole pyramid, cutting the plane of the ſection 
in F, and the plane of the baſe in G, both produced 
if need be: join FD, FE, GB, GC: then fince the 
baſe of the pyramid cut off will always be ſimilar. 
to the baſe of the whole pyramid, whereof DE and 
KC are correſpondent ſides; and ſince all ſimilar plain 
figures are to each other as the ſquares of their cor - 

reſpondent 
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reſpondent ſides by the 2oth of the ſixth book of 
the Elemente, it follows that the baſe whoſe fide is 
DE will be to the baſe whoſe ſide is BC as DE* to 
BC*, that is, by ſimilar triangles, as AD* is to AB®, 
or AF. is to 462. Since then as AG* is to AH, 
ſo is the baſe of the whole pyramid to the baſe of 
the pyramid cut off; ſo long as the three firſt con- 
rtinue [te lame, the laſt muſt alſo continue the ſame. 


COROLLARY. 


Since the number of figes of the pyramid is not con- 
cerned in the demonſtration of this propoſition, which 
will be equally true, be the number of ſides what it will, 
it muſt alſo be true if the cone, which is nothing elſe but 
a pyramid of an infinite number of ſides, let the ſhape 
of the cone be tohat it will ; that is, whether AG the 

endicular aititude of the cone paſſes through the cen- 
ter of the baſe or not. 


A TA AOR RM. 


362. If a priſm or cylinder of any kind be deſcribed by 


the motion of a plain figure aſcending uniformly in a 
* horizontal pofition to any given height, the quantity 
of the ſolid thus generated will be the ſame, whether 
be deſcribing plane deſcenas directly or obliquely to the 
- ſame height; and conſequently all priſms and cylinders 
of what kind ſcever, that have equal baſes and equal 
perpendicular heights, are equal, whether they ſtand 
upon thoſe baſes erect or reclining. | 


For the better conceiving of this, let the deſcribing 
plane be made, not to aſcend all the way, but ſome- 
times to aſcend perpendicularly, and ſometimes to 
move Jaterally or edgeway, and that by turns : then 
it is plain that the quantity of ſolid ſpace, or rather 
the ſum of all the ſolid ſpaces thus deſcribed, will 
amount to no more than if the deſcribing plane had 
aſcended all the way perpendicularly to the ſame 
height. Let the times of theſe alternate motions 

wherein 
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wherein they are performed be diminiſhed and their 
number be increaſed ad inſinitum, and they will ter- 
minate. at laſt in an uniform oblique motion, and the 
ſolid generated by this motion will be equal to a ſo- 
lid generated by a perpendicular motion of the ſame 
plane to the ſame height. ©. E. D. 

N. B. What has here been demonſtrated concern- 
ing priſms and cylinders, may be further illuſtrated 
by ſliding a pack of cards, or a pile of haltpence, our 
of an erect into an oblique poſture; hereby it may 
eably be ſeen, that neither the baſe or the perpendi- 
cular altitude, nor the quantity of the ſolid, can be 
affected by this change of poſture ; bur the tiner, that 
is the thinner, theſe conſtituent laminæ are, the nearer 
they will repreſent an oblique ſolid. + 


A THEOREM. 


363. All pyramids and cones of what kind ſoever, that 
have equal baſes and equal perpendicular heights, are 
equal. a 


To evince this, let us imagine two plain figures 
(whether ſimilar or diſſimilar to each other it matters 
not) to riſe together from the ſame level, one directly, 
and the other obliquely, but both in a horizontal 

olition, and always upon the ſame level; and let 
theſe planes be imagined not to retain all along their 
firſt magnitude (as was ſuppoſed in the laſt article) 
but to leſſen by degrees as they rife, ſo as by their 
motion to deſcribe tapering figures, and at laſt to 
vaniſh each in a point: then it is eaſy to ſee, that if 
the tapering figures, thus deſcribed be pyramids or 
cones having equal baſes and equal perpendicular 
heights, thete deſcribing planes muſt not only be 
equal to each other ar firſt, and vaniſh at equal 
heights, but they mult leſſen ſo together as to be 
equal to each other at all other equal altitudes what- 
ever: this is evident from the laſt article bur one: 
and therefore the ſolids deſcribed by them mult ne- 

ceſſarily be equal. & E. D. 
B b CoRoL- 
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COROLLARY. 


Hence it follows, that whatever we have demon- 
firated concerning iſoſceles pyramids, cones, priſms, and 
cylinders, with reſpect to their proportion one to anather, 
will be equally true of all others, whatever ſhape or 
poſture they may be in: as, that all pyramids and cones 
of the ſame height are to each other as their baſes, that 
all pyramids and cones upon equal baſes are as their 
heights, and that every pyramid or cone is a third part 
of a priſm or cylinder having an equal baſe, and an 
equal perpendicular altitude. 


A Lt mMmM Aa. (Fig. 60.) 


364. Let ABCD be a ſquare whoſe boſe is AD, 
and whoſe diagonal is AC; and upon the center A, and 
with the radius AB, deſcribe the quadrant or quarter 
of a circle BAD : draw alſo the line EFGH or EGFH 
any where within the ſquare, parallel to the baſe AD, 
cutting the fide AB in E, the quadrant BD in F, the 
diagonal AC in G, and the oppoſite ſide CD in , 
and join AF: TI ſay then that the ſquare of EF and the 
ſquare of EG put together will always be equal to the 
ſquare. of EH. 3 hs | 

For the triangles ABC and AEG are ſimilar, ag 
having one angle at A in common, and the angles at 
B and ZE right; therefore EG will be to EA as BC is 
to BA; bur BC is equal to BA, from the nature of a 
ſquare; therefore EG will be equal to EA, and EG- 
to EA, and EF*+ EO to EF'+EA*=AF* = AD* 
SEA, that is, EF*+EG*= EH. L. E. D. 


A THEOREM. 

365. Every ſphere is two-thirds of a circumſcribing cy- 
linder, that is, a cylinder that will juſt contain it. 
For ſuppoſing all things as in the laſt article, 

(ſec Fig. bo.) let the ſquare ABCD be now ſuppoſed ' 

4 BN | to 
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to turn round its fixed fide AB, ſo that the ſquare 
may generate a cylinder, the quadrant a hemiſpbere, 
and the triangle ABC an inverted cone; and let this 
cylinder, and conſequently the cone and hemiſphere, 
be conſidered as conliſting of an infinite number of 
infinitely thin cylindric laminæ: then if EH repreſents 
the ſemidiameter of any one of theſe laminæ belong- 
ing to the cylinder, EG will be the ſemidiameter 
of ſo much of this lamina as lies within the cone, 
and EF the ſemidiameter of fo much as lies within 
the hemiſphere : and becauſe (by the laſt article) 
the ſquare of EF and the ſquare of EG are both 
together equal to the ſquare of EZ, it follows-from 
corollary 6 in art. 347, that the two circles, whoſe 
ſemidiameters are EF and EG, are both together equal 
to the circle whoſe ſemidiameter is EH; which is 
as much as to ſay in other words, ſince the line 
EH was taken indifferently, that every particular 
lamina of the cylinder is equal to two correſpondent 
laminæ at the ſame height, whereof one belongs to 
the cone, and the other to the hemiſphere ; theretore, 
componendo, the whole cylinder is equal to the cone 
and the hemiſphere put together: but the cone 
has been proved already to be a third part of the 
cylinder, as having the fame bate and height, (ſee 
art, 360); therefore the hemiſphere muſt be the 
remaining two-thirds of it; that is, every hemi- 
ſphere is two-thirds of a cylinder of the ſame baſe and 
height, | 

Let us now imagine two ſuch . hemiſpheres, 
and two ſuch cylinders to be put together in one 
common baſe, and the two hemiſpheres will con- 
ſtitute a ſphere, and the two cylinders a cylinder 
circumſcribed about that ſphere, and the ſphere will 
now. be two thirds of the circumſcribing cylinder. 
.9. E. D. n 


Shs: - A TRE- 
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A THEOREM. 


366. Every ſphere is equal to a cone or fyramid whoſe 
baſe is the ſurface of the ſphere, and whoſe perpen- 
dicular altitude is its ſemidiameter. 


To demonſtrate this, let a body terminated by 
plain ſides, regular or irregular, be fo conſtituted as 
to admit of a ſphere to be inſcribed in ir, touching 
every fide in ſome point or other, as the cube and 
an infinite number of other bodies will; and from 
the center of the infcribed ſphere imagine lines to 
be drawn to every angle of the circumſcribing body : 
then will this body be diſtinguiſhed into as many py- 
ramids as it hath ſides, whoſe baſes will be the ſe— 
veral ſides of the body, whoſe common vertex will 
be in the center of the ſphere, and whoſe perpendi- 
cular heights will be radii drawn to the ſeveral points 
of contact, and conſequently will be equal: for as 
when a circle is touched by right lines, all radi: 
drawn to the ſeveral points of contact will be per- 
pendicular to the reſpective tangent lines; ſo when 
a ſphere is touched by planes, all radii drawn to the 
ſeveral points of contact will be perpendicular to the 
reſpective tangent planes. 

Let then r be the radius of the ſphere, and let 
a, b, c, d, repreſent the quantities or areas of the 
ſeveral fides of the circumſcribing body; and the 
ſolid contents of the pyramids whereof that body is 


b | 
compoſed will be 4 51 an = and the ſum of all 


theſe pyramids, or the ſolid content of the body, 
75 | 

l 

that is, let 5 be the whole ſurface of the circumſcribing 


body, and its ſolid content will be =; but = fs 
the content of a pyramid whoſe baſe is , aud whoſe 
perpendicular altitude is 7; therefore every body 

circum- 
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circumſcribed about a ſphere is equal to a pyramid 
whoſe baſe is the ſurface of the body, and whoſe per- 
pendicular altitude is theſemidiameter of the inſcribed 
ſphere. 
Let us now imagine the ſeveral angles of this cir- 
cumſcribing body to be pared off cloſe by the ſurface 
of the ſphere, ſo as to create more ſides and more 
angles, and we ſhall ſtill have a body circumſcribed 
about the ſphere, though in another ſhape; and there- 
fore the proportion already advanced will be as true 
in relation to this body as ro the former: whence it 
follows, that if we ſuppoſe the angles of the circum- 
ſcribing body to be pared off ad injinitum, tha is, 
till it differs nothing from the inſcribed. ſphere, the 
propoſition. will be as true of the ſphere itſelf as it 
was before of the body circumſcribed about it, to 
wit, that every ſphere is equal ig a cone or pyramid 
whole baſe is the ſurface of the ſphere, and whole per- 
pendicular altitude is its ſemidiameter, E. D. 


A THEOREM, 


367. The ſurface of every. ſphere is equal to four great 
circles of the ſame ſphere, © 


IWhere note, that by a great circle of a ſphere, 1 mean 
any circle ariſing from a ſection of a ſphere into two equal 
hemiſpheres by a plane paſſing through its center, in con- 
tradiſtination to a leſſer circle ariſing from a ſefion of a 

ſprere into unequal parts: or a great cirele of a ſphere 
may be defined to be a circle whoſe diameter is the fame 
with thats of the ſphere. 

Let s be the ſurface of any ſphere, d the diameter, 
and & the area, of a great circle of that ſphere ; then 
will ô be the baſe of a circumſeribing cylinder, d its 
altitude, and J its ſolid content; therefore, by the 


ba | 
laſt article but ane, Tos will be the ſolid content of 


the ſphere: but by the laſt article, this ſphere is 
equal to a cone or pyramid whole bale is 5, the ſurtace 
B b 3 of 


| 
| 
| 
| 
| 


| 
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of the ſphere, and whoſe perpendicular altitude is 


ry its ſemidiameter, a third part whereof is - 85 there- 


d 
fore ill alſo repreſent the ſolid content of the 


5 
ſphere : whence we have the following equation, to 
14 2 


wit, — F nch being ane gives g= 46. 


. D. | 

From the three laſt articles may be deduced the 
following corollaries : 

l Con AIs. 

268. 1ſt, As the diameter of a circle is to "the cir- 
eumference, that is, as 7 to 22 neatly, ſo is the ſquare 
of the diameter of any ſphere 10 its furfate, For ſup- 
poling the diameter of a circle to be to the eltcinfe- 
rence as I to c, and putting d for the diameter of 
any ſphere, cd will be the circumference of a- great 
circle of that ſphere, fince as 1 is to c, ſo is d to cd; 


d 4 
multiply chen — the ſemieireumference, into 5 the 


radius, and you will have . the area of a great 


circle ; therefore four great circles, or the ſurface of 
the ſphere, will be cdad: but as I is to c, fois dd to 


cad; therefore, Sc. 


2d, Whence it follows, that The ſurface of every 


ſphere i is equal to the f roduct of the circumference of a 


great circle multiviied into the diameter of the ſphere. 
For, retaining the notation of the laſt article, cad the 
ſurface of the ſphere is equal to cd the circumference 
of a great circle multiphied into 4 the diameter. 

3d, The ſurface of every ſphere is equal to the convex 
ſurface of a circumſcribed cylinder. For if a concave 


cylinder without its two baſes be ſlit, and then opened 


into a plane, the figure of that plane will be a paral- 
lelogram, 
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lelogram, whoſe baſe will be that line which before 
was the circumference of the baſe of the cylinder, 
and whoſe height will be the ſame with that of the 
cylinder; therefore, as the area of a parallelogram is 
found by multiplying the baſe into the height, the 
ſurface of every cylinder muſt be found by multiply- 
ing the circumference of the baſe into the height of 
the cylinder: but the circumference of a cylinder cir- 
cumſcribed about a ſphere is equal to the circumference 
of a great circle of the ſphere, and the height of ſuch 
a cylinder is equal to the diameter of the ſphere; 
therefore the convex ſurface of the cylinder will be 
ual to the circumference of a great circle of the 
ſphere multiplied into the diameter, which by the laſt 
corollary is the ſurface of the inſcribed ſphere. _ 
4th, The ſolid content of every ſphere is equal to the 
product of its ſurface multiplied into a third part of the 
radius, or the radius into a third part of the ſurface. 
This is evident from art. 366. 
5th, As fix times the diameter of a circle is to the 
circumference, that is, as 42 is to 22 c 21 1 11 
nearly, ſo is the cube of the diameter of any ſphere to its 
| ſolid content, For if we ſuppoſe the diameter of a 
Circle to be to the circumference as i toc, the ſurface 
of a ſphere whoſe diameter is 4 will be cdd by the 
firſt corollary ; and this ſurface multiplied into a third 


a 
part of the radius, or into a third part of >» Which is 


| 7 gives g. the ſolid content of the ſphere : but as 
/ | 


6 is to e, ſo is d3 to _ ; therefore as ſix times the 
diameter of a circle is to the circumference ſo is the 
cube of the diameter of any ſphere to its ſolid con- 
tent. 

6th, The ſurfaces of all ſpheres are as the ſquares, 
and the ſolid contents as the cubes, of their diameters or 


ſemidiameters. For ſuppoſing the diameter of any 
b 4 n 
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circle to be to the circumference as 1 to c, and fup- 
poling 4 ande to be the diameters of two ſpheres, . 
the ſurfaces will be * and ce by the firſt corol- 
ca? 
. lary, and the ſolid contents will be - 77 - and a by the 
. 0 5 25 
laſt: but ed* is ta ce* as d- is to z, or as 7 is to — 
WE ce | 43 63 
* wi 3 3 4 
and —— is to — as 4? is to e, or as > is to g-. | 
To ſhew the uſe of the properties of the ſphere 
above deſcribed, I ſhall add the tollowing problems: 


PROBLEM I, 
369. To find how many acres the ſurface of the ⁊c hole 


earth contains. 
Let the diameter of a circle be to the circumference 


as d toc, and let e be the circumference of the earth; 
lt ; S | mm 
then will — be its diameter, and — its ſurface by 


the ſecond corollary i in the Jaſt article, Now the cir- 
cumference of the earth is 131630373 Engliſh feet, 
or 24930 Engliſh miles nearly, allowing 5 5280 feer 
to a mile: therefore if we make 22492 5 we ſhall 
have e*=621504900. Now the numbęrs 7 and 22 
are ſcarcely exact enough to expreſs the proportion of 
the diameter of a circle to the circumierence in com- 
pany with ſo large a number as e; let us therefore 
uſe that of 113 to 355, which we have elſewhere 
ſhewn (ſchol. 1. in art. 179*) to be much more exact; 


hat is, let d=113 and c=355, and £ or the ſuy- 


face of the earth will be 197831137 Goard miles: 
but every ſquare mile contains 640 acres z therefore, 
if the foregoing number of ſquare miles be multiplied 
by 640, the product 126611927680 __ be the num- 
ber of acres required. 


* See the Quarto Edition, p. 282. 


N. B. 
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N. B. To be more exact in any computation than 
the data on which it is founded, can be to Ben or no 
purpole. 

PROBLEM 2. 


370. What muſt he the diameter of a concave ſphere the 
vill ju/t hold an Engliſh gallon ? 


By the fifth corollary in art. 368, as 11 is to 21 , 
ſo is the ſolid content of auy ſphere to the cube of 
its diameter: but the ſolid content of our ſphere is 
282 cubic inches, or an Engliſh gallon, by the ſup- 
poſition: therefore the cube of its diameter will be 
538 f, the cube root whereof 8 *135 will be the dia- 
meter itſelf. 

N. B. The extraction of the cube root is taught in 
moſt books of Arithmetic, and depends on the nature 
of a binomial, as doth the extraction of the ſquare 
root; and therefore whoever ſees the reaſon of the lat- 
ter, may (without much difficulty) reaſon himſelf into 
the former: but the extraction of the roots of all ſim- 
ple powers will beſt be performed by the help of lo- 
garithms, as will be ſhewn hereafter when we come 
to treat of the nature and properties of thoſe numbers. 


Of the Spheroid. 


373. If a ſphere be reſolved into an infinite number 
of infinitely thin cylinaric lamiuæ, and then theſe lami- 
næ, retaining their circular figure, be all increaſed or 
all diminiſhed in the ſame proportion, they will conſtitute 
a figure called a ſpheroid; and it is ſaid to be prolate or 
oblong, according as theſe conſtituent laminæ are in- 
creaſed or diminiſhed. This a learner, who is unac- 
quainted with the nature of the ellip/fs, may (it he 
pleaſes) rake for the definition of a ſpheroid. 

From the definition here given it follows, 

1ſt, that Every ſpheroid is to a ſphere upon the fame 
axis, as any one lamina in the former is to à like lamina 
in the latter from whence it was derived; or at any 


Or as 1 to 2— yp 
number 
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number of laminz in the former is to the ſame number of 
like laminæ in the latter, that is, as any portion of the 
former comprebended between two parallel planes per- 
pendicular 10 its axis, 1s to a like portion of the latter. 
2dly, it follows, that Every ſpheroid, as well as every 
ſphere, is two thirds of a circumſcribing cylinder. For 
though a ſpheroid be greater or leſs than a ſphere upon 
the ſame axis, the cylinder circumſcribed about the 
ſpheroid will be proportionably greater or leſs than 
* cylinder circumſcribed about the ſphere: for, ha- 
ving the ſame length, they will be as their baſes; 
therefore the ſpheroid will have the ſame proportion 
to a cylinder circumſcribed about it, as the ſphere 
hath to a cylinder circumſcribed about the ſphere. 


A LEM MA. 


374. The chord of any circular arc is a mean propor- 

tional between the verſed fine of that arc and the dia- 
Meler. ; 
Let ABC (Fig. 61.) be a ſemicircle whoſe diameter 
1s AC, and aſſuming any arc as 4B, draw the ftraight 
line AB, which is its chord; Wan, alſo BD perpen- 
dicular to the diameter A in D, and the intercepted 
line AD is called the verſed fine of the arc AB. What 
we are then to demonſtrate is, that the chord AB is a 
mean proportional between the verſed fine MD andthe 
whole diameter AC: and this is eaſily done by draw- 
iag the other chord BC; for then the triangle ABC 
will be right-angled ar B, as being in a ſemicircle, 
and conſequently will be Gmilar to the right-angled 
triangle ADB ; whence AD will be to AB as AB to 
AG. 9, E. Do's -* 


PROBLEM 5. 


375. To find the ſelid content of a fruſtum of a bemi- 
Jphere or bemiſphcroid comprebended between a great 


circle perpendicular to irs axis and any other leſſer 
circle parallel to it, having theſe two oppojite baſes 
and the __ of the Fruſtum given. 


N. B. 
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N. B. As q AD is ſometimes uſed for the ſquare 
of AD, or a ſquare whoſe fide is 4D, fo in out nota · 
tion in this and ſome of the following articles, we 
ſhall not ſcruple to uſe © AD for the area of a circle 
whoſe ſemidiameter is AD, 2 © AD for two ſuch 
elrcles, &'c. | 7 

Let ABCD (Fig. 60.) be a ſquare whoſe baſe is 
AD and diagonal AC; and upon the center 4 and 
with the radins AB deſcribe the quadrant BAD; draw 
alſo the line EFGH any where within the ſquare pa+ 
rallel to AD, cutting 4B in E, the quadrant in F, the 
diagonal in G, and the oppoſite fide CD in H. This 
done, imagine the whole figure to turn round its 
fixed fide AB: then will the ſquare generate a eylin- 
der, the quadrant a hemiſphere, the triangle ABC an 
inverted cone, and the curvilinear ſpace AEFD ſuch 
a fruſtum of an hemiſphere as we are to find the ſolid 
content of, having given AD and EF the jemidiame- 
ters of the two oppoſite baſes, and AE the height of 
the fruſtum. | 

In the 365th article, by the help of this conſtruc- 
tion, it was demonſtrated, that the hemiſphere gene- 
rated by the quadrant ABD and the cone generated 
by the triangle ABC were together equal to the cy- 
linder generated by the ſquare ABCD ; and the rea- 
ſons there g'ven for ſuch an equality, equally prove 
that the fruſtum generated by the ſpace AEFD and 
the cone generated by the triangle 4EG will both to- 
gether be equal to the cylinder generated by the pa- 
rallelogram AEHD : but the cone generated by the 


| E 
triangle AEG is equal to © EG x =; and the cy- 
linder generated by the parallelogram AEHD is equal 
E 
to QAD x AE=3O0AD x - =2Q04D + QEH x 


4% therefore, if F be put for the ſolid content of 


the fruſtum, we ſhall have the following "_ | 
3 * 
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AE 
[+ 86x =304D+GET «TX 1 tran- 


2 oe aud then we mall have 7 = 


| AE . 
285 EH 6 8 but by the 364th ar- 


ücle, and the ſixth corollary in the 247th, OEH 
SOEFTOEG; therefore GEH ©EG=gEF: 
ſubiticute OE inſtead of GEH EG in the fore- 


going equation (f=2 ©AD + ©EHN- 5 CN AE ) 


and you will have f=20 AD OLE = : this is 
upon a ſuppoſition that the ſolid propoſed is a fruſtum 

of a hemiſphere. Let us now ſuppoſe the ſolid F to 
eonſiſt of an infinite number of infinitely thin Gin 
dric laminæ parallel to its baſe, and then that theſe 
laminæ, retaining their circular figure, be all dimi- 
nithed in ſome given proportion, ſuppoſe in the pro- 
portion of 7 to s; then it is plain that the ſolid F will 
degenerate into a fruſtum of an hemiſpheroid, and 
that it will be diminiſhed in the proportion of r to 3; 


but then the quantity 2 2 © AD+ ©) EF x - will al- 

ſo be diminiſhed in the ſame proportion ; and therefore 
. E 

7 will {till be equal to 20AD+ © EF x , ; whence 


we have the following theorem for finding the ſolid 
content of the fruſtum propoſed, whether it be a 
fruſtum of a hemiſphere or hemiſpheroid. 

To twice the area of the greater baſe add the area of 
the leſs ; multiply the ſum by a third part of the altitude 
of the fruſtum, and the praduct will be its ſolid content, 


1 


Pres 
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PROBLEM 6 


376. To find the convex ſurface of any ſegment of a ſphere 
whoſe baſe and height are given. (Fig. 00.) 

Retaining the conſtruction of the laſt article, and 
ſuppoſing what was there proved, if from the hemi- 
ſphere generated by the ſpace ABD be ſubtracted the 
fruſtum generated by the ſpace AZFD, there will 
remain a ſegment of the ſphere generated by the 
ſpace BEF; and if to this legment again be added 
the cone generated by the triangle AEF, they will 
both together conſtitute a ſector of the ſp here gene- 
rated by the ſpace ABF; and laſtly, if he ſolid con- 
tent of this ſpherical ſector be applied to, or divided 
by a third part of the radius AD, the plane or quo- 
tient thence ariſing will be equal to the convex ſur- 
face generated by the arc BF, which is here propoſed 
to be determined. For as every ſphere is equal to a 
cone whoſe baſe is its ſurface and whoſe altitude is 
its radius, (ſee art. 366) ſo (and for the ſame reaſun) 
muſt every ſector ot a ſphere be equal to a cone whole 
baſe is the ſpherical part of its ſurrace, . and whole al- 
titude is the radius. Now the hemiſphere generated 
by the ſpace ABD being two-thirds of a cylinder of 
the fame baſe and height, as was demonſtrated in art. 
365, its ſolid content will be expreſſed by 20 AD x 


A EB | 
nde = +204D x ——; and the ſolid 


3 
content of the fruſtum generated by the ſpace AEFD 


A 
was 2 © AD x 45 SEF ſubtract the latter 


from the former, and there will remain the ſegment 
generated by the ſpace B EF equal to 20 ADX 


2 0 OEF y =; ; add to this the cone generated 


A 
by the triangle AEF, whoſe content is OEF x —4 


| 3 
and you will have the ſpherical ſector generated by the 
| 5 | Ipace 
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ſpace ABF equal to 2 © AD x =. Let the diameter 


of a circle be to the circumference as 1 to c, and 
2ADXc will be the circumference of a great circle, 
whoſe halt ADxc multiplied into AD the radius, will 
give M' xc for the area of a great circle; therefore 


4D = AD" x c, and 20AD x 75 , Or the content of 


the ſector, will be 2AD* KN cs... but EB is the 


3 
. verſed (ine of the arc BF; and therefore if we put /for 
the chord of that arc, we ſhall have 2 ADXEB=1» by 


the laſt article but one; and the ſolid content of the 


AD A 
ſector will now be * x c x * divide by = and 


you will have the ſurface generated by the arc BF 
equal to xc : but as AD*Xxc was equal to OA, fo 
will Exc be equal to © , that is, to a circle whoſe 
radius is the chord of the arc BF: therefore the ſur- 

Face of every ſegment of a ſphere is equal to a circle whoſe 
radius ic the diſtance of the pole, or vertical point of the 
ſegment, from the circumference of its baſe. 

What has here been determined concerning the 
convex ſurface of a ſegment of a ſphere agrees entirely 
with what was determined in art. 367, concerning the 

ſurface of a whole ſphere. For if we ſuppole the arc 
F to be aſemicircle, its chord will then be a diame- 
ter, and the furface generated by this are will be the 
8 ſurface of the whole ſphere; and therefore the ſurface 
of this ſphere will be equal to a circle whoſe radius is 
the diameter of the ſphere, that is 24D : but a circle 
whoſe radius is 2AD, is quadruple of a circle whoſe 
radius is AD, becauſe all circles are as the ſquares of 
their ſemidiameters ; therefore the ſurface of every 
ſphere is equal to four great circles of the ſame, as 
was there demonſtrated. 9 DE 63 | 

N. B. They who would ſee more of menſuration are referred 

to an excellent treatiſe on that ſubject by Dr, Hutton, rHE 


— 


BOOK IX. PART L 


Of Powers and their Indexes. 


378. HE indexes of powers have been already 
conſidered, ſo far as they ſerve for a fort 
of ſhort-hand writing in Algebra: but the incompa- 
rable Neꝛoton has very much enlarged our views with 
reſpect to theſe indexes or exponents, inſomuch that 
it is by their means chiefly, that ſo many excellent, 
uſeful, and comprehenſive theorems have been diſco= 
vered both in Algebra and Geometry, and more par- 
ticularly in the doQrine of Fluxions. This ſort of no- 
tation therefore I ſhall now endeavour further to ex- 
plain in my obſervations upon the following ſmall 
table : | 


Powers without their Indexes. 


| TL Ot Bots 
& xx. FXUXE. XXX AX . On n 
3 [ 
| WAX" N 
Powers with their Indexes. | 
— 4. K*. **. „ **. a® n 4 . 2 

| | ec . 

This table conſiſts of two rows, whereof the upper 
is a ſeries of powers expreſſed without their indexes, 
the common root or fundamental quantity being x; 
the lower expreſſes the ſame powers by the help of 


OBsER«= 
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OBSERVATION S. 


379. 1ſt, By this table it appears that every ſubſe- 
quent. power is the quotient of the next before it divided 
by the common root x, and that every ſubſequent inden 
is generated by ſubtracting unity from the next before it. 
Thus a* divided by x gives * x divided byx gives 1, 


1 divided by x gives = _ — divided by x gives . 


Sc.: thus again, 2 —=1= 1 1— So, 0=1==—1, 
112, Sc. Since then each row exhibits a 
regular ſeries, it follows that the negative indexes 
have the ſame right to expreſs, the powers they belong 
to as che affirmative ones, and that & repreſents 


I 
= upon the ſame foundation' that x* repreſents xx, 


2dly, Therefore whatever number is the index of any 
power, ils negative will be the index of the reciprocal 
of that power, or of unity divided by that power, 
Thus if 2 be the index of xx, — 2 will be the index of 


= if 1 be the index of x, — 1 will be the index of 


— and ſo of the reſt. 


3dly, In all caſes whatever, the addition of indexes 
anſwers to the multiplication of the powers. to which they 
| belong; that is, if any two powers of the ſame quantity be 
multiplied together, the index of. the multiplicator added to 
tbe index of the multiplicand will give the index of the pro- 
du, Thos x* multiplied into x* gives &, as xx x xxx 


i I 
gives-xxxxx : thus & x * gives x", as xx x 155 


1 | I 1 
ives —: thus æ— x 4-3, ives x, as — X ae 
6 * ar *r xx Fo 


— thus x* Xx x—* gives 2 as & N — IVES 1: 
2 ** 81 - K 8 


1 


x3 „ gives 48, as xxx x 1 gives xxx. i 
2 4thly, 


© 


* 
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Athly, In lite manner the ſubtraction of indexes 
anſwers to the diviſiun of powers; that is, if any 
power of any quanti!y be divided by a power of the 
ſame quantity, the index of the diviſor ſubtrafled from 
the index of the dividend leaves the index of the quotient. 
Thus x3 divided by quotes x*, as xxx divided by xx 
quotes x: thus a* divided by K quotes &, as xx 


divided by _ quotes xxx: thus x=* divided by 


x* quotes K, as = divided by xxx quotes 
thus x divided by “ gives x", as = divided by 
_ gives x: thus & divided by & gives , as I 


divided by — gives xx : laſtly, & divided by *. 


gives x*, as xx divided by xx gives 1. 

5thly, If the index of any power be multiplied by 
2, 3, 4, &c. the produtt will be the index of the ſquare, 
cube, ſquare-ſquare, & c. of that power : and therefore 
if the index of any power be divided by 2, 3, 4, &c. 
the quotient will be the index of the ſquare root, cube 
root, ſquare-ſquare root, &c. of that Power. . Thus 
the ſquare of a* is , its cube x*, its ſquare-ſquare 
x* : thus again, the ſquare root of x* is , its cube 
root x.: its ſquare-{quare root x, &c.: thus the ſquare 


root of x or x1 is x*, its cube root a7, its ſquare» 
ſquare roots”, Sc: thus the ſquare root of 2 or 
1 is —1, its cube root x7, its ſquare-ſquare root 
*—4, Sc. thus x ſignifies the cube root of x*, * 


the ſquare-ſquare root of a*. And univerſally, xs 
ſignifies that root of ** whoſe index is 1; as if 
„=, then y is ſaid to be that root of & whoſe 

Cc index 


— 


& 
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index is , and muſt be expreſſed by ; and there- 
fore if in any caſe x” =y", it will be a good inference 


to ſay that y is equal to x 7, or that x is equal to 


6thly, Powers are reducible to more ſimple potoers, 
as often as their fractional indexes are reducible to more 
ſimple fractions. Thus the ſquare-ſquare root of *. 
is the ſame with the ſquare root of x, becauſe 


Tt. 

Ithly, If the index of any power be an improper 
fraction, and that fraction be reduced into a tubole 
number and a frattion, the power will hereby be reſolved 
into two factors, whereof one will have the -wwhole 


number for its index, and the other the fractional part. 


3 
Thus 5 =2 +8, and therefore x* = x* x 11 that is, 
the ſquare root of x5 is equal to xx multiplied into the 
ſquare root of x. N 
JZchly, Surd powers may be reduted to the ſame root 
by a reduction of their fractional indexes to the ſame 
denomination, and that, whether they be powers of the 


ſame quantity or not. Thus x* and ate the ſame 


as x* and y*® ; that is, the ſquare root of x and the 
cube root of y are the ſame as the ſixth root of * 
and the ſixth root of y*, and thus may ſurds of differ- 
ent roots be compared together without any ex- 
traction of thoſe roots. As for inſtance, if any one 
ſhould- aſk me, which of theſe two quantities is the 
greater, the ſquare root of 2, or the cube root of 2 ? 
I ſhould anſwer, the cube root of 3; for the ſquare 


root of 2 or 2* or 25 is equal to 85 but the cube 
root of 3, or 35, or 35 is equal to 95; and 9% is 
greater than 87. 


gtbly, 
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gthly, That the addition and ſubtraction of indexes 
anſwers to the multiplication and diviſion of the powers 
to which they belong, holds equally true in fractional 
iudexes, as in integral ones, Thus $4-i=3, and 


* x . » Which I thus demonſtrate. Let 95 =x} 
then by the fifth obſervation we ſhall have y=x7, 


* x5, ori, yp =x7, or x, and y : but y* x y® 
is equal to ys by the third obſervation ; therefore 


1 2 multiplied into 17 gives *. After the ſame man- 
ner, ſince 1—3 r, it may be demonſtrated that 


x* divided by a7 will give x®; for y* divided by * 


gives y, Which is equal to a - and the demonſtrations 
will be the ſame in all other caſes, 


— — „* 


1 * 


EAR 
Of Logarithms, and their Uſes. | 


ll —_—_— — 


— — — 8 
— 


The Definition of Logarithms, and ConſeBaries drawn 
7 rom it. 


Art. 390, OGARITHMS are a ſet of artificial 

I numbers placed over-againſt the natu- 

ral ones, uſually from 1 to 100000, and ſo contrived that 

their addition anſwers to the multiplication of the natural 

numbers to which they belong; that is, if any two numbers 

be multiplied together, and ſo produce a third, their logg< 

rithms being added together will conſtitute the logarithm of 
tbat third. 

Thus © *3010300, the common logarithm of 2, 
added to 

0 4771213, the logarithm of 3, gives 
o *7781513, the logarithm of 6, becauſe 


6 is the product ot 2 and 3' multiplied together. 
C 2 From 


| 
| 
| 
| 
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From this definition it follows, firſt, That in any 


em or table of logarithms whatever, the logarithm of 


unity or 1 will be nothing : for as 1 neither increaſes 
nor diminiſhes the number multiplied by it, ſo nei- 
ther will its logarithm either increale or diminiſh the 
logarithm to which it is added; and therefore the lo- 
garithm of 1 muſt be nothing. 

2dly, For a like reaſon, the logarithm of a proper 
fraction will always be negative: for ſuch a fraction al- 
ways diminiſhes the number multiplied by it, and 
therefore its logarithm will always diminiſh the loga- 
rithm to which it is added. 

2dly, This property of logarithms, whereby they are 
defined as above, affords us no ſmall compendium in mul- 
tiplication : tor whenever one number 1s to be multi- 
plied by another, it is but takingout their logarithms, 
and adding them together, and their ſum will be a 
third logarithm whole natural number being taken out 
of the tables will be the product required. 

Athly, The ſubtraftion of logarithms anſwers to the 
diviſion of the natural numbers to wwhich they belong; 
that is, whenever one number is to be divided by 
another, it 1s but ſubtracting the logarithm of the 
diviſor from the logarithm ot rhe dividend, and the 
remainder will be the logarithm of the quotient : and 
thus by the help of logarithms may the operation of 
diviſion be performed by mere ſubtraction as that of 
multiplication was by addition. Hence as every 
fraction is nothing elſe but the quotient of the numera- 
tor divided by the denominator, its logarithm will be 
found by ſubtracting the logarithm of the denominator 


_ from the logarithm of the numerator. To demonſtrate 


this, to wit, that the logarithm of the diviſor ſub- 
trated from the logarithm of the dividend will leave 
the logarithm of the quotient, let the number A be 
divided by the number B, and let the quotient be the 


number C, and let the logarithms of the numbers 


A, B, and C, be a, l, and c reſpeCtively ; I ſay then 
that 2—6 will be equal to c: for ſince by the ſuppo- 
ſition 
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ſition 10 we ſhall have A= BC, a=b+c by the 


definition; whence a -c. 
zthly, As every fourth proportional is found by mul- 
tip/ying the ſecond and third numbers together, and di- 


viding the product by the firſt, ſo the logarithm of every - 


ſuch fourth proportional will be found by adding the 
logarithms of the ſecond and third numbers together, and 


ſubtracting from the ſum the logarithm of the firſt. This 


renders all operations by the rule of proportion very 
compendious and eaſy ; eſpecially after the practitioner 
has pretty well-inured himſelf to take out of the table 
logarithms to his numbers, and numbers to his loga- 
rithms: but this compendium is chiefly uſeful in 
Trigonometry, both plain and ſpherical, where every 
thing he wants is put down ready to his hands. 
6thly, FA be any number whoſe logarithm is a, then 
the logarithm of A* will be 2a, that of A, 3a, Sc. 


that of X. - a, that of = — za, Sc. And uni- 


verſally, the Iogarithm of A® will be a * m, and 
that, whether the index m be integral or fractional, 
aſfir mative or negative: on the other hand, if q be the 


Jogarithm of any power of A, as of A", then > will be 


the logarithm of A. The reaſon of all this is plain ; 
for as A* is the product of A multiplied into itlelf, ſo 
its logarithm will be the logarithm of 4 added to 
itſelf or doubled, that is 24; and ſo of the higher 


powers. Again, as 4 is the quotient of unity divided 


by A, its logarithm will be found by ſubtracting a, 
the logarithm of 4, from o, the logarithm of 1, 
which gives -a; and ſo of the lower powers. Laſtly, 
as A, when multiplied into itſelf, produces 4, ſo 
its logarithm, when added to itſelf, ought to make 
a; therefore the logarithm of /A will be 3a; and 


ſo of all the other fractional powers. Here then again 
Cc3 we 


| 
| 
| 
| 
| 


— — 


| 
| 
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we have another inſtance of the very great uſefulneſs 
of a good table of logarithms, to wit, in raiſing a 
number to any given power, or in extracting any 
given root out of it, all which is performed with 
equal facility, only by multiplying its logarithm by 
the index of the given power, or dividing it by the 
index of the given root; as doubling it for the ſquare, 
tripling it for the cube, Sc.; ; balving it for the ſquare 
root, triſecting it for the cube root, Sc.: this, I ſay, 
cannot but be very uſeful in a great many caies, and 
more eſpecially in Anatociſm, where we have ſome- 
times occaſion to extract even the three hundred ſixty- 
fifth root of a number, as at other times to raiſe it 
to the three hundred ſixty- fifth power, ſcarce poſſible 
to be performed any other way; to ſay nothing of the 
innumerable miſtakes that in ſo long and laborious a 
calculation would be almoft unavoidable, all which 
are prevented by the uſe of logarithms, It cannot 
indeed be expected that entire powers, and much leſs 
entire roots, ſhould be gained this way ; but it will be 
eaſy in moſt caſes to obtain as many terms as can be 
of any uſe to us. 

Ithly, If any ſet of numbers, as A, B, C, D, be in 
continual geometrical proportion, their bgarithms, which ' 
we ſhall call a, b, c, d, till be in arithmetical pro- 
greſſion: for ſince by the ſuppoſition A is to B as Þ is 


C D 
to Cas Cis to D, that is, ſince I we ſhall 


have þ—a=c—b=d—c by the fourth conſectary; 
therefore a, b, c, d, are in arithmetical progreſſion. | 
& E: De 

8thly, From this laſt conſectary it will be eaſy, baving 
two numbers given, to find as many mean proportionals as 
we pleaſe between them, Let the given numbers be 


A and F, and let it be required to find four mean 


proportionals between them, which we ſhall call 
B., C, D, E, ſo that A, B, C, P, E, FE, may be in 
continual geometrical proportion. Here then it is 
evident from the laſt , that, as theſe num- 

bers 
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bers are in continual geometrical proportion, their 
logarithms, which we ſhall call a, 5, c, d, e, f, will 
be in arithmetical progreſſion, whereof the extremes 
a and f are known, as being the logarithms of the 
known numbers A and F, and the intermediates may ; 
be found thus. Put-x for the common difference of 4 
this arithmetic progreſſion; then will a+x=6, a+2x 
=c, a+3x=d, a+4x=e, aT Sr V; whence x= 
= whence a+x or =o =D, a+ 2x 


34 ＋ 27 24713 


, 4 +4x or e 


or cC= 


ar4af 
5 


„ a+3x or d= 


; ſo that the logarithms of the four mean pro- 


portionals ſought are 4Hf Sk. 222, =: 
take then the natural numbers B, C, D, E, of theſe 
logarithms, and they will be the mean proportionals 
required. Q E. J. | 


Logarithms the Meaſures of Ratios, 


391. Logarithms are ſo called from their being the 
arithmetical or numeral exponents of ratios : for if unity 
be made the common conſequent of all ratios, or the 
common ſtandard to which all other numbers are to 
be referred, then every logarithm will be the nume- 
ral exponent of the ratio of its natural number to 
unity. As for inſtance, the ratio of 81 to 1 actually 
contains Within itſelf theſe four ratios, to wit, the 
ratio of 81 to 27, that of 27 to 9, that of 9 te 3, 
and that of 3 to 1 (ſee art. 293) ; all which ratios 
are equal to one another, and to the ratio of 3 to 1; 
therefore the ratio of 81 to 1 is ſaid to be four times 
as big as the ratio of 3 to 1 (ſee art. 294): and 
hence it is that the logarithm of 81 is four times as 
big as the logarithm of 3. Again, the ratio of 24 
to 1 contains, and may be reſolved into theſe three 

Cc4 ratios, 
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ratios, to wit, the ratio of 24 to 12, that of 12 to 
4, and that of 4 to 1; the firſt of theſe ratios, to 
wit, the ratio of 24 to 12, is the ſame with that of 
2 to 1; the ſecond, to wit, the ratio of 12 to 4, is 
the ſame with that of 3 to 1; and therefore the ratio 
of 24 to 1 is equal to the ratios of 2 to 1, 3 to 1, 
and 4 to 1, put together; and hence it is that the 
logarithm of 24 is equal to the logarithms of 2, 3, 
and 4, put together: And univerſally, the magnitude 
of the ratio of A to 1 is to the magnitude of the. ratio 
of B to 1 as the logarithm of A is to the logarithm f 
B. And hence wwe have a way of meaſuring all ratios 
ꝛobatever, let their conſequents be what they will: as 
for example, the ratio of A to B is the cxceſs of the 
ratio of A to i above the ratio of B to 1 (ſee art. 
296) ; therefore the numeral exponent of the ratio of 
A to B will be the exceſs of the numeral exponent of 
the ratio of A to 1 above the numeral exponent of ' 
the ratio of B to 1, that is, the exceſs of the logarithm 
of A above the logarithm of B; therefore The magni- 
tude of the ratio of A to Bis to the magnitude of the ratio 
of C10D as the exceſs of the logarithm of A above the 
logarithm of B, wwhich is the meaſure of the former ratio,“ 
is to the exceſs of the logarithm of C above the logarithm 
of D, which is the meaſure of the latter ratio: and thus 
we ſee that logarithms are as true and as proper mea- 
ſures of ratios as circular arcs are of angles, 

I might have defined logarithms from the idea here 
given of them, and thence have deduced all the other 
properties above deſcribed : but, as it is not every one 
that hath a juſt and diſtin notion of the nature and 
compoſition of ratios, I thought it more adviſeable to 
treat of them in a way more familiar to the learner, 


Of Briggs's Logarithms, 


92. From the definition given in art. 390, it may 
400 be jeen, that, if any one ſyſtem of logarithms be once 
obtained, an infinite number of others may be derived 

DES from 
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from them by increaſirg or diminiſhing the logarithms of 
that ſyſtem in ſome given proportion. As for inſtance 

in the ſyſtem given let a, 6, c, be the logarithms of 
three numbers, A, B, and C, whereof the third is the 
product of the other two multiplied together; then 
will s c, by the definition. Let us now ima- 
gine all the 4 of this given ſyſtem to be 

doubled; then will a, %, and c, be changed into 24, 

2b, and 2c; but as 24 was equal toc in the former 

ſyſtem, ſo now will 24 20 be equal to 2c in the lat- 
ter; that is, all the numbers of this new ſyſtem will 

{ti]] retain the property of logarithms. But though all 

theſe different ſyſtems be equally pere, if computed to 

the ſame degree of accuracy, yet they will not all be 
equally convenient for uſe: for of all fyſtems or tables of 
logarithms, that is certainly beſt accommodated for prattice 
which is now in uſe, and is commonly known by the name 
of Briggs's logarithms. The Lord Napier, a Scotch 
nobleman,' was the firſt inventor of logarithms ; but 
our countryman Mr. Briggs, Profeſſor of Geometry 
in Greſham College, was undoubredly the firſt who 
thought of this ſyſtem; and, propoſing it to the noble 
inventor the Lord Napier, he afterwards publiſhed it 
with that Lord's conſent and approbation. 

The diſtinguiſaing mark of this ſyſtem is, that Janis 

the logarithm of 10 is 1, and conſequently that of 100, 2, 

that . o, 3, that of 1 0000, 1 ; that of 1, o, 


that of g er © 1, — 1. that of — crof 0 01, = 2, 


&c. I "this ſyſtem the integral parts 7 the logarithms 
are always diſtinguiſhed from the reſt, and called the 
indexes or charatteri/tics of the logarithms whereof they 
are parts: thus the logarithm of 20 is 1 *3010300, 
where the characteriſtic is 1; that of 2 gs 0 *3010300, 


where the characteriſtic is o; that of 15 or 0 *2 is 


-I 3010 zoo, where — 1 is the characteriſtic, Cc. 
Some 
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Some Advantages of this Syſtem. 


393. Some of the chief advantages of this ſyſtem, 
beyond all others, will appear from the following 
confiderations. 5 | 

iſt, Whereas we have frequent occaſion to multi- 
ply and divide by 10, 100, 1ooo, &c. this in this 
ſyſtem is very readily performed, only by adding to 
or ſubtracting from the characteriſtic the numbers 
I, 2, 2, Sc.; and as theſe are whole numbers, they 
can only influence the index or characteriſtic of a lo- 
garithm, without affecting the decimal part. 

2dly, So long as the digits that compoſe any num- 
ber are the ſame, and in the ſame order, whatever be 
their places with reſpect to the place of units, the 
decimal parts of the logarithm of ſuch a number 
will always be the ſame. As for inſtance, let 4-+/ 
be the logarithm of this number 34567 *89, where 
4 1s the characteriſtic, and / repreſents the ſum of all 
the decimal parts; then will z be the logarithm 


of 345678 9, 6+1 that of 3456789, 7+/ that of 


34567890, Sc. On the other hand, 3 ＋“ will be 


the logarithm of 3456 789, 2+/ that of 345 6789, 
1-+/ that of 34 *36789, o- that of 3 456789, 
—1—+]thatof 0*3456789, = 2+/that of 0:034.56789, 
Sc. e the reaſon of this is plain; for if the number 
34567 *89 be multiplied by 10, the product will be 
345678 *9; therefore if to 4+/, the logarithm of the 
former number, be added 1, the logarithm of 10, 


the ſum 5+1 will be the logarithm of the latter. 


Again, if the number 34567 *89 be divided by 10, 


the quotient will be 3456 *789 ; therefore if from 


4+1, the logarithm of the former number be ſub- 
tracted 1, the logarithm of 10, the remainder 3-1 
will be the logarithm of the latter. Here then we 
ſee the reaſon why in Briggs tables the decimal part 
of every logarithm is affirmative, whether the whole 
logarithm taken together be ſo or not; for, in the 
logarithm of all numbers greater than unity, both 


hh the 
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the integral and decimal parts are affirmative ; and 
therefore the decimal parts muſt always be ſo, ſince 
theſe are not changed by changing the natural num- 
ber, ſo long as the digits that compoſe it are the ſame, 


and 1a the ſame order : thus —S or — *3 may be a 


logarithm ; but it is never expreſſed fo, but rather 
thus, —1+*7, the negation being thrown wholly 
upon the characteriſtic, 

3dly, By this means in Briggs's ſyſtem the charac - 
teriſtic of the logarithm of any number is eaſily known 
thus: ſuppoſe I was aſked, what is the charaCteriſtic of 
the logarithm of this number 34.567 89? Here I con- 
ſider that this number hes between 10000 and 100000 z 
therefore its logarithm muſt be ſome number between 
4 and 5; thercfore it muſt be 4 with ſome decimal parts 
annexed, that is, the characteriſtic muit be 4. And 
again, ſuppoſe it was required to aſſign the character- 
iſtic of the logarithm of this number, o 03456789: 


1 f Bay 
here I conſider chat this number lies between — and 


} * 
52 that 18, between © *1 and © 001, and therefore 


its logarithm muſt lie between —1 and —2, that is, 
its logarithm mult be — 2 with ſome affirmative de- 
cimal parts annexed, to leſſen the negation; therefore 


the characteriſtic will be = 2, 


To find the Characteriſtic of Briggs's Logarithm of any 


294. Hence may be drawn a ſhort and eaſy rule 
for determining the index or characteriſtie of the lo- 
garithm of any number given, thus. F the number 
given be a whole number, or a mixt number conſiſting 
of integral and decimal parts, then ſo many removes 
as is the place of units to the right hand of the firſt 
figure, of ſo many units will the cbaracteriſtic conſiſt ; 


but if the number propoſed be a pure decimal, then ſo | 
many 
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many removes as is the place of wits to the left hand 
of the fir ſignificant figure, of fo many negative wnits 
will the charadteriftic conſiſt. Thus the index or cha- 
racteriſtic f the logarithm of this number 34567 *89 
is 4, becauſe 7 in the place of units is four. removes 
to the rigit hand of the firſt figure 3: thus again, 
the characteriſtic of the logarithm of this number 
© *03450789 is —2, becauſe o in the place of units 
is two removes to the left hand of the firſt ſignificant 
ure 3» 
| _ het rules are the more to be obſerved, becaiife 
in ſome. tables the integral parts of all logarithms 
are omitted, being left to be ſupplied by the operator 
himſelf, as occaſion requires: by this means, the lo- 
garithms become of much more general uſe than if, 
by having their characteriſtics prefixed, they were 
tied down to particular numbers. 


Another Idea of Logarithms. 


395. In the ſyſtem here deſcribed, every natural num- 
ber is, or may be, conſidercd as ſome power of 10, and 
its logarithm as the index of that power : for let a be 
the logarithm of any natural number as 4; then fince 
Briggs logarithm of 10 is 1, his logarithm.of 10% will 
be az this is evident from art. 390, conſect. 6; there- 
fore A muſt be equal to 10%, fince they have both the 
fame logarithm; that is, the natural number A is 
ſuch a power of 10 as is expreſſed by its logarithm ga. 
This conſideration gives us a new idea of logarithms, 
and to one acquainted with the nature of powers and 
their indexes, it will be no wonder that the addition, 
ſubtraction, multiplication, and diviſion, of theſe loga- 
rithms anſwer to the multiplication, diviſion, involu- 
tion, and evolution, of their natural numbers. 


Precautions to be uſed in working by Briggs's Logarithms. 


396. Though theſe logarithms (as I obſerved be- 
fore) are preferable to all others, .on account of their 
| ſimplicity 
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ſimplicity and facility in practice, yet in uting them 
ſome precautions are to be obſerved, which (to. pre- 
vent miſtakes) I ſhall here juſt point out to the 
learner ; as, 
iſt, In the addition of logarithms, whatever is car- 
ried over from the decimal to the integral parts muſt bs 
conſidered as affirmative, and as ſuch muſt be added to 
thoſe integral parts, whether they be affirmative or ne- 
galive. Thus — 3 +:70000009 being added to — 4 
＋ 8020-00, the ſum will be = 6 +*5000000 ; for 
though the ſum of the characteriſtics - 3 and — 4 be 
27, the affirmative unit drawn from the decimals 
reduces 1t to - 6. 
2dly, Whenever a ſubtraftion is to be made in loga- 
rithms, it muſt be performed in the decimal parts as 
uſual ; but if the charatteriftic of the ſubtrabend, or of 
the number from whence the ſubtraction is to be made, 
or of both, be negative, they muſt be treated in the ſub- 
traction as the nature of ſuch quantities requires, Thus 
— 3 + *8900000 ſubtratted from — 1-þ *7600000 
leaves 1 *8700000 : for if SI, on account of the 
decimals, be added to —3, the characteriſtic of the 
ſubtrahend, it will be reduced to — 2, which being 
ſubtracted from — 1 as above, leaves +1, Nay, the 
learner mult not be diſcouraged if he ſometimes finds 
himſelf obliged to ſubtract a greater logarithm from 
a lels, as will always be the caſe where the logarithm 
of a proper fraction is required: as for example, let 
it be required to find the logarithm of 4 : here ſub- 
tracting o *3010300, the logarithm of 2, from 
o 0000000, the: logarithm of 1, there will remain 
— 1 +*69897o00, the logarithm of 4 ; for in this ſub- 
traction, +1, on account of the decimals being added 
to the characteriſtie of the ſubtrahend, gives 1, which 
ſubtracted from o above, leaves — 1. | 
Note, The logarithm of a vulgar fraction may alſo 
be obtained by throwing it into a decimal. Thus the 
logarithm of 4 may be obtained either by ſubtracting 
the logarithm of 3 from that of 2, or elſe by taking 
our 
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out the logarithm of this decimal fraction 16666667, 
which is the {ame as the logarithm of the whole 
number 6666667, except that the characteriſtic of the 
former logarithm is —1, and that of the latter 4-6. 

3dly, /n the multiplication of logarithms the ſame 
Care muſt be taken as in addition, Thus if it be required 
to multiply this logarithm — 3 *70c0000 by q, 
the product will be — 21+ +3000000; for though 
the product of — 3X9 be — 27, yet the +6 drawn 
from the decimals reduces it to —21. 

4thly, Whenever a logarithm is to be divided by 2, 
3, 4, &c. in order to obtain the ſquare, cube, biquadrate, 
&c. root of its natural number, if the characteriſtic be 
negative, and will not be divided without a fradtion, my 
way 1s to reſolve it into two parts, to wit, into a nega- 
tive part which will be divided, and an affirmative part 
which twill incorporate with the decimals annexed. Thus 
if I was to take the half of this logarithm — 1+ 
*7000000, I cannot join the — 1 to'the decimals an- 
nexed, becauſe they are quantities of different kinds; 
therefore I reſolve the charaQteriſtic —1 into two 
parts, to wit, — 2-1, and then taking the half of 
—2, which is —1, I join the affirmative part + 
to the decimals annexed, and fo take the half of 17, 
which is +8, &c.; therefore the half of the aforeſaid 
logarithm is — I *8500009: had the characteriſtic 
been — 3, I ſhould have reſolved it into = 4-1. Had 
Jof the foreſaid logarithm been required, I ſhould 
have reſolved, the characteriſtic — 1 into — 32, 
and ſo ſhould þave taken, firſt, the third part of — 3, 
which is — 1, and then of +27, which is +9 : had 
the charatgeſtic been —2, I ſhould have relolved it 
into — 3-13 had it been — 4, I ſhould have reſolved 
it into - 6-2, and ſo on. | 

N. B. Of all the tables hitherto in uſe whoſe loga- 
rithms do not run to above ſeven decimal places, I 
take-thoſe publiſhed by Doctor Sherw/n to be the belt 
upon many accounts, and particularly in the diſpoſi- 


tion of the logarithms : theſe therefore I ſhall not 
ſcruple 
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ſcruple to recommend to my readers, whom I ſhall 
alſo refer to the ditections there given for finding the lo- 
garithms of all abſolute numbers from 1 to 1 0000000, 
and vice verſa, But I mult own I cannot with equal 
juſtice recommend the method there taken to avoid 
negative indexes by creating new ones, and by uſing 
arithmetical complements. It is not to be denied but 
that this ſort of practice may be abſolutely neceſſary | 
to ſuch as know nothing of the nature and uſe of ne- 
gative quantities ; but thoſe who do, I believe, will 
find the rules here laid down more natural and con- 
venient ; and as they carry their own reaſons along 
with them, 1 doubt not but that the learner will find 
them eaſier to be remembered, and leſs liable to be 
miſunderſtood. | | 
397. In the tables above recommended, after the 
logarithms on every page, are two columns, one called 
a column of differences, and ſigned D; the other 
called a column of proportional parts, and ſigned 
Pts above, and Pro below : theſe two columns, as 
well as the reſt, have been explained by the author; 
but, left they ſhould not be thoroughly underſtood by 
what is there ſaid of them, I ſhall take the liberty, by 
a ſingle inſtance, to explain more at large the reaſon 
and uſe of theſe columns: I ſhall take my example 
from the author himſelf. Let it then be required to 
find by the tables the logarithms of this number of 
ſeven places, to wit, 5423758 : to do this, I firſt put 
down 6, the characteriſtic of the logarithm ſought, 
according to the directions given in art. 394 then 
I conſider in the next place, that though by the help 
of the tables we can find the logarithm of any num- 
ber under 10000000, yet that the abſolute numbers 
there do not, properly ſpeaking, run to above five 
Places; therefore I lower the abſolute number given, 
to wit, 5423758, to this, 54237 *58, which will not 
affect the decimal part of the logarithm ſought ; then, 
ſetting aſide the characteriſtic, I take out of the tables 
the logarithm of the five integral places 54237 
| according 


416 Concerning Sherwin's Tables, Book IX. 


according to the directions there given, and find it 
to be 7342957; this I ſubtract from the logarithm 
ot 54238, that is, from 7343037, and find the- dif- 
ference to be 80. But the deſign of the column of 
differences is on purpoſe to avoid this ſubtraction : 
for, had I taken out of that column the number oppo- 
fite to 54237, the integral part of the abſolute num- 
ber propoſed, or if no ſuch oppoſite number was to 
be found, had I taken the neareſt number above 
(not below), 1 ſhould have found the number 801, 
that is, in a whole number, 80, without any ſubtrac- 
tion, Thus then the caſe ſtands: as the abſolute 
number propoſed 54237 *58 lies between the two 
neareſt tabular numbers 54237 and 54238, whoſe 
difference is 1, ſo muſt the logarithm fought lie be- 
tween the logarithms of the tabular numbers above 
mentioned, whoſe difference is 80; therefore I ſay by 
the golden rule, as 1, the difference of the two tabu- 
lar numbers, between which mine lies, is to 80, the 
difference of the two tabular logarithms between which 
the logarithm ſought lies, ſo is *58, the difference be- 
twixt my number and the neareſt leis rabnlar number, 
to 46, the difference betwixt the logarichm ſought, 
and the neareſt leſs tabular logarithm; therefore 
adding this difference 46 to the neareſt leſs tabular 
logarithm, to wit, 7342057, I have 7343003, which 
being joined as decimal parts to the characteriſtic 6, 
gives 6 7343003 for the logarithm fought, This 
number 46, which was the fourth proportional above 
found, is called the proportional part, becauſe it is 
the ſame proportional part of 80, the difference of the 


two neareſt tabular logarithms, that *58, the decimal 


part of the number propoſed, is of 1, the difference 
of the two neareſt tabular numbers. W hoever attends 


to the foregoing operation will eaſily perceive, that 
this proportional part 46 was gained from multiply- 
ing 80, the common difference, by *52, the decimal 
part or the abſolute number propoſed ; and the fame 
would have been obtained if the common 

0 


Art. 397. and how to uſe them, | 417 


80 had firſt been multiplied by :5 and then by 08, 
and the products been taken into one ſum: now it is 
to ſave theſe two multiplications that the colamn of 
proportional parts was contrived; for whoever looks 
there for the common difference 80 will find all the 
products of the ſaid common difference multiplied by 
1, 2, 3, 4, 5, &c. to g incluſively; and look- 
ing for the number over againſt · g, he will find the 
number 40, which ſhews that the number 40 is 23 
of the common difference 80; ſo allo over againſt 
8 he will find the number 64, which ſhews that the 
number 64 is +5 of the common difference; but we 
do not want ++ of it, but 8 hundredth parts; there- 
fore he muſt not take the number 64, but a tenth 
art of that number, to wit, 6 *4 or 6, which being 
added to 40, the proportional part before found, 
gives 46, to be added to the neareſt leſs rabular lo- 
garithm in order to obtain the logarithm ſought. 

But when all poſſible exactneſs is required, and no 
errors are intended to be committed, but ſuch as un- 
avoidably ariſe from the imperfection of the loga- 
rithms themſelves; I would adviſe the reader to com- 
pute the proportional parts himſelf, as above, rather 
than truſt to the table for them, though he will rarely 
find any conliderable difference. My reaſon for this 
advice is, becaule in the table of proportional parts, 
no notice is taken of decimals ; whereas thoſe decimals. 
ought not in all caſes to be neglected, at leaſt not till 
the operation is over, and the artiſt ſees what it is he 
- throws away or takes into his account, to leffen the 
error as much as he can. 


Note. For the conſtruction of logarithms ſee the Quarto Edi- 
tion, pp» 627 to 640. The ſame ſubject is alſo largely treated of 
in my Mathematical Eſſays, J. H. 


FINIS. 


